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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS, V.* 


By HarisH-CHANDRA. 


1. Introduction. Let G be a connected semisimple Lie group and A 
a Cartan subgroup of G. Under the assumption that the image of A in the 
adjoint group of G is compact, we have studied in detail [5(f)] certain 
irreducible representations of the Lie algebra of G and seen that they can 
all be ‘extended ” to representations of the group (Theorem 4 of [5(f)]). 
In the present paper we shall obtain them directly as irreducible repre- 
sentations of G on certain Hilbert spaces consisting of holomorphic functions 
on a suitable complex manifold. 

It turns out that these representations are very intimately related with 
the finite-dimensional ones (Lemma 14) and the two have some striking simi- 
larities (Lemmas 6 and 12). Moreover, as we shall see in Theorem 3, under 
appropriate conditions some of these representations are unitary. In the last 
section we obtain a result on their characters. Some of the deeper analogies 
between these representations of G and those of a compact smisimple group 
(see [5(e)]) will be discussed in another paper. 


2. Certain complex manifolds. We keep to the notation of [5(f), § 3]. 
Let go be a semisimple Lie algebra over the field R of real numbers. Define 
f, and p, as in [5(b),§2] and let h, be a maximal abelian subalgebra of £). 
We shall assume that } is also maximal abelian in gy (see [5(f),§ 3]. Let C 
denote the field of complex numbers. We complexify go, Ho, fo, )o to g, 9, £, p 
respectively. Let X—>adX (Xeq) denote the adjoint representation of g and 
6 the automorphism of order 2 given by 0(X +Y)=—=X—Y (Xef, Yep). 
Put? u—f,-+ (—1)4po. Then u is a compact real form of g. We denote 
by @ and » the conjugations of g with respect to u and gy respectively. Then 


6(X + (—1)3¥) X— (X,Yen), 


and 66. 


We consider an arbitrary but fixed order (see [5(f£),§2]) in the space 


* Received July 8, 1955. 
1 We fix once for all a square-root of —1 in C and denote it by (— 1)3, 
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2 HARISH-CHANDRA. 


of real linear functions? on §. Put* n,—=>CX, and n= 
a>0 a>0 
(where a runs over all positive roots) and let G, be the simply connected 


complex analytic group with the Lie algebra g. We denote by Go, Ko, Ao, A,, 
A,., N,*, N ., U the (real) analytic subgroups of G, corresponding to go, fo, 
Bo, (—1) 4B, 5, 14, 1, u respectively. Then Ko, A, and U are compact and 
U, A,, N.*, N.- are simply connected. We now ‘extend’ 6, @ and 7 to 
automorphisms of G,. Since 6(n,) —7(n,) =n, it follows that 6(N,*) 
n(N.*) =N,. According to a theorem of Iwasawa [6] (see also Lemma 26 
of [5(b)]) the mapping (u,h,n)-—>uhn (ueU,heA,,neN,*) is a one-one 
regular analytic mapping of U * A, X N,* onto G,. We denote by z—> Ad(z) 
(zeG,) the adjoint representation of G,. 


Lemma 1. A,N,*= {1} and N,* = {1}. 


For suppose ane N, (ace A,,neN,*). Since n, is a nilpotent algebra, 
it is mapped onto NV,* under the exponential mapping (see Birkhoff [1]). 
Similarly for n_. Hence we can choose X en, and Y en_ such that n exp X, 
an =expY. Now suppose an1. Then Y ~0 and there exists an element 
He} such that exp(adY)H =H+Z where Zen_ and Z~0 (Lemma 8 of 
[5(d)]). Therefore it is obvious that 


H+2Z==exp(adY)H =Ad(an)H = H+7, 


where Z’en,. But since n,M n-— {0} it follows that Z—Z’—0 and so 
we get a contradiction. This proves that VN A,N,*= {1}. If we trans- 
form this result under the mapping z—6(z*) (zeG@.), we find that 
Not = {1}. 


A,N,* = {1} and Go = {1}. 


For suppose z= Then 
since =—H if He (—1)4h,. Therefore 


n(n) =a’ne NN A,N,* = {1} 


and so a@—n=1. Since A, is abelian and simply connected this implies 
that a1 and therefore r=1. The second assertion follows from the first 
under the mapping z—>7(2") (zeG,). 


2A linear function on § is called real if it takes real values on (—1)'§, (see 
[5(f), §2]). 

8 Any undefined terms or symbols should automatically be given the same meaning 
as in [5(f)]. 

‘The proofs of these statements are well known and the necessary references can 
be found in [5(b)]. See in particular [3] and [7]. 
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Lemma 2. G,.A,N,* and N,-A,G@, are open in: Gy. 


Since V,-A,G, is the image of G,A,N,* under the topological mapping 
z—>n(z") (zeG,.) it is enough to prove that G,A,N,* is open. Let 
8,—= (—1)4h,+n,. Then 8, is the Lie algebra of A,N,* and so in view 
of the corollary goM {0}. Hence 


On the other hand g is the direct sum of , n, and n_ and therefore 


dime Go = dime g = dimg h + dime n, + dimg n- 


= hy + 2 dimg n, = dimg hy + dimg n, = dim, §,. 


This shows that dimr(go + 3.) = 2 dimer go dimgg, and therefore g is the 
direct sum of g, and $,. Our assertion now follows from Lemma 26 of [5(b) ]. 

Since A, is simply connected, for every ae A there exists a unique element 
He (—1)4h, such that a—=expH. We denote this element by loga. Also 
any element zeG, can be written uniquely in the form z—uhn (ucJU, 
heA,,neN,*). We write u(z) and H(z) to denote wu and logh respectively. 
Then z—>u(z) and z—H(z) are (real) analytic mappings of G, into U 
and (—1)4h, respectively. 


Lemma 3. Let 2p denote the sum of all the posttwe roots of g. Then 
if dx is the Haar measure of Go, 


Go 


Let denote the mapping (reG) of G into U. It follows 
from the corollary to Lemma 1 that y is univalent. Let r—us (te Gy, ueU, 
seA,N,*). Then a simple calculation shows that if Xego, (dy)2X —=V 
where V is the element of u determined by the condition V=Ad(s)X mod §,. 
(Here (dy)_ is the differential of y at x (see Chevalley [4]). Now we regard 
g/8, as a vector space over & and denote by D its endomorphism corresponding 
to Ad(s). Since det(Ad(s)) —1, det D=det(Ad(s)s, where (Ad(s*) )a, 
is the restriction of Ad(s*) on 8,. Then if s—an (acA,,neN,*), 


det (Ad(s*) )s, | 2p log a) | 2 — ¢~4p(loga) 
and therefore det D = e~*e(oga) — ¢-40(H(@)), This calculation shows that 


du = der, 
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where du and dz are the Haar measures on U and G, respectively. Hence 


(2) dz f du= du<o 
Go U 


because U is compact. 


Let Q, be the set of all totally positive roots of g and Q the remaining 


set of positive roots (see [5(f)]). Put 
BeQs 
p’= > (CX¥g+CX_s) and m=—f+ ph’. Then p,, p_, m are all subalgebras 
BeQ 
of g which is a direct sum of these three. Moreover p, and p-_ are abelian 


and [m,p,] C p., [m,p_] C p_ (see [5(f), §§4 and 5] for the proofs of 
these statements). Let P,*,P,- and M, be the complex analytic subgroups of 
G, corresponding to p,, p_ and m respectively. 


Lemma 4. The mapping (q,m,p)—-qmp (qeP.,meM,, peP,*) of 
Po X P.* into G, is unwalent, holomorphic and regular. 


First we claim that P,*={1}. For suppose ye P,*. 
Since P,* ts abelian, we can choose Yep, such that y—expY. Also since 
[m,p_]Cp_ and since yeP,-M,, it is clear that Ad(y)p_—p.. Now 
suppose y~1 so that Y~0. Then Y => c,X, where y runs over all the 


totally positive roots and cyeC. Let yo be the lowest root such that c,,~0. 
Then [Y,X_,,] =cy,H,, mod n, and therefore it is obvious that 


Ad (y) Xy, = X_y mod N,. 


However H,,fn,-+n_ and so it follows that Ad(y)X_,,¢p_. Since this 
contradicts the fact that Ad(y)p_—p_ we must have y=—1 and therefore 
P-M,. P;*={1}. Taking the image of this equality under the mapping 
z—>n(z"') (zeG,.) we get M,.P.* = {1}. Now if we make use of the 
fact that both P.M, and M,P,* are subgroups of G,, the univalence of our 
mapping follows straightaway. That it is holomorphic is an immediate 
consequence of the complex analyticity of G,. Similarly the regularity 
follows from the relation g=p_+m-+ p, (Lemma 26 of [5(b)]). 

It is clear from Lemmas 2 and 4 that G,A,N,*, N,-A,G@, and P,-M,P,* 
are open connected subsets of G, and therefore they may be regarded as open 
submanifolds of G,. 


Lemma 5. N,-A,G,A,N,* ts contained in P,-M.P,‘. 


Let exp py denote the set of all elements in G) of the form expX (Xe pp). 
Then if peexpp, and p—uan (ueU, aeA,, neN,*), 


p*=6(p) =ua*9(n) 


= 
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since and §(a) Therefore 
Now let X be any element in p. and put p=exp(4X). Then 


and therefore expp) C N,-A,N,*. On the other hand m+p,35+n, and 
p.+m2n +5. Therefore A,V,* C M,P,* and P.M, and so it 
follows that expp). C P,M-.P.*. But (expo) (see Cartan [3] and 
Mostow [%]) and K,P,—=P,-K, since [f,p_] C p.. Moreover K, C M, and 
therefore G, C P,M,P,*. However we have seen already that A,NV,* C M.P,* 
and NV,-A, C and so it follows that C 


3. The simply connected covering manifold of N,-A,G,. Let 8 denote 
the subgroup NV,-A, of G,. Then we have seen that W—<SG, is an open 
submanifold of G,. Since g=n_-+ (—1)#h.+ qo (see the proof of Lemma 
2) the maping (se 8,ZeG.) of SX G into W is everywhere 
regular (Lemma 26 of [5(b)]) and therefore open. Also SM Go— {1} 
(corollary to Lemma 1) and so this mapping is.univalent. Hence it is a 
homeomorphism. Let G be the simply connected covering group of G, and 
let (xe G) denote the natural homomorphism of G onto Since 
is simply connected, S X G is a simply connected covering space of S X G. 
Therefore we may also regard it as a covering space of W under the mapping 
v:(s,v%)—> sz (se S,xeG). Since W is a complex manifold, we can introduce a 
complex structure in S X G in such a way that it becomes a covering manifold 
of W with respect to the mapping v. Let W denote the complex manifold 
arising from S X G in this way. We identify S and G with subsets of W under 
the topological mappings s—>(s,1) (seS) and >(1,z) (eG). Then 
SoG=+=(1,1) is the common unit element of S and G which we shall 
denote by 1. Let W; and W, respectively be the set of all elements ¢ and # 
in W such that C W and Wa CW. Put and W,—v"(W,). 
Then if ze W;, the mapping /,: @—>v(z)@ (We W) is obviously holomorphic 
on W. Hence it is clear that there exists exactly one holomorphic mapping 1, 
of W into itself such that vol,—1,oy and 1,(1) =z. Similarly if ze W,, 
there exists just one holomorphic mapping r, of W into itself such that 
v(r.(w)) =v(w)v(z) (weW) and r,(1) =z. For convenience we shall 
write /,w and r,w instead of 1,(w) and r,(w) respectively (ze Wi, ve W,, we W). 
Let A be the analytic subgroup of G corresponding to fo. Then it is obvious 
that SC W, GCW, and ACW,N W,. Moreover if u,ve W), also 
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lies in W, and J,=1,l,. This shows that the multiplication in W), defined 
by the rule wy —1,v (u,ve W;,), is associative. Similarly we define an asso- 
ciative multiplication in W, by zw=—r,.z (z,weW,). It is easy to check 
that these two multiplications coincide on W,NM Wi. 

We recall that A, is the complex analytic subgroup of G, corresponding 
toh. Put A,—v(A,). Since A contains the center® of G, A,-=A,XA 
and so it is connected. Also A, C W; and therefore A, C W;. It is easy to 
verify that A, is a group (with respect to the multiplication defined in W;) 
and actually it can be regarded as a covering group of A, under the mapping 
a—>v(a) (aeA,). Since C W,, the product na (ne N,,aeA,) is well 
defined in W;. 


4. Holomorphic functions on W. By a holomorphic character of A, 
we mean a holomorphic function 0 on A, such that é(ab) —é(a)é(b) 
(a,beA,). €& being such a character, we denote by $¢ the space of all holo- 
morphic functions f on W such that f(Jnqw)=f(w)é(a) (neN, aeA,, 
weW). Our object now is to prove the following theorem. 


THEOREM 1. O¢= {0} unless there exists a linear function A on h with 
the following two properties: (1) €(expH) =eA® (Heb) and (2) A(Ag) 
is a nonnegative integer for every positive root which is not totally positive. 


For any eG, and ze G, put If y is a fixed element in G, 
xyz? (xe G) depends only on and so we may denote it by Similarly 
if w= (s,z)eS XK G=W and heA, r-1,w = (s*, 2") and so for fixed w 
it depends only on kh. We shall denote it by w". It is clear from its definition 
that w—>w* (we W) is a holomorphic mapping of W. A, being compact, 


we normalize its Haar measure dh in such a way that dh=1. We now 
Ao 


need a few lemmas. 


Lemma 6. There exists a function pe S¢ such that 


J, $(r2w*) dh (x) y(w) (we W,zeG@) 
Ao 
for every de Hz. This function is unique and (1) =1 tf Se {0}. 


Let us first make some preliminary remarks. Every element X in g 
defines a right-invariant holomorphic infinitesimal transformation [4] X’ as 


5 For A contains the center of K (Weyl [9]) and K contains the center of G [7]. 
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follows. jf being a function which is defined and holomorphic around some 


point ® ze G,, 
X’f (2) = {df (exp(— tX)z) /dt} 1-0. 


If X, Y, Z are three elements in g and Z—[X,Y], it is easy to check that 
Z'f = X’Y’f —Y’X’f in some neighborhood of z. Now since W is an open 
submanifold of G, and since the mapping v of W onto W is everywhere 
regular, there is exactly one holomorphic infinitesimal transformation on 
W v-related to X’ [4, Chap. III, § V] which we denote again by X’. Let V 
be an open set either in W or W and let € be the space of all holomorphic 
functions on V. Then if we associate to each Xeg the linear mapping 
f—-X’f (fe€) of € into itself, we get a representation of g on € which can 
be extended (uniquely) to a representation of the universal enveloping 
algebra 8 of g. For any be 8 we denote by b’ the corresponding operator on €. 

Let w be a point in G, and f a function which is defined and holomorphic 
in some neighbourhood of w. Then if Xeg and ¢ is a complex variable, the 
function F(t) =f(exp(—tX)w) is defined and holomorphic around the 
origin in the complex plane and 


{(d™/dim) F(t) = (X™)’f(w). 
Now let (X;,- - -,Xn) be a base of g over C. We put XY(z) =2,X,+:--- 


+ 2nXn where 2:,:°°*,2, are complex numbers. Then the function 
F(z) =f((exp—X(z))w) is defined and holomorphic around the origin 
in OC". Let IJ =(m,,:-+,mn) be any sequence of n nonnegative integers. 
We write - - - | M | 
and 


Then if § is a sufficiently small positive number, F(z) is defined and holo- 
morphic for all (z) such that |z|—max|z| <8 and therefore 


P(2) = <8) 


where F(M) = (0“F/0z™),, the suffix 0 denoting the value at the origin. 
Now replace z; by tz; where ¢ is a complex number and |¢|<1. Then 
F (tz) => F(M) /M1. 
M 


® Here X’f(z) denotes the value of X’f at z. A similar notation will be used in 
other cases as well. 


q 
ta 
2 
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On the other hand if z= (2,: - -,2n) is fixed, 
F(tz) = (t™/m!) (X’(2))™f(w) 


for |¢| sufficiently small. (Here X’(z)=(X(z))’). This follows from 
the fact mentioned above that 


{(d™/di™) F (tz) }1-0—= (X"(z) )™f(w). 
Hence comparing coefficients of powers of ¢ we get 

(X’(z))"f(w) =m! 

m=|M| 

Since this is true for all sufficiently small values of |z|, we can compare 
the coefficients of z” on both sides and conclude that F(M) —=X’(M)f(w), 
where X (J) is the coefficient (in 8) of z” in (X(z))™/m! (m=|M]|) and 
X’(M) =(X(M))’. This proves that 


for all sufficiently small values of | z |. 


Now we return to the lemma. Let ¢ and z be fixed elements in $¢ and 
G respectively. Put f(w) =¢(rz2w) (we W). 8 being a positive real number, 
let Qs denote the cube in C” consisting of all points z with |z| <8. We 
assume that 6 is so small that the following conditions are fulfilled: (1) 
exp(—X(z))eW for ze Qs; (2) the mapping z—exp(—X(z)) is regular 
and therefore open on Qs and hence the set V exp Qs is an open connected 
neighbourhood of 1 in W; (3) V is evenly covered [4, Chap. II, § VI] under 
the mapping v of W onto W. Let V denote the component of 1 in v3(V). 
Define a function f on V by the rule f(v(w))=f(w) (weV). Then f is 
holomorphic on V. For any he A, we extend Ad(h) to an automorphism of 
and put b'—Ad(h)b (beB). Let z(X) t—1,- - -,n denote the co- 
ordinates of X eg with respect to the base (Xi,---,X,). If € is a positive 
number we denote by ge the set of all XY eg such that | z(X)| = max |z;,(X)| <e. 


Since A, is compact, -we can choose « so small that if | 2(X)| Se, | 2(X*)| [8/2 
for every he Ay. Then since f(exp(—X(z))) is holomorphic on Qs, it follows 
from our result above that 


F(exp(—X)) — (X")'F(1)/m! (Xe gs) 


and therefore 


f (exp(— X*)) — 2 (1/m!)( (X*)™)’F(1)/m! (Xegehe Ao). 


= 


t 

‘ 
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For any z€Qs5, let w(z) denote the unique point in V such that v(w(z)) 
=exp(—X(z)). Then if z(X) denotes the point (2,(X),--*-*,%(X)) in 
C*, it is clear that w(z(X")) (w(z(X)))* (XegeheAy) and therefore 


f((w(z))*) ((X (ML) )*)’F(L) 24 <«heAo). 


Moreover in view of our choice of e¢, for a fixed z the convergence is uniform 
with respect to h. Hence 


Ao M Ao 


Now let g(/) = f. (X(M))*dh. Here the integral is well defined since 
Ao 


the elements (X(M))* span a finite-dimensional subspace of 8. Then 


f (WF (1) (l2| 


It is obvious from the definition of qg(M) that [H,q(M)]=—0 if Heb. 
Hence by the consideration of ranks (see §7 of [5(f)]) we see that there 
is exactly one element h(M) in the subalgebra § of B generated by (1,5) 
such that g(1/)=h(M) mod On the other hand f(/,w) —f(w) if 
neN,- and therefore it follows easily that b’f(w) =0 if be Sn_ and we W. 
Moreover since A, is an abelian Lie group with the Lie algebra h, there 
exists a linear function A on § such that é(expH) =e4® (Heh). Then 
f(law) =eAf(w) ifa—expHeA,. We extend the mapping H—A(H) 
(Heh) to a (uniquely determined) homomorphism yp, of § into C such that 
pa(1) =1. Then it is clear that h’f(w) =p,(h)f(w) for he S and we W. 
Hence 
(M)f(1) =’ (1) (1), 


and therefore 


Now if we put ®(2, w) —f $(r,w") dh and recall that f(1) —¢(z) we get 
Ag 
(x, w(z)) = 2 2a (he ) 


provided |z| <e. It is clear that the set of all points w(z) (|z|<e) isa 
neighbourhood of 1 in W. Hence from the principle of analytic continuation, 
there exists at most one holomorphic function y on W such that 
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if |z|<e«. On the other hand if $¢+ {0} we can choose a function ¢, 0 
in §¢. Since every element in W is of the form Jz (seS,xreG), it is 
obvious that ¢o(z%)) £0 for some z eG. Moreover since A, is compact, the 
function 


(Zo, w) ho (Tz ") dh (we W) 


is obviously holomorphic on W and therefore the same holds for 
(Xo, W)/ho(%o). But if we apply the above relation to ¢o, we get 


Do (Lo, w (2) = 2 <e). 


This shows that the function y certainly exists (if 6: {0}). On the other 
hand it is obvious that = (neN.-,aeA,,we W) 
and therefore ye Furthermore since ®(z,w) and (z)y(w) coincide 
on a neighbourhood of 1 in W and since they are both holomorphic in w, 
they must coincide everywhere. This proves that 


dh — $(2)¥(w) (cxeG,weW), 


and the uniqueness of y is obvious from this formula. In particular if we 
put and w—1, we get ¥(1)=—1. Finally if {0}, 
y must also be zero and so y is unique in any case. Thus the lemma is 
proved. 

Let A denote, as above, the linear function on } such that (exp H) = eA 
(Heb). 


Lemma 7. Let 60 be a function in Sg. Suppose there exists a linear 
function A’ on such that 


(raw) = e4 (we W, Heh) 


where a=expHeA. Then A—A’ ts a linear combination of positive roots 
with coefficients which are nonnegative integers. 


Let V be an open connected neighbourhood of 1 in W such that V is 
mapped in a one-one fashion on V ~v(V) under the mapping v. Define a 
function on V by setting ¢(v(w)) —=¢(w) (weV). Let a,---,a, be 
all the distinct positive roots of g. We put X;—X,, 1Sisr. Then 
is a base for n, over C. Put X(z2) 
(where the z;’s are complex numbers) and for any positive e let n,(¢) denote the 


REPRESENTATIONS OF SEMISIMPLE LIE GROUPS, V. 11 


neighbourhood of zero in n, consisting of all X(z) with |z|—max|z|<e. 
4 


We can choose « so small that exp(—-X(z)) eV and 


if |z|<.«. (Here the notation is similar to what we used in the proof of 
Lemma 6. MM is a sequence (m,,---,m,) of r nonnegative integers and X (M) 
is the coefficient (in 8) of 2” in (1/m!) (X(z))™ where m =m, +--+ m,. 
Moreover M!—m,!---m,!). Choose a positive real § such that (X(z))*e n,(e) 
for all he A, if |z| <8. Then it is obvious that 


However if hexpH (Heb,), it is obvious that 
$(w") = = exp(A(H) —A’(H))$¢(w) (weW). 


Hence if |z| <8, 
5 (exp(—X(z))*) —exp(A(H) 

On the other hand if M = (m,,-: - -,m,), it is clear that 

(X (ML) )* = (M1), 
where Therefore 

exp(A(H) —A’(H)) SX’ 
M 
= etm) 
M 

for all Heh, and all z= (z,,---,2,-) with |z| <8. Hence comparing 
coefficients of 2” we get X’(M)¢(1) =0 unless A—A’=—a@y. On the other 
hand X’(J/)4(1) cannot be zero for all M. For otherwise ¢(exp(— X(z)) =0 
if |z|<8 But since g—n_+h-+n,, the elements of the form 


naexp(—X(z)) (ae A,neN.-,|z| <8) cover a neighbourhood of 1 in W. 
Since =€(a)¢(w), it is obvious that 


$(naexp(—X(z))) = €(a)$(exp(—X(z)) =0 


if naexp(—X(z))eV and |z| <8. This shows that ¢ vanishes identically 
on a neighbourhood of 1 in V and therefore ¢ is also zero on some neighbour- 
hood of 1 in W. But then ¢, being holomorphic, must be zero everywhere 
on W. Since this contradicts our hypothesis, A— A’ «ay for some M and 


so the lemma is proved. 
Every X eg may be regarded as a (left-invariant) holomorphic infini- 
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tesimal transformation on G, [4, Chap. IV] and therefore also on its open 
submanifold W. Then there is exactly one holomorphic infinitesimal trans- 
formation on W which is v-related to XY. We denote it also by XY. Let V 
be an open set either in W or W and let € be the space of all holomorphic 
functions on V. Then these operations of g define a representation of g on € 
which may be extended uniquely to a representation of 8. If beB and 
feé, we denote by bf(w) the value of bf at w (we V). Let & be the sub- 
algebra of @ generated by (1,f). 


Lemma 8. Let w be the function of Lemma 6. Then Hy=A(H)y for 
Heb and X,=0 for every positive root « Moreover the functions by 
(beX) span a finite-dimensional subspace of §¢. 


Since r, and 1, (we W,,ve W:) commute, it is an easy matter to verify 
that if fe Sze and Xeg then Af is also in Se. Therefore we get a repre- 
sentation of 8 on Sg. Now for any ¢eH¢, consider the function 


@(z,w) = (xeG,we W) 


on GXW. Since (z,w)—>v(r2w) =v(w)z is a (real) analytic mapping 
of GX W into W, it is clear that (z,w) —r,w is also an analytic mapping 
of GX W into W. If Weg, it is obvious from the definition of X¢ that 


Xd(w) = {db (exp tX, w) /dt} (teR). 
Moreover if X¥,Yeg, and (—1)#¥ eg, (—1)3(Y¢4). 


Therefore if A’ is a linear function on §, it follows from the above differential 
equation that Hf=—A’(H)¢ for every He} if and only if 


H, w) 


for all Heh, and we W. In particular if we apply this criterion to y and 
take into account the fact (which follows from Lemma 6)- that y(w*) =y(w) 
(he Ay.weW), we get HY—A(H)y (Heb). But then if ¢—X,y it is 
clear that Hp=—(A(H)+(H))¢ (Heb) and therefore by the above 


criterion 
= exp(A(H) + «(H))$(w) (Hebo, we W) 


where hexpHeA. «@ being a positive root, we can conclude from Lemma 7 
that 6 = X,y —0. 

To prove the last assertion we may assume that 6:~ {0}. Let K and 
K’ be the analytic subgroups of @ corresponding to f, and f,’ = [fo, fo] 
respectively. Then K’ is compact and semisimple‘ and the function 


V(u,w) (rw) (ue K’,we W) 


f 
| 


REPRESENTATIONS OF SEMISIMPLE LIE GROUPS, V. 13 


is continuous on K’X W. Moreover ¥(1,1) —y(1)—1. Therefore from 
the Peter-Weyl Theorem for K’, there exists an irreducible character x of K’ 
with the property that the function 


(u,w) = J w)dv 


is not identically zero on K’X W. (Here dv is the Haar measure on K’). 
Since W(uv,w) —WV(v,r,w), it follows that W’(u,w) =W(1,r,w). There- 
fore if y’(w) —W(1,w) (weW), it is obvious that y’eH¢ and it is not 
zero. Now if heA, 


(w*) = (row) dv. 


Moreover K’ is a normal subgroup of K and it is clear that y(h-*v*h) = y(v). 
Therefore 


since ¥(z*) —y(z) (ze W). This shows that y/(w") —y’/(w) and therefore 
from Lemma 6, 


This proves that the function y and y/ differ only by a constant factor which 
however cannot be zero since neither y nor y’ is zero. For any fixed we K’ 
put y,/(w) (u,w) (rw). Then it is clear from the definition of 
W’(u,w) that y,’eS¢~ and the dimension of the subspace V of $¢ spanned by 
all y,’ (we K’) is finite. For any de V define ¢,(w) = (rw) (ue K’,we W). 
Then if to each we K’ we associate the linear mapping o(u):¢—>¢,y of V 
into itself, we get a representation o of K’ on the finite-dimensional space 
V. We denote the corresponding representation of f,’ also by o. Since 
a(u)d(w) = ¢(r,w) it follows immediately that o(X)¢=—X¢ (Xek’, ge V). 
On the other hand if cy is the center of f, and h=expHeA (Hevcy) it 
is clear that = AMY (rw) = eAMy,(w). Since V is 
spanned by the functions we can conclude that ¢(r,w) = for 
all ge V. But as we have seen earlier this implies that HP —A(H)¢ and 
therefore V is invariant under the operations of f,.’-+co—f, and so also 
under those of f. Since we V, the last assertion of the Lemma follows 
immediately. 

It is now obvious that Theorem 1 is a direct consequence of Lemma 8 
and Theorem 1 of [5(f)]. 


' 
E 
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5. Representations on a Hilbert space of holomorphic functions. We 
shall now prove a converse of Theorem 1. Since A, is the direct product 
of A, and A and A, is simply connected, expH =-1 in A, (Heb) if and 
only if He}, and expH =—1 in A. On the other hand if D and A’ are the 
analytic subgroups of A corresponding to* co and ho —h, Mf’, A is the 
direct product of D and A’ and D is simply connected.* Therefore exp H 1 
in A unless Hefh,’. Now suppose Hef,’. Since A’ C K’ and K’ is compact, 
exp H —1 if and only if it lies in the kernel of every finite-dimensional 
irreducible representation of K’. But K’ is simply connected‘ and therefore 
there is a one-one correspondence between finite-dimensional representations 
of K’ and those of f. So it is clear that exp H —1 if and only if A@ —1 
for all weights A (with respect to h’) of all finite-dimensional representations 
of f’. Since we may identify compact roots of g with roots of f, it follows’ 
that a linear function A on § coincides on h’ with the weight of some finite- 
dimensional representation of f, if and only if A(H,) is an integer for every 
compact root a. Therefore in order that there should exist a (holomorphic) 
character ~ of A, satisfying the equation é(expH)=—eA® (Heh) it is 
necessary and sufficient that A(H,) should be an integer for every compact 
root a. 

Now let » and » be two nonnegative (Haar) measurable functions on Gp. 
We assume that yp is not identically zero, w is bounded on every compact set 
and Sp(Z)o(y) (%,yeG). Then p(¥) and since p 
is not identically zero it follows that u(Z) 0. Moreover 


(ZY) }* S {u(Z) 


and since »(¥) (and therefore also w(%*)) is bounded on every compact set, 
it follows from the above inequalities that the same holds for both » and 1/p. 
Hence if dz is the Haar measure on G , the two measures p(Z)dé and dz 
are absolutely continuous with respect to each other. 

Let A be a real? linear function on §. We assume that A(H,) is a 
nonnegative integer for every positive root a which is not totally positive. 
Then, as we have seen above, there exists a holomorphic character € of A, 
such that é(expH) —eA® (Heh). Let f be a complex-valued function on 
W such that f(lw) =£é(a)f(w) for all ae A, and we W. If Z is the center 
of G, Z C and therefore f (lw) = €(z)f(w) (zeZ) and | é(z) | —1 because 
A is real. This shows that | f(zr)|—|f(x)| (zeZ,ceG@) and so |f(z)| 
depends only on Z. Hence if | f(z)| happens to be a measurable function of Z, 


7 This can be deduced easily from Theorem 1 of [5(a)]. See also Weyl [9]. 


| 
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we can consider the integral J. | f(x) |?u(z)dz. Now let $,(») denote the 
Go 


space of all holomorphic functions f on W satisfying the following two 
conditions : 


(1) f(Inaw) = € (a) f(w) 


We put =, () for convenience. Then every fe § is certainly continuous 
on G. Therefore since the measures dz and »(Z)dz are absolutely continuous 
with respect to each other, || f || is positive unless f vanishes identically on G. 
But then in view of condition (1) above, f=0. Therefore in order to prove 
that § is a Hilbert space, it only remains to prove that it is complete. After 
this has been done we intend to define a representation of G on § and prove 
that § = §,(u) ~ {0} for a suitable choice of p. 

Let x be a fixed element in G and let X;,---,Xy be a base for g 
over C. If Xeg, we denote by 2,(X),--+,2n(X) the coordinates of X 
with respect to this base and for any positive number e« we define (as before) 
Ge to be the set of all XYeg such that |2(X)|—max|z(X)|<e«. Now 

i 


choose « so small that the following conditions hold: (1) the mapping 
X — exp(— X) of g into G, is univalent and regular on g,, (2) exp(—X)ie W 
for Xeg., (3) the set V =exp(ge)Z is evenly covered under the mapping y of 
W onto W. Let V denote the connected component of 2 in v1(V). Then 
V and V are both open and »y defines a one-one regular holomorphic mapping 
of V onto V. 

For any X eg, consider the endomorphism 


(1—exp(—adX))/adX = (—1)™(adX)™/(m+1)! 


of the complex vector space g. We denote by A(X) its determinant. Then 
A(X) is clearly a holomorphic function on g and a well-known computation 
[4, p. 157] shows that if 2* —exp(— X)Z,, 
= d(x*)-1 =| A(X) |? | dX |? (X € ge) 

where dx* is the Haar measure on G@, and | dX |? is the Euclidean measure 
on g (regarded as a vector space over #). Since A(0) —1, we may assume 
that < is so small that | A(X)|=4 on ge. 

On the other hand we know (see Corollary to Lemma 1 and Lemma 26 
of [5(b)]) that (n,a,Z) >naz (ne is a one-one regular 
mapping of V.- * A, X G onto W and an easy computation shows that 


dz* = dndadZz, 


é 
| 

m=0 
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where z* == naz and dz*, dn, da are the (suitably normalised) Haar mea- 
sures of G,, N,- and A, respectively. Let V’ be the set of all points 
(n,a,z)e A, X G such that nate V and let V2, Vs denote the 
projections of V’ on each of the factors N,-, A,, Go respectively. Then they 
are all open and since the closure of g, is compact, it is clear that the closures 
of V,V’, V1, V2, Vs are also all compact. We can choose open neighbourhoods 
V1’, V2’, Vs’ of 1,1,% in N.-,A,,Go respectively such that V,’V./V;’ CV. 
Also choose a positive 8<e« such that exp(—YX)Z,eV,’V./V,’ if Xegs. 
If f is any function in §, we denote by f the function on V given by 
f(v(w)) =f(w) (weV). Then 


85 85 


<4 f dndadz—M, | |? dé 
Vv V3 


1XV2XVs 
where M,—4 { exp(2A (log a) +4p(loga))da f dn. On the other hand 
Vi Ve 
since the closure of V; is compact, 1/u is bounded on V3. Hence 
f 
where M/, is an upper bound for »-* on V;. This proves that 


2 


8 

where M—WM,M,.. Since f(exp(—2X)Z,) is a holomorphic function of X 
on g., it follows from a classical argument (see Bochner and Martin [2, 
p- 117]) that if || f || tends to zero, f(exp(—2X)Z) tends to zero uniformly 
on every compact subset of gs. This proves that || f || 0 implies the uniform 
convergence of f to zero on some neighbourhood of z in W. Moreover since 
Zo can be any point in G and since f(nar) —&(a)f(z) (ne N,,acA,,reG) 
it is clear that the same conclusion holds in some neighbourhood of any 
given point in W. Therefore if f, is a Cauchy sequence in §, it converges 
uniformly on every compact set in W and hence the limit function f is 
holomorphic on W and clearly f (law) =£€(a)f(w). Moreover it then follows 
by well-known elementary arguments that 


iT J, < 


and || f—fm||—0. This proves that f lies in § and f» converges to f in §. 
Therefore § is complete. 


a 
{ 
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Now we define a representation + of G on § as follows. If fe and 
yeG, ~(y)f is the function whose value at w is f(ryw) (weW). Since 


and so it follows easily that r(y)fe and || r(y)f |]? This 
shows moreover that the operators z(y) remain uniformly bounded on any 
compact set. Now let V = V~- be any compact neighbourhood of 1 in G and 
let V be its image in Gp under the mapping x—@. For any given e>0, 
we can choose a compact set G, in G, such that 


f(z) 
°G, 


(°G, is the complement of G, in G). Put G.=G,V. Then G, is also 
compact and if ye V, C °G,. Hence 


f(xy) |? dz S Sec f(x) |? < Me, 
where M? is an upper bound for w(7) on V. Moreover 
But 
J ad f(xy) — f (2) |*u(z)az 


< { (M+ 1)¢}%, 


and since G, is compact, 
Lim J flv) 


As is arbitravy, this shows that Lim || x(y)f—f || Moreover it is 
yl 


u(Z)dz == (). 


obvious that r(xy) (z,yeG@) and therefore is a representation 
[5(b), p. 201] of G on ©. 
It is obvious that § is contained in the space $¢ of Lemma 6. 


LemMA 9. If §8=,(u) ~ {0}, the function wy of Lemma 6 lies in §. 


For if we choose ¢) ~0 in §, it is clear that ¢o(%») 0 for some 2 ¢€ Go. 
Then it follows from Lemma 6 that 


| 

| 
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and therefore 
0 0 y y y 0 0 h 


But if he A, ; ‘ 


since |é(h)|—1. Therefore if M is an upper bound for » on the compact 
set Z it follows that | |? | M || Since 40, we 
conclude that || ||? <0 and therefore ye §. 


Lemma 10. Let ¢ be any element in § which is well-behaved under z. 
Then Moreover if {0}, ts well-behaved under x. 

We have seen that if ¢ tends to ¢ in § then ¢(w) tends to do(w) 
uniformly on every compact set in W. In particular if ¢ is well-behaved 
under and XY ego, (1/t) {r(exptX)¢d—¢} (te) tends to r(X)¢ in § as 
t—>0. On the other hand it is obvious that (1/t) {#(exp tX)¢— $} tends to 
Xq@ uniformly on every compact set in W. Therefore X?—-2(X)¢ and by 
linearity this remains true if Yeg. Also we know that r(z) =&(z)x(1) 
(zeZ). Therefore it follows from Theorem 4 of [5(b), p. 224] that the 
space of well-behaved elements is dense in §. On the other hand if heA, 
it is obvious that €(h-')x(h) depends only on h and so we may denote it 
by #(h). Then h-—7(h) (he A,) is a representation of Ay on § and 


E= | 7(h)dh 
Ao 


is a bounded operator with H?= EH. Moreover since A, is compact, it follows 
easily (see Lemma 29 of [5(b)]) that if @ is well-behaved under =, the 
same is true of Hg. Moreover if we regard 


as the limit of a sum in §, it is clear from the remarks on convergence 


made above that ® 
— #(h) p(w) dh (weW). 
Ao 


® We use here and in the rest of this paper the terminology of [5(b)]. 


| 
| 
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But if he A, 
a(h)b(w) = E(h*)a(h) p(w) = E(h-*) h(raw) = E(h-*) = $(w*) 


where a=h-'. Therefore, from Lemma 6, 
Eg(w) =$(1)y(w) or 


Now assume that §©+4 {0}. Then from Lemma 9, we and so we can 
choose a sequence dm of well-behaved elements in § such that ¢mn—y in §. 
Since is bounded 

om(1)p = Edm > Ly = 
from Lemma 6. Therefore ¢m(1) 0 if m is sufficiently large and since 


Edm is well-behaved the same holds for = {¢m(1) 


LemMA 11. Suppose §~ {0} and §, ts the smallest closed subspace 
of $ containing yw which is invariant under r(G). Then the representation 
of G defined on §, under x is irreducible and quasi-simole.® 


Let + {0} be any closed invariant subspace of §,. Choose ¢~0 
in Then as we have seen above = 
Since ¢=+0 it is clear that ¢(z) 40 for some z and therefore pe 2. But 
this implies that 2. §, and therefore , is irreducible. 

Now let z be any element in % of rank* zero. Then it is clear that if 
¢ is a well-behaved element in §, 


(he A), 
and therefore Hx(z)¢=—2(z)H. In particular 
Bx(z)y— Ey 
But we know that ¢(1)y for every Therefore 
=x(z)y, 


where x(z) is the value of r(z)y at 1. Now if z lies in the center of %, 
it follows that 


x(a) =x(2)a(2)y (ve @). 


Hence if V is the subspace of §, spanned by x(x)y (eG), r(z)6—x(z)¢ 
for all ée¢ V. Since V consists of well-behaved elements and since V is 


19 
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dense in §, the quasi-simplicity of the representation on §, now follows 
from Lemma 382 of [5(b)]. 


LemMMA 12. Suppose §~ {0} and x is a unitary representation. Then 
ws irreducible under 


In view of Lemma 11 it is enough to prove that 6, =. Let , be the 
orthogonal complement of §, in §. Since z is unitary, §. is invariant under 
7. Let ¢ be any element in Then we have seen that Exr(z)¢— yp 
(cxeG). Therefore d(x) We H,—{0} and so —0. This being 
true for every zeG, it is clear that 60. This proves that §.— {0} and 
therefore $, = 9. 


6. Computation of the function ¥. We shall now determine the func- 
tion y explicitly. We know from Lemma 4 that Q=—P,M.P,* is an open 
submanifold of G, and there exists a (unique) holomorphic mapping m of 
Q into M, such that ge P.m(q)P.* for every geQ. Let M, be the simply 
connected covering group of WM, and y the natural homomorphism of M, onto 
M,. Since WC Q, w—>m(v(w)) is a holomorphic mapping of W into M,. 
But W is simply connected and so there exists a (unique) holomorphic 
mapping m of W into Mf, such that m(1)=1 and yom—mov. Now if we 
use the notation of [5(f),§5] it is clear that m—g’+f. Hence if c is the 
center of f, c,. cM gq, is the center of m and m is the direct sum of c, and 
n’—[m,m]. Therefore I, being simply connected, there exists a (unique) 
holomorphic mapping T of W into c, such that m(w)eM/expT(w). Here 
M/ is the analytic subgroup of Jf, corresponding to nv. 


LemMA 13. Let w be any element in W. Then 


=T(a) + T(w), =T(w) + Tu), =T(u) + P(x) 

®It was pointed out to me by Dixmier that the proof of Lemma 33 of [5(b)] is 
incorrect. Since M is dense in § only in the weak tepology, one cannot conclude that 
\(¢, S| Bly|@|| for all ge and we M, knowing it to be true for if 
and Ye MM. However suppose there exists a positive real number a such that every 
element ¥ in § can be approximated arbitrarily well (in the weak topology) by 
elements yeM with |y|sa]y]. Then it follows immediately that |(¢, Ay)| 
<a|Bly|\¢ || for all oe§ and ye M and therefore |A|y<a|Bly. Hence, in 
particular, A is bounded if B is bounded. On the other hand if we use the notation of 
[5(b), pp. 226-227], it is clear that if nm is sufficiently large | A,,W|<a|y| where 
a =2sup|7(a#)| and w is a compact set outside which all f, are zero. From this it 

red 

follows that | A,, | <a and therefore the subspace V of $ does have the above addi- 
tional property. The proof of Lemma 32 of [5(b)] now goes through without any 


further modification. 
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for ne ae Ay, ue K and «eG. Moreover if a=expHeA,(He§) and 
H=H,.4+ H’ (H,ec., H’eh Nm’) then = 


Since [m,p_] C and [m,p,] C p,, it follows that M.Q—QM,.—Q 
and m(vq) =vm(q), m(qvu) =m(q)v (ve M,,geQ). Moreover 
Cp.+m’. Therefore C P,-y(M.’). Similarly if ue K, m(qa) =m(q)a 
(qeQ) and m(aix) =im(x) (xeG). The first part of the lemma follows 
immediately from these facts. Now put a,—expH, and a’ —expH’. Then 
a= a,a’ and therefore =T(a,) +T(a’). But since a’ eM’, T'(a’) =0. 
On the other hand it is obvious that T'(a,) =H, and so the lemma is proved. 

By a complex representation of @, we mean a finite-dimensional repre- 
sentation such that the corresponding representation of g is linear over C. 
Since G, is simply connected we may identify the finite-dimensional repre- 
sentations of g with the complex representations of G,. If V is the repre- 
sentation space of such a representation z, it would be convenient to regard 
V as a Hilbert space in such a way that 7 becomes unitary on the subgroup 
U corresponding to -+ (—1)4p Since U is compact, this is always 
possible. Whenever we.speak of a finite-dimensional representation of g (or of 
a complex representation of G,) we shall tacitly assume that such a Hilbert 
space structure has already been introduced in the representation space. 

Now let A be the linear function of Section 5 and let a,---,a,; be a 
fundamental system of positive roots of g (see Corollary 2 to Lemma 4 of 
[5(f)]). We assume that @,,- - -,a; are all the totally positive roots among 
these. Define a linear function A, on h by the conditions Ay(Ha,) =0 
and Ao(Ag,) =A(He,) ((<tSl). Then A, is a dominant 
integral function and therefore from Theorem 1 of [5(a)] there exists an 
irreducible representation « of g on the finite-dimensional space V with the 
highest weight Ao. Let $5 be a unit vector in V belonging to the weight A) 
and put A= A— Apo. 


Lemma 14. Let & be the holomorphic character of A, corresponding to A. 
Then the function y of Lemma 6 is given by the formula 


= o(v(w) ) po) MPO (weW). 


First observe that since o is unitary on U, the adjoint of the operator 
a(X) is —o(6(X)) (Xeg). Hence o(6(z*)) is the adjoint of o(z) 
(zeG,). But 6(N.-) =WN,* and since ¢) belongs to the highest weight, 
a(n’) = if n’e N,*. Moreover from Lemma 13, T(/,w) =P (w) (ne 
Therefore if Yo denotes the expression on the right hand side of the above 


| 
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equation, ¥o(/,w) =yo(w) (ne N,-). Now let a=expHeA, (Heh). Then 
if O—v(w) (weW), 
($0, 0(v (Taw) ) ho) = (0 (6 ) bo, ho) = (ho, 
since A, is real. On the other hand it follows from Lemma 13 that 
A(T (law) ) =A(H,) +A(T(w)) where H=H,+H’ Nm’). 
Therefore 
Yo (law) exp(Ao(H) )yo(w). 
But A(H) =A(H,) + A(H’) and it is obvious from Lemma 13 of [5(f)] 
that H’ is a linear combination of Hy, (t{<itl) so that A(H’) =0. 
Hence 
Ao(H) +A(H,) = Ao(H) +A(H) = A(AA). 
This proves that Yo(law) =é(a)vo(w) and so yoe He. Moreover if ae A, 


Wo(TaW) = o(v(w) 4) ho) exp (A(T(w)) + = Wo(w)é(a) 
since = E(a)do. Hence 


== Wo(Iarnaw) = E(h)E(h) = Yo(w) (he A) 


and therefore yo(w) Yo(w")dh = from Lemma 6. But 
Ao 
Wo(1) | do |? 1 and sO Yo = 
We have still te show that the space § (u) ~ {0} for a suitable choice of p. 
In order to do this we need some preliminary results on finite-dimensional 
representations of g which we shall then apply to the above representation o. 


7. Some results on finite-dimensional representations. First we prove 
the following lemma. 

LemMaA 15. There exists an element H eh, such that 6(X) = exp(adH)X 
for all X eg. 

Since 0(H) =H (Heb) and 6(X)—=X (Xeg), it is clear that 
6(X,) =X, for every root a If (a,,---,a) is a fundamental system 
of roots we can choose Hef such that 0(Xq,) =e*X,, 1SiSl. It is 
obvious that «,(H),- - -,a,(H) are all purely imaginary and therefore H ¢€ ho. 
Moreover since [Xq,,X-e,]€5, it follows that 0(X_,,) =e X,,. There- 
fore @ and exp(adH) are two automorphisms of g which coincide on § and 
also at X,,, YX, 1StS/. But g is the smallest subalgebra of itself con- 
taining § and Xq,, X¥-¢, 1=tS/ (see Lemmas 18 and 19 of [5(a)]) and 


so 6=exp(adH). 


| 
| 
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Lemma 16. Let x be a representation of g on a finite-dimensional space 
V. Then if ¢ is a vector belonging to some weight of = 


(p, (z)p) = (, 7(0(z) ) (z@ Ge). 
From Lemma 15 we can choose he Ao such that 6(z) =hzh- for all 
zeG,. Then (¢,7(6(z))d) = since is unitary on Apo. 
But since ¢ belongs to a weight of 7, r(h-1)¢ cd where c is a unimodular 


complex number. Hence 


(0(z) )p) =| = (4, 27(2)¢). 


Now ¢ being as above, we propose to study the growth of the function 
F(X) = (¢,r(expX)¢) (Yep) at infinity. Let X be a fixed element in jp. 
Since 6(X) =—X, 7(X) is a self-adjoint operator on V and therefore we 
can choose an orthonormal base (¢,,° -,¢a) for V such that = didi 
i=1,---,d). Then if d= Sad; (aeC), 


F(X) |? 0, 
4 


Similarly #(—X) But since 6(X) =—X, it follows from 
Lemma 16 that and therefore F(X) =>, | a; |? cosh dj. 
Now consider the function 


c(t) = (cosh t—1)/t? = t?"-?/(2n)! (te R). 
n=1 
Then —c(—t) and c(t) increases with ¢ for £20. Also 
F(X) =D 1+ As ) 


if we assume that |¢|—1. On the other hand | r(X)¢|?=3S|a,,|? and 


therefore d*|7(X)p|=max|aA;|. Let j be an index such that | asd; | 


=max|ajA;|. Then 
i 


F(X) 21+ | apr; |? |) 21+ | |? €(| 
d*|a(X)¢ |? c(d4 | |) —cosh(d4 | |). 


Therefore we have the following result. 


Lemma 17. Let + and ¢ be as in Lemma 16. Then if |¢|—1 and 
Po; 


($, r(exp = cosh(d-4| r(X)¢ |) 


where V. 


4 
| 
| 
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On the other hand we have the following result concerning | r(X)¢ |. 


Lemma 18. Suppose belongs to the highest weight » of Then if 
A(Hg) £0 for every noncompact root B, |x(X)¢|? (Xepo) ts a positive 
definite quadratic form on fo. 


Let X be an element in p). Then if we choose XYg, X_g as in [5(f),§ 4], 
we can write X¥ => (cg¥g+¢gX_sg) where B runs over all noncompact 
B 


positive roots and the bar denotes complex conjugate. Since ¢ belongs to the 
highest weight r(Xg)¢=—0. Hence 7(X)¢= Dg égr(X_g)¢. On the other 
hand if A(Hg) ~0 we know (Lemma 1 of [5(f)]) that 7(X_g)¢~0 and 
it belongs to the weight A—. Since nonzero vectors belonging to distinct 
weights are linearly independent, we conclude that unless = 0 
for all 8. This proves our assertion. 

In Section 2 we have defined a (real) analytic mapping z—> H(z) of G, 
into (—1)4h) such that ze U(expH(z))N.* (ze We shall say that a 
linear function A on is completely positive if A(H,q) is real and non- 


negative for every positive root a. 


Lemma 19. Jf A ts a completely positive linear function on § then 
\(A(z)) = 0 for all xe G. Moreover for any X ep, the function A(H(exp tX)) 
(te R) is non-decreasing for t=0. Finally H(p) =H(p") if peexp po. 


Let @,,- - -,% be a fundamental system of positive roots. Define real 
linear functions A,,---,A; as follows: Aj(H,,) =8; 11,71 where 
or 0 according as or not. Then A=A,A,+- -+A,A; where 
\4,=A(Hg,) are nonnegative real numbers. Since A; are dominant integral 
functions (see [5(a), p. 30]), it is clearly sufficient to prove the lemma 
under the assumption that A is such a function. Let z be a finite-dimensional 
irreducible representation of g on a space V with the highest weight A 
[5(a), Theorem 1] and let ¢ be a unit vector in V belonging to the weight X. 
Then if rz—uwhn (teG,.,ueU,heA,,neN,*) it is clear that 


| r(x) p | = | x(uh)p| =| | PFO, 


On the other hand (ve Ko, peexpp,) and therefore 


| |? =| (p) |? = 7(p?) 4), 


since (p) is self-adjoint. But it follows from Lemma 17 that (¢, r(p?)¢) = 1 
and therefore e#(@)) 21. This proves that A(H(r)) =0. More- 
over if Yep, r(X) is self-adjoint and therefore 


| 
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exp 2A(H (exp tX)) = | x(exp tX)¢ |? 
= (4,2 (exp = (4, r(exp(—2tX)@) (te R) 
from Lemma 16. Hence 
exp 2a(H (exp tX)) = x(exp + 


Since A(H(exptX)) is real and since only even powers of ¢ occur and all 
the coefficients of the series are nonnegative, the second assertion of the 
lemma is now obvious. Also it is clear that A(H(p)) =A(H(p")) for 
peexppy. This is true in particular for A=A; 1—1,---,1. Since 
A,,: - *, A; is a base for the space of all linear functions on h, we conclude 
that H(p) =H(p). 

Let B(X,Y)=sp(adXadY) (X,Yeg). Then —B(6(X),X) is a 
positive definite Hermitian form on g which we denote by || X ||?. We now 
regard g as a Helibert space under the corresponding norm ||: ||. By com- 
bining Lemmas 17, 18 and 19 we can get the following stronger result. 


LEMMA 20. Suppose » is completely positive and (Hg) 0 for every 
noncompact root B. Then there exists a positive real number c such that 
A(H(expX)) 2c |X || for all Xepo lying outside some bounded set. 


First suppose A(Hq,) 1StS/ are all integers so that A is a dominant 
integral function. We define z, V and ¢ as in the proof of Lemma 19. Then 


from Lemma 17, 
(4, 2X)) = cosh (2d | r(X)¢ |) 
where ddim V. But we have seen above that if p—expX, 


(p, r(exp 2X) =| |? = 
Hence 
\(H(p)) = $log(cosh(2d-4 | = d4| r(X)o| — $F log?2. 
On the other hand we know from Lemma 18 that |7(X)¢|? (Xepo) is a 
positive definite quadratic form on p>. Hence if ¢, is the least possible value 
of |x(X)¢| for all with | X || —1, >0 and |r(X)¢| X || 
(Xep,). Therefore 
A(H (exp X)) || X || —} log 2 = 4 || X | 


provided || X || = co"'d4log2 (Xep.). Hence we may take c= 4eod-4. 
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Now we come to the general case. Define A,,: - -,A; as in the proof 
of Lemma 19. Then A~A,A, where are non- 
negative real numbers. Choose a positive number r so large that if 4;0, 
(1SiSl) and put aA; where or 1 
according as 4s=0 or not. Then rA—A, is completely positive and A» is a 
dominant integral function. Let be a positive root. Then 
+ (bic R,b;=0). Suppose >0 (1 StS and =0 (m<iSl). 
Then A(Hqg) = biA, +: + and Ao(Ha) = +- + Omdm. Since 
di, a; are all nonnegative and since 440 if and only if a;—0, it is clear 
that A(H,) =0 if and only if A,(H,.) =0. Therefore 4»(Hg) #0 for any 
noncompact positive root B and so. by the above proof, there exists a positive 
number c’ such that A,(H(expX)) 2c’ || X |] (Xepo) provided that || || 
is sufficiently large. However since rA—A,> is completely positive 


r\(H (exp X)) = Ao (H (exp X)) 
(Lemma 19) and therefore 
A(H(expX)) Ze’ || X || /r (Xe po) 

if || X || is sufficiently large. 

On the other hand it is quite easy to obtain a result in the opposite 
direction. 

LemMA 21. Let 2» be a linear function on h. Then there exists a real 
number c’ such that |A(H(expX))| Sc’ || X || for all Xepo. 


Put A—A(Hg,) 1—1,2,---,1. Then and 
|A(H)| | Ai(H)| (Heb). Therefore it is obviously sufficient to 
prove the lemma under the assumption that A is a dominant integral function. 
Define 7, V and ¢ as above. Then if p—expX (Xepp), 


OHO) — | | S| #(p)| Ser 


where | 7 | denotes, as usual, the bound of an operator T. Therefore from 


Lemma 19, 
| (p))| S | S 


since 7(X) is self-adjoint. If a’ is the maximum value of sp(x(.))? for 
all Xep, with || X || —1, it is clear that sp(#(Y))?Sa’|| X |? for every 
X in py, and therefore |A(H(expX))! Sc’ || X || where c’ = (a’)!. 

We shall also need another similar result. Let p be defined as in 
Lemma 3. 
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Lemma 22. Let x be a representation of g on a finite-dimensional space 
V. Then there exist positive real numbers a, b such that 


| |g | 
for every de V and re Gy. 


If c=—up (ueKy,peexppo), where ¢’=7(u)¢. 
Also H(z) =H(p) and |¢’|=—|¢|. So it is enough to consider the case 
when u—1. Let p=expX (Xep,). Then 


But as we have just seen above, there exists a real number a, such that 
|r(X)| Sa, |X || for all On the other hand from Lemma 20 we 


can find positive real numbers a, and M such that ?° 
p(H(expX)) X | 


for all Xep, for which |X ||2M. Let b be an upper bound for 
| e(exp(—X))| when |X|} = M (Xep,). Then if a—a,/az it is obvious 
that | | S be) for all ge V and re G. 

The following lemma describes some properties of the mapping > T(z) 


(aeG@). 


LemMA 23. Let d» be a real linear function on §. Then if ue K, the 
real part of A(T (u)) ws zero. Moreover if =0 for every positive root 
a which is not totally positive, 


A(T (exp X)) = 2A(H (exp 3X) ) (Xe po). 


We know that § is the direct sum of c, and Mm’ (in the notation of 
Section 6) and if « is a positive root which is not totally positive, H,e§ NO mn’. 
Without affecting its values on c, we can replace » by a linear function 
which vanishes identically on h Mm’ and therefore assume that A(H,) =0 
for all positive roots a which are not totally positive. Then A=2A,A,-+:-: - 


+A; (in the notation of the proof of Lemma 14) where d,,- - -,A; are 
real numbers. Obviously it would be enough to prove the lemma for A= A; 
i==1,---,¢. Hence we may assume that A is a dominant integral function. 


Let + be an irreducible representation of g on a finite-dimensional space V 
with the highest weight A and let ¢ be a unit vector in V belonging to the 
weight A. Then if 8 is a positive root which is not totally positive, \(Hg) = 0 
and therefore from Lemma 1 of [5(f)] r(X_g)$—0. Hence it is clear that 


10 Here we have to make use of the fact (see Weyl [9]) that p(H,) > 0 for every 


positive root a. 


27 
| 
| 
| 


28 HARISH-CHANDRA. 


r(m’ + p,)¢—{0}. On the other hand we have seen in Section 6 that 
(xeG) where geP., pe Therefore 


since 6(q*)eP.*. Moreover since +(m’)¢ = {0}, it is obvious that 


and therefore (¢,7(@)¢) =e") (xeG). Now if we K, ie M, and there- 
fore But since is unitary, A(T (w)) must be purely 
imaginary. On the other hand if c—p* where p—exp3X (Xepp), the 
above equation gives | r(p)¢|?—=e*). But we have seen that | r(j)¢| 
= eMA(?)), Hence 
A(T (exp X)) —2A(H (exp $X) ) 

must be an integral multiple of 21(—1)% However it is a continuous 
function of XY and it is zero at XY 0. Therefore since ), is connected it 
must be everywhere zero on )>. This proves the lemma. 


If we K, T(u) lies in bo. Moreover 
(exp X) —4H(exp4X) eh Nn’ 
for all Xe po. 


This is an immediate consequence of the above lemma. 


8. Proof of the existence of representations. In order to show that 
the space $,(u) of Lemma 9 is not zero for some yp, it is enough to find a 
function » on Go, satisfying the conditions of Section 6 and such that 


f | |? dz 
Go 


where y is the function of Lemma 14. But | ¥(a*)| S| o(#*) do | ERATE), 
(in the notation of Lemma 14) where Sic denotes the real part of a complex 
number c. On the other hand we know from Lemma 29 that 


for suitable real numbers a and b. If c=up (we K, p=expX, Xe po) 
=f (p") (Lemma 13) and therefore 


R(A(T(2*))) = A(T (p*)) = (exp(— $X))) = 2a(H (exp $X)) 


from Lemmas 23 and 19. It is obvious ’® that 1’p — 2A is completely positive 
for a suitable real 7 =O. Then 


(exp $X)) S r’p(H (exp $X)) S r’p(H (exp X)) = 


| 

| 

| 

| 
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from Lemma 19. Hence (ceG). Now put 
p(Z) =e where r= 2a-+ 4. Then is a continuous 
function on G, which is everywhere positive and 


Go Go 


from Lemma 3. Moreover since p is a dominant integral function (see Weyl 
[9]), there exists a finite-dimensional irreducible representation + of g with the 
highest weight p. Let ¢ be a unit vector in the representation space belonging 
to the weight p. Then |7(#*)€|—e#@) (eG) and therefore, if 
Go, 


This proves that »(@7) S|7(%)|"u(Z) and since is bounded on 
every compact set in Go, p» fulfills all the conditions of Section 6. Hence 


and so Ha(u) A {0}. 


We can now summarise our results in the following theorem. 


THEOREM 2. Let A be a real linear function on h such that A(H,) ts 
a nonnegative integer for every positive root a which ts not totally positive. 
Let € denote the character of A, defined by é(expH) =e (Heh) and 
let » be a measurable function on Gy which is everywhere positive and such 
that sup (<9) (yeG.) remains bounded on every compact subset 


FeGo 
of Go. Let $,(u) denote the Hilbert space of all holomorphic functions f 
on W which fulfill the following two conditions: 


(1) (aeA,neN.,weW) 


Then tf 9\(u) ~ {0} there exists a unique function py in S,(p) such that 
y(1) =1 and y(w") =y(w) for allhe A, and weW. Put (rw, 
(ceG,weW) and let § denote the smallest closed subspace of $.(p) con- 
taining w, for all reG. Then we can define a quasi-simple irreducible 
representation x of Gon § by the rule 


= (xeG,¢de§,weW). 


This representation is infinitesimally equivalent to the representation w, of 
[5(£),§6]. Finally, it is always possible to choose p in such a way that 


9. {0}. 


| 
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The infinitesimal equivalence follows immediately from Lemmas 8 and 
10, Theorem 2 of [5(f)] and Theorem 5 of [5(b)]. 
CorotLaRy. Suppose p=1 and §,(p) A {0}. Then ts 


unitary and 


(x)y) =¥(z) (ce@). 
It is obvious that if fe $,(z), 
(ye@), 


and therefore from Lemma 12, = $,(u) and is unitary. Moreover 


J dh (a, ye @) 


from Lemma 6. Hence? 
Go Ao 


f (conj v(y) (yx) dg = (2) ¥) 
Ao Go 


by Fubini’s Theorem. 


9. Unitary representations. Our next object is to look for unitary 
representations among those constructed above. However the result which we 
give below is not quite as strong as Theorem 3 of [5(f)] which was stated 
there without proof. We have to postpone its proof to another paper since 
it requires a deeper study of the representations. 


THEOREM 3. Let (@,,:--,%) be a fundamental system of positive 
roots and suppose (a,:-°°,%) are all the totally positive roots in thts 
system. Let (t< isl) be given nonnegative integers such that 4=0 
if a is not a root of* g,. Then we can find a real number c with the 
following property. If A is a real linear function on h and A(Hg,) Se 
(1SisSt), A(Ag,) =A ((<iSl), then® xy is infinitesimally unitary. 


Let A be a real linear function such that A(H,,)=A (t<iSl). 
Then A(H,) =0 for every root a of g’ (see [5(f),§5]) and therefore 
=0 if Xeg’ (Lemma 19 of [5(f)]). Sincegs—g.N go+ go we 
can now restrict our attention to g, Qo. Hence without any essentia) loss 
of generality, we may asume that q’ = {0} and so g=g,. Then it fouows 


11 conj c denotes the complex conjugate of a number ce C. 
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from Lemma 13 of [5(f)] that « (t<%iS1) are all compact. Define a 
linear function A on by the conditions A(Ha,) =A(He,) 1SiSt and 
\(He,) =0 t<iSl. Then d is real and Aj, = A—A is a dominant integral 
function on and 


(2) = (ho, ho) AP (re G@) 


in the notation of Lemma 14. Now consider the integral 


Go 
We know that 


| y(2)| S| | —exp(Ao(H(A) + RA((2))). 
But if e—wexpX (ue K,X edo) 
R(A(T(2))) A(E(exp X)) — 2a(HT(exp $X)) 


dz. 


from Lemmas 13 and 28. Now define A; 11/1 as in the proof of Lemma 
19. Then A—A,+-- +--+ A; is a completely positive linear function and 
it follows from Lemma 13 of [5(f)] that A.(Hg) =1 for every totally 
positive root. Since g=g,, every noncompact positive root is totally positive 
and therefore Lemma 20 is applicable to X). Hence there exists a positive 
number a such that 


Ao(H (exp X)) X |, 

for all Xe, lying outside some bounded set. On the other hand from 
Lemma 21 we can find a real constant b= 0 such that 

Ao(H (exp X)) + 2p(H(expX)) Sb |X| (Xe po). 
Hence A,(H(exp X)) + 2p(H(exp X)) (2b/a)A.(H (exp $X)), for all Xepy 
with a sufficiently large value of || X ||. We note that b depends only on A, 
and therefore only on the integers Now put c——b/a. Then 
if A(H,,) 1Si1St, —A+ cd, is completely positive and therefore 
from Lemma 19 
— 2A(H (exp 4X)) = — (exp $X)) = A, (H (exp X)) + 2p(A (exp X)), 
if || X || is sufficiently large (Xep.). Hence 

exp{Ao(H (exp X)) + 2p(H (exp X)) +a(P(exp X))} 
is bounded on ), and if M is an upper bound for it, it is obvious that 


| S (xeG). 


| 
—— 
| 
| 
re 
d 
e 
| 
| 
| 
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Therefore | w(x) M? from Lemma 3. This 
Go G 


proves that the space $,—§,(1) (corresponding to the function »—1) 
is not zero if A(H,,) Sec (11S?) and our assertion now follows imme- 


diately from Theorem 2 and its corollary. 


10. A result on characters. Let A, be a linear function on § satisfying 
the conditions of Theorem 2. We denote by 74, the character [5(c)] of the 
quasi-simple irreducible representation of G defined in Theorem 2 corre- 
sponding to Ay. Since two infinitesimally equivalent quasi-simple irreducible 
representations have the same character (see [5(c), §7]), 7, is independent 
of the choice of » in Theorem 2 and so it is completely determined by Ao. 
We shall now try to obtain some information about this character under 
suitable assumptions on Ao. 

Let § be a Hilbert space and Q a bounded operator on §. We say that 
Q is summable if there exists a complete orthonormal set (¥;);-7 in § and 


<0 where Vy= (Wi, BQBY;) . Let 


a regular operator B such that © | qi; 


4,j€ 
C.*(A) denote the set of all complex-valued functions on A which are every- 


where indefinitely differentiable and which vanish outside a compact set. 
Since K is simply connected,* there exists (see Weyl [9]) an analytic func- 
tion A; on A such that 
A, (exp H) = J] (e%)/? — (H ho) 
aeP;, 
where P;, is the set of all positive compact roots of g. As before we write 
y* =ayx" (z,yeG@). Let dh and di denote the Haar measures on A and Ky 


respectively. (We assume that di 1). Then we have the following 
K 
lemma. 
LemMaA 24. Let a be a quasi-simple irreducible representation of G 


on §. Then tf feC.°(A), the operator 


f(h) Ax (h) (h*) dhda 
JAYK, 
is summable. 


We can choose a homomorphism y of K into C such that n(u)x(u) 
(weK) depends only on @ (see [5(c), p. 249]). Hence if we put 
w(ii) =7(u")r(u) it is clear that 7 is a representation of the compact 
group K,. Therefore we can find a regular operator B such that Bz(a)B 
is unitary for every ie Ky. Hence, in view of our definition of the summa- 


is 
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bility of an operator, it is clear that, without any loss of generality, we may 
assume that 7 itself is a unitary representation. Q being the set of all equi- 
valence classes of irreducible finite-dimensional representations of K, we 
denote, as usual, by Sy (MEQ) the subspace of § consisting of those elements 
which transform under r(K) according to D. Then there exists an integer 
N such that dim $= N(d(D))* (MEQ) where d(D) is the degree of any 
representation in D (see [5(c), Theorem 4]). Since 7 is unitary, the sub- 
spaces §g are mutually orthogonal and so we can choose a complete ortho- 
normal set (W;)jey in § such that each y; lies in some Oq (see [5(a), Theorem 
4|). Let J(D) denote the set of all jeJ for which yje Gq. Then (yj) 
is an orthonormal base for Put n(D) = (d(D)) dim Sg. Then n(D) 
is a nonnegative integer. Also if Hg is the orthogonal projection of § on 
$g, it follows from the Schur orthogonality relations on the compact group 
K, that 


= d(D)* sp(Hgr(h) Eg) Eg = d(D)* la (h) Eg (he A) 


where fy is the character (on K) of the class ©. This shows that if 
i,jeJ(D), 


(Yo Ad (D)78y f(b) (hb) ah 


where §;; is the Kronecker symbol and Q; is the operator of our lemma. 
Therefore if Qx is the set of all DeQ such that Hy ¥ {0}, 


i,jed DeQr A 


Let D be a class in Qe and o a representation in D. We denote the corre- 
sponding representation of f also by o. Since* £—f’-+c, it follows from 
Schur’s lemma that the representation space V of o is irreducible under o(f’). 
Let o’ denote the corresponding representation of f on V. Since § is the 
direct sum of c and h’ =f we may identify linear functions on §’ with 
those linear functions on § which vanish identically on c. Now f is semi- 
simple and fy’ is a Cartan subalgebra of f and it is clear that the roots of f 
with respect to h’ then coincide with the compact roots of g. Let Ag denote 
the highest weight of o’ (if we take P; as the set of positive roots of f). 
Then if 2p,— > « we know (see Weyl [9]) that 


aeP, 


A, (exp H) fg (exp H) =n(expH) > e(s) £,) 


sew, 


) 
g | 
e 
e 

1 | 
t } 

| 
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where X’5 = Ag + px and iw; is the group generated by the Weyl reflexions s, 
corresponding to «e P;, and «(s)== (—1)* where r is the number of negative 
roots among sa («eP;). On the other hand the degrees of o and o’ are the 
same and therefore (Weyl [9]) 

d(D) = II 


aeP;, 


Now if we regard 7 as a representation of K of degree 1, it is obvious that 
n(expX) =e“) (Xef,) where yw is a linear function on £ which vanishes 
identically on f’. Select a base T,,- - -,T, for co—cN £, (over &) such that 
=1 in Ky if and only if -,¢, 
are all integers (see [5(c), p. 239]). Then since n(h-*)a(h) (he A) depends 
only on h, it follows that o(T;) =p(Ti) + Sr where m 
are integers. We denote by mg the linear function on § given by mp(H) =0 
(Heh’) and mg(T;) = 2a(—1)3m, 1SisSr. Also put 


| my | = +- -+ m,?+1)3. 


Then if As Mg Pk 


Ax (exp H)tm(expH) —n(expH) (Hho) 
and 
d(D) = 9 (Ha) /ox(Ha) 


since Mg (setw;) and (aeP;). 
Let U be the subalgebra of 8 generated by (1,5). We regard elements 
of 1 as differential operators on A in the usual way so that 


(Hg) (h) ={(d/dt)g(hexptH)}:i. (heA, te R,geC.*(A)). 
Since any element set, permutes the compact roots among themselves, it 
follows that 

II svg(Ha) =+ II v9 (Az) 


aeP, aeP,, 
and therefore it is obvious that there exists an element z,¢11 such that 
= d(D)*| mg |? (se Wz). 


Here e*’D is the function g on A given by’® g(expH) (Heh,). 
Hence if gg(h) =n(h*) Ax (h) (h) it follows that —d(D)?| mg |? go. 
Now let ¢ denote the automorphism of WU over C such that ¢(H) =—H 


12 Tt follows easily from the discussion at the beginning of § 5 that such a function 
on A actually exists. 
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and #(1) (Heb). Then if z—¢(2), f’(h) =f(h)n(h) (he A) and 
m is a positive integer, it is clear that 


But | e8D)| —1 (Heo), hence | gg(h)| Sw (he A) where w is the order 
of Hence 


Lf, (h)gn(h)ah | Sw f | (emp) ah 


and therefore 


mg [mw f | dh 
JA 


DeQr 


However if m is sufficiently large we know (see [5(c . 240]) that 
Q 


> d(D)1-2™ | Mg -2m <0 


and this proves that Q; is summable. 

Now every summable operator has a trace [5(c), Lemma 1]. Let rx(f) 
denote the trace of Q; Then the above proof shows that it is possible to 
choose a positive integer m and a real constant M such that 


dh 


for all feC.°(A). (Here f/f). This shows that rz is a distribution 
(see Schwartz [8|) on A of finite order. Moreover 


jeJ(D) 
and this shows that rz does not change if we replace wz by another infinitesi- 


mally equivalent representation. 
Now let A, be a real linear function on 9 satisfying the following three 


conditions (cf. Theorem 3 of [5(f)]): 


(1) is a nonnegative integer for every Py. 
(2) A o(Hg) =0 for every noncompact positive root which is not totally 
positive. 


| 

| 
| 
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(3) A o(H,) + p(H,) =0 for. every totally positive root y. (Here 2p 
is the sum of all positive roots). 

We consider the quasi-simple irreducible representation z of G defined 
in Theorem 2 corresponding to Ay. Put 7,,==7x and let § denote the repre- 
sentation space of z. Our object is to compute z,,. We shall see in another 
paper that r,, is intimately related with T,, (see however [5(g) ]). 


We keep to the notation of the proof of Lemma 24. By going over, if 
necessary, to an equivalent representation we may again assume that 7 is 
unitary. For any linear function A on § let $, denote the set of all elements 
such that (Heo). Then it is clear that the 
subspaces §, are mutually orthogonal. Put Hq and Hj, N 


Since $g is finite-dimensional and fully reducible under 7(A), it is obvious 
that = Let H, denote the orthogonal projection of § on yj. 
A 


Since is dense in §, is dense in But it is clear that C $° 
and therefore C $,°. However dim (corollary to Lemma 21 
of [5(f)]) and so it follows that , = ,°. 

Let P, denote the set of all totally positive roots of g and let §, be the 
open subset of § consisting of all those element H for which | e””| > 1 for 
every ye P,. Since every root takes pure imaginary values on fp, it is obvious 
that h. +5) Cb. Let og (Be P,) denote the hyperplane in the real Euclidean 
space h* = (—1)4h, defined by the equation B(H) 0. Consider the com- 
plement §,* of a og in h*. Let (a,: - -,a) be a fundamental system of 


positive roots and H, a point in § such that «;(H,) =11S:1S/. Then 
H,eb,* and if §,* is the connected component of H, in §,*, it is obvious 
that Ch*6,. Conversely h* h, is a convex subset of and there- 
fore it is connected. Hence §,*—*M 6, and therefore h,—},+5,*. In 
particular tH,e,* for every ¢t > 0 and so zero lies in the closure of h,. Now 
consider the complex abelian Lie group A, defined in Section 3 and let ,A, 
denote the subset of those he A, which can be written in the form h ~expH 
(Heh,). It is clear that ,A, is an open connected subset of A, whose 
closure contains 1. Also ,4,A —.A,. We shall now define a bounded operator 
a(h) on § for every he,A,. Let %« be the set of those linear function A 
on h for which §,~ {0}. Then if expH—1 in A (Hef,) it is obvious 
that e4@) —1 and therefore, as we have seen in Section 5, there exists a 
holomorphic character of A, such that &(expH) —eA® (Heh). Let 
be the element in § corresponding to Theorem 2. Then wWe,, and 
§° =7(B)y. Moreover if V—-7(X)y, dim V <oo (Lemmas 8 and 10) and 


| | 
| 
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V is irreducible under x(£) (Lemma 2 of [5(f)]). Let D denote the 
class?* (in Qr) and Ao, +, A, all the (distinct) weights of this repre- 
sentation of fon V. Then if y:,- - -,yq are all the (distinct) totally positive 
roots of g, every Ae fz can be written in the form 


for some (0 and some non-negative integers mi,- -,mgq (see the 
corollary to Lemma 21 of [5(f)]). Therefore if he,A, 
|éa(h) | max | (Ae Sr). 


Hence it is clear that the infinite sum  &,(h)H,¢ converges in § for any 


he,A, and de. Let r(h)d denote the limit of this sum. Then 
| p |? S max | |? 


and therefore z(h) is a bounded operator on §. It is obvious from its 
definition that if h,e,A, and he A, r(hh,) =x(h)r(h,) 

Let fp, denote the character of the class Do. Then if d;=dim(V NM §,,) 


= diés,(h) 


oSiSr 
for any he A and we can extend ¢, to a holomorphic function on A, by 
means of the above formula. Let A be a linear function on § such that A(H,) 
is an integer for every compact root «. Then as we have seen in Section 5, 
there exists a holomorphic character & of A,, such that &(expH) =e 
(Heh). Put Dy, @ and po—p.t+px. Then if s, is the 


vyeP., 
Weyl reflexion corresponding to a compact root a, it follows from Lemma 10 


of [5(f)] that syp,—p, and therefore p,(H,) 0. Also if B is any root, 
B(H,) and p,x(Hq) are integers (see Weyl [9]). This shows that we can 
construct the corresponding characters ép,, €p,, &g. Put 


Au(h) =&,(h) {1—éa(h*)} = IT (0 — eta), 


aeP;, aeP;, 
A,(h) =&,(h) II {1—é,(h")} = I — et} 


where h—expHeA, (Heb). 
Lemma 25. If he,A, the operator x(h) is summable and 


spa(h) = {A,(h)}p, (h) 


18 As usual we identify finite-dimensional irreducible representations of £ with those 
of K. 


| 
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Moreover the series (dim §,)| converges uniformly on every com- 
pact subset of 
Let h=expH (Heb,). Then from the corollary to Lemma 21 of 
[5(f)], 
(aim 
exp{Ai(H) —miyi(H) -— mgyq(H)} |. 


Since the real part of y;(H) is positive, the series converges and clearly its 
convergence is uniform if H remains in a compact subset of h,. Moreover 
since z(h) coincides with é,(h)H, on §,, it is now clear that x(h) is 
summable and 


spr(h) = (dim §,)éq(h) 


fea 


2 — myyi(H)-—- -—mgyq(H)) 
= {1—¢} (exp H) = {A,(h) } Ep, (2) 
1Sj=q 


For any feC,”(A) and h,e,A,, put 


Q;(h.) f(h) Ax (hh,)x(hh,) dh, f f f (h) Ax (h) dhda. 
A AJ Ko 
LemMA 26. If feC.”(A) the operator Q;(h,) is summable and 
spQ;(h.) = spQy (h,e 


Let Ae %xz. Then it is obvious that 


and therefore, in order to show that Q;(h,) is summable, it is enough to 
prove that 


(dim dh | <oo. 


But this is obvious in view of the fact that 


Ae ur 


converges uniformly (with respect to h) on every compact subset of A 


(Lemma 25). 


| 
| 
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Now we use the notation of the proof of Lemma 24. Since Q;(h,) is 
summable, 


(hs) = Sp Lg). 


Then if we define y, pw, vg, n(D) and m(D) (DeEA-z) as before, 
n(exp H) =e"), A; (exp H) ly (exp H) =e) e€(s) (H € ho) 


sew, 


and it is clear that we can extend y and £g to holomorphic functions on A, 
so that the above relations actually hold for all Heh. Then if DeQz, 


Ep) —m(D) dh 


and therefore 


Now put vg = vg + po where po is the restriction of » on b, 


Ja(h) = & €(8)Esvg (he Ao) 


sew, 


and f’(h) =f(h)n(h) (heA). It is obvious from the definition of v’5 
that — px © and therefore s(v’g — px) € for sew, (corollary to Lemma 
6 of [5(f)]). Hence 


sew; 


We can now argue as in the proof of Lemma 24 and show that the series 
n(D) f(h) Ax (hh,) (hh,) dh | 
Der A 


converges uniformly with respect to h, on B.A, where B is a compact 
neighbourhood of 1 in A,. Hence it follows that 


Lim spQ;(h.) = n(D) Lim f (h) Ax dh 
eA 


Der 


Now put 


sew, 


| 

| 

| 
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CoroLiaRY 1. 7,,(f) —Lim f f(h) 4Ac) 
for feC.2(A). 

This is an immediate consequence of Lemma 26 and the fact that 
TAo(f) = spQy. 

CoroLLARY 2. A,r,,== Ey, 0n A. 


Let H, be an element in §,* so that y(H.,) is real and positive for 
every yeP,. Then if h,(t) =—exptH, (t>0) we know from the above 
lemma that 


TAo(A.f) —Lim A.(h)f(h) (hh, (t)) }dh 
for feC,”(A). Now we claim that there exists a constant M such that 
| A. (h) | SM 
for all he A provided t is sufficiently small and positive. This is seen as 
follows. If 6 and « are real numbers and «= 3, 
| —1) == (2— 2cosd)/(1 + — 2c cos 8) 
= 2(1—cos6)/{(1—e)* + %e(1— cos#)} S1/eS2. 


Hence if g is the number of totally positive roots of g, it is clear that 
| A.(h) /A, (hh, (t) ) | S 24 


provided ¢ is sufficiently small and positive. Our assertion is now obvious. 
Therefore by Lebesgue’s Theorem 


Tro (Asf) -{ ) }dh. 
But 


if A,(h) A0 
and since the set of all he A for which A,(h) —0 is of Haar measure zero, 


we get 
= ff dh. 
This proves the corollary. 
CoLUMBIA UNIVERSITY. 


14Here we use the standard terminology of the theory of distributions (Schwartz 


[8]). . 


at 
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SPECTRAL ISOMORPHISMS FOR SOME RINGS OF INFINITE 
MATRICES ON A BANACH SPACE.* 


By G. L. 


1. Introduction. Suppose p>1, and let J, denote the set of all 


sequences c such that } |¢n|?<o. Ifa is a sequence {a,}, the matrix 


(any) is usually known as a Laurent matrix when n,v=0,+1,+2,-° >; 
it represents the transformation <a>, which maps any member c of lp on a 
sequence b defined by 


b, = > An-pCyp (n= 0, + 1,+2,- *). 
p=-00 


If F belongs to the ring (L*) of essentially bounded summable functions 
on [—7z,7], then AF will denote the sequence of Fourier coefficients of F. 
Restricting themselves to the case p= 2, O. Toeplitz [14, pp. 499-502] and 
F. Riesz [12] have shown that, when # = (L~), then 


(i) the mapping F—><AF), is a continuous isomorphism of F into 
the ring © of bounded operators on Ip. 


When ¢# is the ring (C) of continuous functions (and again with the 
restriction p= 2), they established (see [4]) that 


(ii) the spectrum of <AF), is the image F([—z,7]), when 


(iii) if Fe F, then the inverse Q of the operator <AF), exists if and 
only if F does not vanish on [—zx,7]. When Q exists, then Q = <AG)>», where 
—[F(6)]>. 


Assume henceforth p> 1; we will show in 4.2 that (i) holds when # 
is the ring (BV) of functions of bounded variation on [—z,z7]. The above 
results of Riesz and Toeplitz prompted us to consider (in [6]) the extent 
to which (ii) holds when F is in the ring (CBV) of continuous functions 
in (BV); it was found that the spectrum of <AF), is then a connected sub- 
set of F([—-z,7]). In the present paper, we prove that (ii) and (iii) hold 


* Received June 30, 1955; revised October 27, 1955. 
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when # is the ring (AC) of absolutely continuous functions. From these 
results follows that, if Fe(AC) and T=—<AF),, then 


sup {| TI. 


The equality sign holds when p= 2 (see 4.4 and Riesz [12]). In the general 
case p> 1, we show that 7 belongs to the ring €[H] generated by the 
operator H which is represented by the Laurent matrix (@,), where 
ny = 1(—1)"*”/(n—v) and Moreover, the mapping <AF, is 
the only continuous homomorphism of (AC) into € which maps on H the 


identity-function. 


1.1. Application. Suppose f belongs to the ring U of all functions f 
such that f(A) = Sa," (n=—o---o) for some a in 1,. Note that the 
perceding series is the Laurent-expansion of f in some annulus containing 
Tr, = {A:|A|—1}; two members of U will be considered equal when they 
coincide on T,. Set Af—AF, where F(6) =f ; since F(0) = Sane”, 
we have a—Af. The Laurent matrix (da,,) again represents an operator 
<Af>». Toeplitz ([{15], [16]) has proved that, when p—2 and # — 4, then 


(i’) the mapping f—<Af>» is an isomorphism of F into the ring &, 
(ii’) the spectrum of <Af>» is the image of T, by f, when fe, 


(iii’) if fe, then the inverse Q of the operator <Af>p exists if and 
only if f does not vanish on Ty. When Q exists, then Q=<Ag>p, where 
g(A) =[f(A)]*. 

It follows readily from our results that (i’)-(iii’) hold for any p>1, 
when we take for ¥ the larger class of all functions f such that f(e*) is an 
absolutely continuous function of 6 (|6|<7). 


2. Spectral mappings. Suppose # is a Banach algebra with unit 1; 
we write = R, if lim || R—R, || (n—>0, and in the norm of 
Let 9’ be the set of all T in such that 7 has an inverse (denoted TJ-*) 
in ft. The spectrum o(f) of some & in § is the set of all complex A such 
that AL— REN. 

Suppose § is a fixed compact subset of the plane. The Banach algebra 
C(8) of all complex-valued functions on 8 has the norm 


| A 2—sup {| 


the product A-B of two members of C($) is the function F defined by 
F(6) =A(6)-B(6). 


all 
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2.1 Remark. Denoting by I the member of C(8) defined by I(0) —6, 
we have = 6" and [°(@) note that J° is the unit-element of €(8). 
It is easily verified that o(A) is the image A(8) of 8 by A (when AeC(8)). 


2.2 DEFINITION. Assume that Z is a subset of a given Banach algebra. 
If ¢ is a mapping of & into some Banach algebra, we say that ¢ 1s “ spectral” 
if o(T) =o(¢(T)) for all T in &. 


2.3 Lemma. If & is a subset of some Banach algebra, and if $ 1s a 
spectral mapping of into C(s8), then || ¢(T)| S| T || when 


Proof. Set A=¢(T). It is easily seen that || A ||. —sup {| A]:Aeo(A)}, 
and therefore || A ||.—sup {|A|:Aeo(T)} Slim | || T ||; the first 
inequality always holds for a member 7 of some Banach algebra ([7], 24A). 


2.4 Lemma. Let ¥ denote either C(8) or one of its subsets (AC) 
and (CBV). Suppose ® is a spectral homomorphism of some Banach algebra 
X into C(s). If TeX and A=@(T)cF, then 


(iv) SIT; o(f)=A(8); 


(v) tf then 


Remark. Since o(A) =A(8) (see 2.1), we have 0¢A(8) s A(0)40 
for all 6 in 8<50f0(A); note that A-*(6) =[A(6)]-* when 0¢A(8). 


Proof. The first two statements of (iv) follow from 2.3, 2.2, and 2.1. 
On the other hand, T*eXs50f¢0(T) =o(A) ss the proof is now 
concluded by noting that A-te # <0¢A(8) in each of the cases considered. 


2.5 Remark. If 8 is connected and if X is abelian, then the existence 
of a spectral mapping of X into C(8) implies that X is irreducible (in the 
sense that 1 and O are the only members X of X such that X¥?=YX). This 
is because a necessary and sufficient condition for irreducibility is that the 
spectra of all members be connected sets ([5], p. 454). 


2.6 Remark. The inverse V of the mapping F—AF is a spectral 
isomorphism of the Banach algebra /, into C($) (where §8=[—vz,z]; see 
4.5). <A related example of a spectral isomorphism is also found in 4.5. 
Note that (iv)-(v) include the statements (ii)-(iii) when T= <AA),. 


2.7 THEOREM. Suppose X is dense in an abelian Banach algebra &. 
If $ ts a spectral homomorphism of & into C(8), then $ can be extended to 
a spectral homomorphism ® of X into C(8). 


X 
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Proof. The following property will be needed. If R and R, are 
members of some abelian Banach algebra Rt, then (assuming n-—>0 through- 
out) 

(a) R=RlmF, implies —limo(R,). 


In this statement (proved in [11]), lim is the Hausdorff limit. From the 
continuity of @ (see 2.3) follows (using a well known theorem; cf. [7], 7 F) 
that ¢ can be extended to a continuous mapping ® on &; 


(1) ®(T) =¢(T) for all T in &. 


The proof is completed by establishing the spectrality of @. For any X in X 
there exists some 7, in & such that XY —XIlmT;,; accordingly, if W is a 
continuous mapping on &, then (by (a)), 


(2) o(¥(X)) —limo(¥(T,) ) (n>). 


This holds therefore for ¥ and (the identity mapping /(R) 
On the other hand, o(@(T,)) =o(¢(T»)) =o(I(T,) ) follows from (1) and 
the spectrality of ¢. The conclusion o(@(X)) —=o(1(X)) =o(X) is now 
a consequence of (2). 


2.8 Derinitions. The set 1, consists of all sequences a such that a,—=0 
except for finitely many non-negative values of n. We say that Pe if 
P=) for some a in ly (recall that I"(0) = 6") ; clearly an = P™ (0) /n! 
and P is the family of all polynomials. In case J belongs to some Banach 
algebra ©, we denote by [J;€] the mapping P>>(P™(0)/n!)I" of P 
into ©; the closure in € of the range of [J;€] is the subalgebra E[ J] 
generated by J. 


2.9 Lemma. Suppose J is a member of a Banach algebra € such that 
a(J) is an infinite set 8. If p=[J;€], then y is an isomorphism of P 
into ©, and w(I) =J. Any homomorphism y, of P into E which maps I 
on J is identical to y. 


Proof. If Pe P, then P= and y(P) = da,J" for some a in 
By the Dunford mapping theorem ([3], 2.8 and 2.9) 


(3) o(y(P)) =P(o(J)) =P(8) (when Pe ?). 


It is easily checked that y is a homomorphism. Suppose y(P) =O; this 
implies (taking {0} —o(O) and (3) into account) {0} —o(y(P)) —P(8). 
Hence the polynomial P vanishes at all points of the infinite (and bounded) 
set 8; consequently PO. This proves that the linear transformation y 


? 
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is an isomorphism. We conclude by observing that the homomorphism y, 
satisfies = (7) ]", so that when (1) =J. 

2.10 Lemma. Let &, J, and 8 be as in 2.9. There exists a spectral 
homomorphism © of €[J] into C(8) which maps J on I. If y=[J;€], 
then P=(y(P)) when PeP. 

Proof. If Pe P and T~y(P), then o(T) —=P(8) =—o(P) (by (3), 
PeC(s), and 2.1). Hence the inverse ¢ of y is a spectral homomorphism of 
the ring y(P) = into C(8). Since ZT is dense in the Banach algebra 
€[J], the conclusion now follows from 2. 7. 

2.11 Remark. From 2.3 follows that the mapping ® of 2.10 is a 
continuous homomorphism of €[/J] into C(8) mapping J on J. We will 
now show that it is the only such mapping. Take .—1,2 and let ©, be 
continuous homomorphisms of into such that note 
that ©, and ®, coincide on the set y(P) = (since &,(> a,J") 
= > an[®,(J) Sal"); but 6, and being also continuous on the 
closure &[J] of y(P), must consequently coincide on E[J] (cf. [7];7F). 
The existence of such a mapping could equally well have been obtained by 
appealing to Gelfand’s theory of maximal ideals ([7],23 E). 

2.12 DeEFIniTion. Suppose J is a member of a Banach algebra E such 
that o(J) is an infinite set. The “ Gelfand-transformation” G(€,J) is the 
(unique) continuous homomorphism of E[J] into C(o(J)) which maps J 
on I. 

2.13 Remark. If ® is the Gelfand-transformation G(€,J), then (by 
2.11 and 2.10) ® is a spectral homomorphism of €[J]| into C(o(J)) such 
that, if y= [J;€], then 


}(y(P)) =P for all P in 9. 


In other words, G(€,/J) is the continuous extension to G[J] of the inverse 
of [J;€]. 


3. The Banach algebras (AC) and (BV). The set (BV) of func- 
tions of bounded variation on [—-z,z] becomes a Banach algebra under the 
norm 


(4) | Blo +varB (Be (BV )) 


(cf. [8], p. 448), where var B designates the total variation of B on [—z, x] 
and 
(5) || B {| B(6)|:|6| Sz}. 
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Banach and Mazur ([2], p. 101) make (BV) into a Banach algebra by 
adopting the norm || B ||, obtained from (4) by replacing || B ||. by B(—7) ; 
note that ||B|,=|Bl,~S2||B]l., so that the resulting topologies are 
equivalent. The set (AC) of absolutely continuous members of (BV) forms 
a Banach algebra under the norm of (BV) (cf. [1], p. 194). It will be 
implied henceforth that (4) defines the norm for both (BV) and (AC). 
That (AC) forms then a separable space, follows from 3.1. 


3.1 Lemma. If Ae F=—(AC), then there exists a sequence {P,} of 
members of P such that lm 


Proof. Let P, be the n-th Bernstein polynomial of A. Since A is 
continous on [—-, 7], we see from ([9], p. 5) that {Pn} converges uniformly 
to A; therefore lim || A—P, ||,.—0. But Ae(AC) and consequently (cf. 
[10], Satz 7) limvar(A—P,) 0. This concludes the proof, since (4) 
defines the norm of #. 


4, The main results. Choose for p a fixed value p> 1, and denote by 
Vv the mapping F-><AF)», defined in the introduction. In a recent paper 
[13], Stetkin has shown that ¥ maps (BV) into the Banach algebra € of 
bounded operators on Jy. From now on, @@ will denote either one af the 
two Banach algebras (BV) and (AC); thus, d=&1mP, means that 
lim || A—P, ||» —0. Henceforth, @—C([—-z,7]); thus, A=@lmP, 
means that lim || A—P, ||,—=0 (see §2 and (5)). 


4.1 Lemma. If F,e R and A=R Im F,, then A= £€6lmF,. Suppose 
moreover that T—C€lmW(F,) ; then T=W(A). 


Proof. Set f,—A—F, and note that || fr fn the conclusion 
A=£\mF,, follows. The completeness of the space @ necessitates that 
Ae® C (BV); the conclusion T—W(A) is now given by 4.3 in [6]. 


4.2 THrorEM. The mapping 1s a continuous tsomorphism of 
into © such that V(I) =H, where H is characterized by the Laurent matrix 
with dm =1t(—1)™/m and a =0. 


Proof. It was shown in [6] that ¥(J) =H (the notation used there is 
Iz instead of H), and that © is an isomorphism of the Banach space # 
into the Banach space ©. It will therefore suffice to show that W is a closed 
operator (see [5], p. 30). To that effect, suppose F,e A= & Im F,, and 
T=€lmwW(F,,) ; the conclusion JT —W(A) is given by 4.1. 


4.3 THeEorEM. The isomorphism © is the only continuous homomor- 


48 G. L. KRABBE. 


phism of # = (AC) into E such that I is mapped on H. The image ¥(#) 
is dense in ©[H], and the Gelfand-transformation G(€,H) coincides on 
v(F) with the inverse mapping of ¥. Moreover, the properties (i)-(iii) of 
the introduction are satisfied. 


Proof. Suppose «1,2 and let ¥, be continuous homomorphisms of # 
into © such that ¥,(J) —H. The restrictions y, of ¥, to P are homomor- 
phisms of ? into © such that y,(J) =H; having proved in ([6], 6.4) that 
o(H) =[—z7,7], we can infer from 2.9 that 


(6) and ¥,(P)—y(P) (when Pe). 
If Ae F, then (by 3.1) there exists a sequence {P,,} satisfying 
(7) A= lmP, (n—0,PaeP). 


From the continuity of ¥, follows that ¥,(A) —€lm¥,(P,). This enables 
us to derive from (6) that 


(8) v,(A) =€lmy(P,) (n>). 


Thus ¥,(A) =W,.(A), and ¥,—wW,. Hence, there is at most one continuous 
homomorphism of ¥ into © which maps J on H; from 4.2 now follows that 
W is the only such homomorphism. In the following, (6) and (8) should 
be viewed in the light of ¥,—wW. 

Next, observe that y(P,) is in the closure €[H] of y(P) (by 2.8), 
so that ¥(A)e€[H] (from (8)). This implies ¥(F¥) CE[H]. Since 
CU(F) (by (6) and P C F), the denseness of y(P) in now 
necessitates that 

v(F) is dense in E[H]. 


We now turn to the conclusions involving G(€,H). Again referring to 
[6] for the result o(H) —[—z7,7], we see from 2.12 that the Gelfand- 
transformation G(€,H) is a continuous homomorphism ® of €[H] into 
4 —=—C([—7,7]). <A successive application of (8) with the continuity of 
and 2.13 (with y=[H;€]) yields 


6(v(A)) = = lm P, (n>). 


This result, combined with the consequence A= @lmP,, of (7) (see 4.1), 
shows that 6(¥(A)) =A. Accordingly, if T—W(A) and if ¢ is the inverse 
of the mapping ¥, then (7) —A=4d(T), which states that ® coincides 
with ¢ on ¥(F¥). On the other hand, 6(7)—Ae@¥ and 2.4 shows that 
(iv)-(v) are satisfied, in consequence of ® being a spectral homomorphism 


les 
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of X= €[H] into (see 2.13). Therefore (i)-(iii) hold, 
and the proof is completed. 


4.4 Remark. Suppose Ae (AC) and set T=W(A). In the preceding 
paragraph, we have pointed out that the relations 2.4 (iv) are satisfied ; 
hence || A ||, || ||. In case p=2, then | A||,—||T ||. This was proved 
by F. Riesz [12] and can in the present context be derived as follows. The 
operator 7’ is a member of the abelian Hilbert space €[H] and the same 
holds for its adjoint 7*; therefore T is a normal operator. But then 
| 7 || =sup {|A|:Aeo(T)} —sup {|A|:AeA(8)} =|] A the first equality 
holds for any normal operator, the second follows from o(7) —A(§), the 
third equality is obvious. 


4.5 Remark. We here supply a few details connected with 2.4 and 
2.6. It should be kept in mind that 7, is a Banach algebra © having ‘a 
member J such that o(J) =T,={d:|A|—1}, and 1, is the subalgebra 
[J] generated in © by J. The inverse Y of the mapping f—Af is an 
isomorphism of 7, onto WU (the symbols Af and U are defined in 1.1). Tf 
we set X=1,, F—U and §8=—T,, then (iv)-(v) hold when TeX and 
A=YV(T). This can be seen as follows. Let &(7') be the function defined 
on by f(A) = ST,A"; clearly is a continuous homomorphism of 1, = € [J] 
into C(8), and 2.12 now shows that ® is the Gelfand-transformation G(€,/). 
Accordingly, © is spectral; the conclusion is now obtained from 2.4 and the 
fact that Y(7') coincides with (7) on 1. 


Consequently, when feU and provided 0¢f(T,). This conclu- 
sion can be used in the otherwise obvious derivation of (i’)-(iii’) from 
(i)-(iii). Moreover, we have just seen that o(7T) = (#(T)) (TT); since the 
isomorphism V of 2.6 satisfies (V(7')) (0) = (®(T)) (e#), we can conclude 
that V is a spectral isomorphism of X —/, onto the ring of all absolutely 
convergent Fourier series. In view of these facts, the classical Wiener 
theorems ([7]|, pp. 72-73) now appear as consequences of 2. 4. 


PURDUE UNIVERSITY. 
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A NOTE ON THE CLASS-NUMBERS OF ALGEBRAIC 
NUMBER FIELDS.* 


By N. C. Ankeny, R. Braurr and 8. CHowLa. 


Let F be an algebraic number field of finite degree n over the field P 
of rational numbers. Denote by h(/’) and d(F) the class-number and dis- 
criminant of F respectively. According to Minkowski each class of ideals 
of F contains an ideal of normal at most |d(/)|4. Landau [1] used this 
result to deduce 


h(F) d(F)|4 (log | d(F)|)"> 


where c, is a constant depending on n alone. If « is a given positive number, 
this implies 


(1) h(F) d(F) 


where the constant c, depends on n and «. 


We shall show that, for suitable fields F, the rather rough estimate (1) 
is actually remarkably sharp. Indeed, given any positive integer n= 2, let 
r, and r, be any two non-negative integers such that r; + 2r2—n. We shall 
prove that for every « >0 there exist infinitely many fields F which have 
exactly r, real and 2r, imaginary conjugate fields and are such that 


(2) h(F) >| d(F)|** 
holds. 

For the proof, we use the following result of R. Brauer [2] which con- 
firmed a conjecture of C. L. Siegel. For all fields F of given degree n with 
sufficiently large | d(F)|, we have 


(3) h(F)R(F) > | 


where R(F) is the regulator of F and 8> 0 a given arbitrary constant. For 
n= 2, this had already been proved by Siegel. 

We can immediately settle the case n—2 as follows. If F is an 
imaginary quadratic extension of the field P of rationals, then (2) holds 


* Received May 24, 1955; revised July 18, 1955. 
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for all fields F with | d(F)| exceeding a certain limit depending on « alone. 
To construct real quadratic fields with the property in question, let F be 
generated by [m?-+ 1], where we select the rational integer m= 2 so thai 
m? +1 is square free. We recall the well-known result of Estermann [4| 
that m*-+1 is square-free for infinitely many choices of m. Since 
E =m -+ [m?+1]4 is a unit contained in F and since d(f’) =m*-+-1 or 
d(F) =4(m*-+1), we have 


R(F) = log(m + [m? + 1]4) S log(2[m? + 1]#) S log(m? + 1) S log d(P). 


So (2) follows from (8) for the fields F = P([m*-+ 1]4), where m?-+ 1 is 
square-free and sufficiently large. 


Section 1. nis any fixed integer = 3, N is an arbitrary positive integer 
that is taken to be sufficiently large. 

Let *,@,-, be arbitrary fixed distinct integers, and take 
ad,—N. We define 


f(x) (x—a;) +1. 
| 
We prove (see the references [5], [6]). 


Lemma 1. If WN is sufficiently large, fy(x) enjoys the following 


properties: 
(4) fy(aj;)=1 
(5) fy(x) =0 has n distinct real roots: 6y™,Oy,: +, 


For a suitable arrangement of these roots there exist constants b;40 such |} 
that, for 


(6) (1SiSn—1), —N+0(N-). 


(7) fx (x) ts an trreducible equation of degree n in the field of rational 
numbers. 


Proof. To prove that the roots are real, we note that f(a;+4) and 
f(a;—4), 7=1,:- +, are of different sign for N sufficiently large. 


(4) is clear from the definition of fy(x). Next, as N>+0, 


— (1/N) fy (2) (e—a). 


h 
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Because of the continuity of the roots as functions of the parameter NV, each 
of the a;, (is4n), is the limit of a root 6y of fy(x). Also 


(6, —a;) —N)Z+1=0 


where, as 


Z= [I (6y—a,)— II 40. 


Hence N —a,) J] (a:—a,)~1, and this limit is a constant 0; 0. 
n 
n n 
In particular, (1SiSn—1). Since 6x = dai, 
4=1 


it follows that —a,-+ O(N) =N-+O0(N*). The above equations 
prove (6). 

Next let us assume that there are infinitely many N for which fy(2) 
is reducible and set fy(x) where gi,v(x) and have 
integral rational coefficients. By (5), we may always select gi,y(#) such 
that @y™ is not a root of g:iyv(x). If Oy is a root of g:,n(x), all the con- 
jugates of N —6y =a, —6y™ will be larger than 1 for sufficiently large N. 
This is a contradiction, since (4) shows that a,—6y™ is a unit and hence 
has norm +1. This completes the proof of the lemma. 

We note that the coefficients of fy(z) are linear functions of N. Hence 
diser (fy(x)) =g(N), where g(N) is a polynomial in N whose coefficients 
are rational integers. On considering the order of magnitude of 


g(N) (6s — 
i>j 


we see that g(NV) is of degree 2(n—1). 


The following lemma is proved for general polynomials g(x) and later 
specialized to the g(x) above. We prove 


LemMA 2. Let g(x) be a polynomial with integral coefficients of degree 
s>0. Let m be the greatest common divisor of the values of g(x) for 
mtegral x. Let p=3 be a fixed number, and let U be a number chosen 
sufficiently large. If U* denotes the number of integers N for which 
U<NS2U and g(N)/m has all prime factors greater than V = (flog U)?, 
then 
(8) U* > cU/ (log log U)8. 


Here c is an absolute positive constant depending only on the coefficients of 
g(x) and on p. 
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The proof of Lemma 2 is in turn based on the following Lemma 3 which 
is a recent theorem of de Bruijn [3]. For a simple proof, see the paper of 
W. E. Briggs and S. Chowla [7]. 


Lemma 8. Let f(x,y) denote the number of positive integers =< all 
of ‘whose prime factors are Sy. Then 


(9) f (x, (log x)?) = 
where p > 2 and the constant implied in the O-symbol depends on p alone. 
Section 2. In this section, we shall prove Lemma 2. 


For a positive integer d, let A(d) denote the number of solutions of 
g(x) =0(modd) with O=2<d. In the following, the letter p will always 
denote a prime number. We have 


(10) A(p) Ss if ptm, A(d) Sd for all d. 


Denote by v(d) the number of distinct prime factors of d. Then, for 
any fixed «> 0, 
(11) s*D) — 0 (dé). 


To prove this, take s > 1 and note that 


g¥(d) — 9v(d) log s/log 2 <= {r (d) s/log 2 


where r(d) is the number of divisors of d. Since (see, for example, Landau’s 
Vorlesungen ii. Zahlentheorie) 


7(d) =O(d’‘), 6 =< log 2/log s, 


(11) now follows. We shall use the symbol p(t) for the well-known Mobius 
function so that 


p(t) =0 if p*| for some prime p, = (—1)” for square-free t. 
As is well-known, 
(12) A(ab) =A(a)A(b) for (a,b) =1. 


We also need 


(13) A(d) = O(d*) (do), 


if d is a multiple of m such that d/m is square-free. This can be seen easily 
(ectually (13) holds for all d). 


| 
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We now introduce the function Q(d) defined as follows: 
(i) Q(d)—p(d) if 

(ii) Q(d)=p(d) if Ui<cdSU? and v(d) odd. 

(iii) Q(d) =0 if Ui<dSU' and v(d) even. 

(iv) Q(d) =0 if d> U3. 


Observe that Q(d) =0, if u(d) =0 and that Q(d) —1, if and only if 
d < U3, d square-free, v(d) even. Further, set Q(d) =0, if d is not integral. 


Lemma 4. Jf k>0 is an integer and if S(k) => Q(d/m), then 
alk 
(a) S(k) =1 if k/m=k, is integral and not divisible by a prime S U3; 
(8) S(k)=0 in all other cases. 


Proof. If (modm), obviously S(k) =0. Suppose that ko —k/m 
is integral. Then 


(14) S(k) = Q(t). 


If & is not divisible by primes = U4, then S(k) =Q(1) =1. Suppose that 
k, is divisible by a prime pS U3 and choose p as the least such prime. Since 
it suffices to take square-free ¢ in (14), we can arrange these ¢ in pairs h 
and hp where h is a divisor of k, which is prime to p. In order to prove 
(8) it will be sufficient to show that Q(h) + Q(hp) =0. If this was not so, 


we must have either 
Q(hp) =1, or Q(h)—=1, Q(hp) =0. 


Since Q(z) —1 implies that x= and that is square-free, it follows 
easily from Q(hp) =1 that Q(h) =-—1 and hence the former case is im- 
possible. Suppose then that Q(h) =1, Q(hp) =0. Then h= U4, h square- 
free and v(h) even. In order to have Q(hp) =0, we must have hp > Ui 
and hence p> U*. Then every divisor h1 of k, with v(h) even would 
exceed U4 and this would imply Q(h) =0. Hence h=1. In this case 
Y(hp) =Q(p) =—1. This is a contradiction and the lemma is proved. 

Suppose that U is so large that V = (flog U)*’= U4 and that V= 2m. 
Let U* denote the number of N with U << NX 2U for which k, =g(N)/m 
is not divisible by primes = V. Then if (g(N),[V]!) denotes the g.c.d. 
of g(N) and [V]!. 


(15) 8((9(N),[V]})). 
U<NS2U 
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Indeed, by Lemma 4 all terms here are either =0 or have the value 1, and 
the latter case arises only if k = (g(N),[V]!) = mk, where k, has no prime 
factors = U4. In this case, g(N)/m cannot have a prime factor = V and 


all such N are certainly counted by U*. 
Let ga denote the largest prime dividing any integer d > 1 and set g, = 1. 
Then 
U<N=2U (g(N),[V]!) d N 
Here, d ranges over all positive integers such that 
(a) sesV; (b) d=0 (mod m) ; (c) d/m is square-free ; 
while N ranges over all integers with U< NS2U and g(N) =0 (mod d). 
Thus, 
U* =U XQ(d/m)a(d)/d— Q(d/m)|r(a). 
ad a 


Let «<1/(2p) be a positive constant. Using (13) and recalling that 
Q(d) =0 for d> U4, we obtain 


(16) U*>U >.Q(d/m)a(d) /d —O(U**). 
d 


If we replace Q(d/m) by w(d/m), the error term is 
(17) | BQ(d/m)a(d) /d—p(d/m)A(d)/d| S 


where ¢ ranges over all integers with ¢ > mU+ for which g; = V. The con- 
vergence of the sum on the right will become evident from the following 


argument. 

For mUi= U4, we have V = (flogU)’ < If f(z,y) is 
the expression introduced in Lemma 3, this implies f(2,V) Sf (z, (log x)?) 
= O(2'-/@)), Now, if n ranges over the integers larger than mU3, we find 


by partial summation 
== (f (n, V) —f(n—1,V)) 
t n 


mU1/4 


(18) = 
t 


Since « << 1/(2p), the exponent of U is negative. Hence, by substituting 
(17) and (18) in (16), we have 


(19) U*>U 
d 


| 


at 
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where y is a positive constant and where d still ranges over the integers 
which satisfy the conditions (a), (b), and (c). 
Set d=maB with (a,m)=1,B|m. Then 


p(d/m)d(d)/d = p(B)A(Bm) 


and hence 


In the first sum on the right, « ranges over the integers prime to m for 
which g,=V. Therefore 


(1—A(p)/p). 


If B is a fixed divisor of m, let m,(8) denote the product of those prime 
powers of m which are prime to 8 and set m=—m,(B)m.(B). Then 
A(Bm) = A(m,(B))A(Bm.(B)). Since m,(B)|m, we have A(m,(8)) = m,(). 
Thus, 

— 


If B= with 8’) =1, then m.(B8) = and 
A(Bm2(B)) = A(B’m2(B’) ). 
Hence 
2 u(B)A(Bm)/ (Bm) —X(pm2(p))/(pme(p))). 


Now, pm.(p) does not divide m and, consequently, A(pm2(p)) 4 pme(p). 
It follows that the last product is a positive constant c;. This shows that 


(d/m )A(d)/d=c; (1—A(p)/p) 


psV,ptm 


= (1—(p—1)/p) IL (1—8/p). 
pss s<psvV 
By Mertens’ theorem on prime numbers, we have 
(21) u(d/m)r(d) /d = (log V)-* = c; (log log U)-* 
d 
where c, and c; are also positive constants, independent of U. On combining 


(19) and (21), we obtain U* =cU (log log U)-* with a positive constant c, 
and this proves Lemma 2. 

Section 3. We shall now prove that there are infinitely many totally 
real algebraic number fields of degree n=3 over the rationals, and such 
that (2) holds. 

Writing Fy = P(@y™) we prove 
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Lemma 5. There exist an infinite set of N for which |d(Fy)!} 
> (4log4N) where p is an arbitrary but fixed positive integer. 


We refer back to Lemma 2. Let S(U) denote the set of N which satisfy 
the hypotheses of Lemma 2. Now we observe that d(Fy) divides the discrimi- 
nant g(N) of fy(x). For NeS(U) it follows that if | d(Fy)| S (4 log 3N)), 
then | d(Fy)| S (flog U)? and d(Fy)|m. Thus if Lemma 5 were not true, 
we would have d(F'y)|m for all Ne S(U), U sufficiently large. It is a well- 
known theorem of Minkowski that there are only a finite number of algebraic 
number fields whose discriminant has a presecribed value. Hence there are 
only a finite number of fields whose discriminant divides m. 

By Lemma 2 as U increases there is an increasing number of Ne S(U). 
Let us select U sufficiently large so that at least one of the fields, say F’, 
contains @y) for at least (n—1)!-+1 values of N belonging to S(U). 
Consider the n isomorphisms of F” onto its conjugate fields. Using 
Dirichlet’s chest of drawers principle we shall be able to select N, and N, 
with U< N,< N.=2U such that 6y,%, Oy,% © F’ and that each of the n 
isomorphisms of F” maps @y,™, Oy, e F’ on Oy,, Oy, respectively, with the 
same j. Write = —6y,9. Now and the ¢ are the n con- 
jugates of For N,~ we have ~6y,™ since we have the roots 
of two different irreducible equations. Hence ¢%=+40. Now by Lemma 1, 
| | for j =1,2,3,- --,n—1.2 Further |¢™|<N.+¢; 
=2U+c,. Hence 


If U is sufficiently large, this implies Vr p(¢@) —0, since the norm of ¢@ 
is an integer. Hence $“) 0, a contradiction. This concludes the proof 
of Lemma 5. 

We now prove 


THEOREM 1. For given «>0, there exists an infinity of totally real 
fields F of given degree n such that the class-number h(F) satisfies the 
inequality h(F) = | d(F)|**, where d(F) is the discriminant of F. 


Proof. We show that we may take F as one of the infinitely many fields 
Fy where N satisfies Lemma 5 for a suitable choice of p and is sufficiently 
large. It is clear from the definition of fy(x) that 


We denote by positive constants which may depend on but 
are independent of N and U. 
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are all units contained in Fy. The determinant 


A = det (log | 6v —a;|), 


is not 0 for sufficiently large N, as by (6) of Lemma 1 the non-diagonal terms 
are bounded, whereas the diagonal terms for 0. Hence 
Oy) — ay, +, — ay, are multiplicatively independent in F’y. 
The same argument yields 


(21) |A | Scy(log 


Now F’y is a totally real field of degree n over the rationals. So the regulator 
R(F) is at most equal to the regulator of a set of »—1 independent units. 
Hence, by (21) R(Fy) Scy(logN)"*. Take 8=—ec/2 and choose p in 
Lemma 5 so that p§ > n—1. As N satisfies Lemma 5, | d(Fy)| > (4 log 4), 
so, for sufficiently large N, 


R(Fx) S S | d(Fr)|°. 


Hence from (3), it follows that h(Fy) > | d(#y)|*?® which completes the 
proof of Theorem 1. 


Section 4. We now carry over the proof to the case when F' is not 
totally real. Let n > 2,7, = 0,r, = 0 be given integers such that n= 1, + 2ro. 
We prove 


THEOREM 1*. There exist infinitely many algebraic number fields K 
of degree n over the field P of rational numbers such that K has r, real 
conjugates and 2r, non-real conjuyates with the following property. The 
class-number h lies above | d |4*, d the discriminant, « >0 a given constant. 


1. Let the m, (1SAS1r,), and the a, >0, (1 be 
distinct integers, where, as usual, r—r,+7r,—1. It can now be assumed 
that > 0, i.e. r=1;. We take a,,,—N. Then define 


=1 
so that, for +0, 
(23) f(x) /N aq) II (2?+4,). 
A 


We can denote r roots of f(r) by 6y, 17 Sr, in such a fashion that 


Then there exist constants 6; 40 such that 


59 
) 
\ 
4 


60 N. C. ANKENY, R. BRAUER AND S. CHOWLA. 


(24) b;, (1 = j = 1); a;) —> bj, 1 = r). 


Actually, 
b; =—I[] II (a? + (9%); 
MAG T+ 


For N sufficiently large, 1S jn, is real and 6y, 
+ r,—1, has positive imaginary part. Then r,—1 further roots are obtained 
in the form 6y, (r, +1SjS7:+7.—1). These have the limits —ia/. 
Since the limit in (23) has degree n — 2, two of the roots of f(x) tend to o. 
We see easily that these roots are not real for N sufficiently large and if 
6y"*)) is the one which has positive imaginary part, then 0y°*?) —1N4+ O(1). 
(Actually one can show without difficulty that 6y°*) —iN3+ O(N»). 
It follows from (22) that the r,-+ 7, elements 


(25) 6— a), 6? + dy 
are units of the field K —P(@), 6 one of the 6;. 


2. We show that f(a) is irreducible in P for sufficiently large N. If 
this was not so, let f,)(z) be an irreducible factor in P such that 6y*» is not 
a root of fo(x). Then 6y"t? is not a root either. Let 6 be a root of f(x). 
All the conjugates of 6 are close to fixed values. Take the unit (6? + a,,:)7’. 
All its conjugates are less than 1 in absolute value for N sufficiently large. 
This is impossible. Thus f(z) is irreducible in P. Hence K —P(@) is a 
field of the given degree n with the given number 1, of real conjugates. 


3. Form the regulator , of the r units (25) with »A~Ar-+1 of the 
field Fy = P(6), using the conjugates corresponding to @y™,:--,@y. It 
follows from (24) that | Ry |—O((logN)"). Hence | R(Fy)| = O((log 
Now everything works as in the totally real case. 
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THE REPRESENTATION OF INTEGERS BY CERTAIN 
RATIONAL FORMS.* 


By E. G. Srravs and J. D. Swirt. 


1. Introduction. In a previous paper [2] we discussed the repre- 
sentation of integers by f(z, y) = (ax? + bry + cy”)/(p + gay) where a| (b, q) 
c|(b,q). Similar questions have been discussed by other authors, [1], [3], 
[4]. In this paper we intend to analyze the underlying ideas and to extend 
their applications. 

We wish to investigate an algebraic Diophantine equation in n+1 
unknowns which is of degree no higher than the second in every unknown 
and of first degree in at least one of the unknowns. We distinguish the 
latter unknown by calling it z, and denote the other unknowns by 2,,- - -, 2, 
writing -,%,). Solving for z we obtain 


(1) f(z)—=2, f(z) =N(2)/D(z), 


where N(x), D(x) are polynomials in x of degree no higher than 2 in each 2. 
- We shall be concerned here with the case deg D= deg N. 

Our main results are finiteness results. More precisely, we shall see that 
in certain cases there is a finite number of infinite classes of solutions of (1) 
which correspond to solutions of simpler Diophantine equations obtained 
from (1) by replacing some of the 2; by functions of the other z;’s. These 
we shall call the regular solutions of (1). The solutions which are not con- 
tained in the regular classes are called exceptional. They will be finite in 
number if certain divisibility conditions are satisfied. To a more limited 
extent we shall also be able to obtain infinity results; that is, prove in some 
eases that there is an infinity of exceptional solutions, if the divisibility 
conditions are violated. 

The method of attack is a combination of two extremely simple ideas 
described in Sections 2, 3, 4. The remaining sections are devoted to a more 
complete discussion of special cases for the purpose of illustration. Finally, 
we shall discuss some possible extensions of our method. 


* Received October 25, 1954. 
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2. The critical cone. For the results in this section we need only the 
assumption deg D=deg N with no restriction on the degree in the indi- 
vidual 2;. 


Definition. Let D,(x) be the homogeneous polynomial consisting of 
the terms of highest degree of D(x). Then the critical cone, @, of (1) is 
the locus 
(2) D,(2) 0. 


A conical neighborhood of @ is an open set of rays originating at the 
origin and containing @. 


1. Let K be aconical neighborhood of @, and let deg D= deg N. 
Then (1) has at most a finite number of integral z for lattice points r¢ K. 


Proof. Since D,(z) 0 in the exterior of K and since deg N = deg D 
there exist a radius r and a number M so that for |x| =(a,7+- - -+ 2,74 
>rand XK we have |f(x)| = M. On the other hand there is only a finite 
number of lattice points with | =r. 


Corottary. If D,(«x) is definite then f(x) represents at most a finite 
number of integers. 


3. Conjugate points. For the results of this section we need only the 
assumption that NV and D are at most quadratic in the 2; under consideration, 
with no restriction on their degrees. 


Definition. If (1) is quadratic in 2, then corresponding to each solution 
* 2) there is the i-conjugate solution +, *,Zn;2), 
where 2’; is the conjugate of zx; when we consider (1) as an equation in 1% 
with all other unknowns fixed. We denote the i-conjugate of x by x. 


A point 2’ is a conjugate of x if there exists a sequence 1,,- - -,%, 80 

In general the conjugate of a lattice point has rational coordinates but 
is not a lattice point. However, writing 


N (2) = ag? + + D(a) = Aw? + Ci, 
where aj, bi, c;, Ai, Bi, C; are independent of 2;, we obtain from (1) 
(3) (a;— 2A;) (a+ == 2B; — Dj. 


This leads to the following result. 
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LemMA 2. The i-conjugate of a lattice point x is always a lattice point 
in either of the following cases: 
I. b=aa, By=aA;, (a%-integer valued), 
II. A;=0, a;|b; and a,| Bi, 
where a|b means that b/a is integer valued. 
In case I we obtain 
N (2) + D(a) = + a) + Ci. 


Thus, if we set u,—2;?-+ aa; then f(r) =F +, Where F 
is rational. Thus in case I we.consider instead the simpler Diophantine 
equation 


whose solutions obviously include all those obtained from (1) by setting 

In case II we may first consider the case B;==0, that is, D independent 
of 2. In this case we see that if f(x) represents an integer at all, then it 
represents all the values of a certain quadratic polynomial, since we may 
replace by (m=—0,+1,-- -) to obtain other integers. 

In case B;5<0 we can write 


(4) = a, Bix; — aC, + Bib; + (aC? — + /D. 
Writing (4) for r, subtracting and dividing by z;— 2’; we obtain 
(5) a,D (x) =a,C? — + ¢B?. 
4. The method. We can now combine the methods of §§ 2, 3 to state 
the following. 


FINITENESS RESULT. If every lattice point x satisfying (1) has a con- 
jugate lattice point in the exterior of some conical neighborhood of the critical 
cone, then (1) has solutions for at most a finite number of z. 


It will be somewhat more difficult to state a general description of the 
infinity results and we shall therefore do this by example. 


5. The casen=2. We set 7,—2z, t,=y and have 


(1”) f(z,y) =N (2, y)/D(2,y) =z. 
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We first consider the case deg D=—=4. That is, N aa*y?+----, D=Az’y? 
+--+, (A0), where --- stands for terms of lower degree. - Hence 
Af (z,y) =a+N*/D where degN*=3. Thus there exist numbers 2, Yo, 
M so that if x= and y= yp then f(z,y) = M. We may therefore restrict 
our attention to the strip neighborhood |r| < 2 or | y| < yo of the critical 
cone zy = 0. 

This reduces the problem to the consideration of a finite number of 
rational functions of one variable 


go(y) =f(2,y), t=0,+1,:- (%—1) ; 
hy(z) =f (2,y), y=0,+1,-- 1)... 


The regular values of x are those (if any) for which g,(y) is a polynomial 
in y;’similarly the regular values of y are those for which h,(x) is a poly- 
nomial in x. There are at most 2 regular values for z and for y. If there 
are such regular values then g,(y) and h,(z) may represent an infinity of 
regular integers. For all other values of (z,y) we obtain at most a finite 
number of exceptional integers. 

We next consider the case deg D3. That is, N—zy(ar-+ by)+:--, 
D=zy(Ar+ By) +--+. The method first used can be used with minor 
modification in the special cases (i) deg N —1 or (ii) a/A—b/B, or (iii) 
neither NV or D contains quadratic terms. Since it involves few new ideas 
we shall not elaborate on it. 

Outside the above cases we shall not be able to proceed without the con- 
jugate point method. If case I of Lemma 2 is satisfied for either x or y 
then we have seen that by a change of variable we reduce the degree of D 
to 2, to be discussed below. 

For case II of Lemma 2, D must be linear in one of the variables, 
say y, so that D—Az’y+---. Hence we may write Af—a-+N*/D, 
N* = b* zy? + - 

The lattice points (z,y) for which N* 0 lead to at most one integer 
z=—=a/A. If N*~0 then writing B.r+C, 
we have either y=0 or A,y+A.—0 or there exists an M, such that 
|2/y| SM. If y—A,/A, is an integer then this special value leads to 
easily determined solutions which may form a regular class or be finite in 
number. Unless Az=0 the value yO leads at most to a finite number of 
exceptional solutions. 

Writing now N* —a(z)y?+ b(z)y+c(r), D=B(z)y+C(z) we have 
according to (5) 


(5’) a(x) (By + C) (By’ + C) —a0?— bBC + cB?. 
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The case a==0 can be treated with the method used for degD=—4. If 
then the special values of x for which or a(z) —0 or B(x) 
lead to easily determined solutions which may contain regular classes. Finally, 
if the divisibility conditions a|b and a|B of Lemma 2 are satisfied and 
zaB 0 then we obtain from (5’) 


Cfy yf bC 


The degrees of the denominators of « and @ are no less than the degrees 
of their numerators. Hence «, 8 are bounded. Thus, if we choose | y| | y’ | 
then there exists an M, so that | y/x |= M2. 

To sum up. We may obtain regular solutions or a finite number of 
solutions for y==-—A,/A,, and the values of x for which x0 or a(x) =0 
or B(x) 0. In addition there may be a finite number of exceptional values 
for y=0. All other lattice points have a conjugate for which both 
|a/y| SM, and |y/x|= WM), that is, lying in the exterior of a conical 
neighborhood of the critical cone zy—0. According to Lemma 1 this leads 
to at most a finite number of exceptional values of f(z, y). 

Finally we consider the case deg D = 2. Let D,(z, y) = Aa? + Bry + Cy’ 
be the quadratic part of D and A= B*—4AC. 

The case A <0, that is D, definite, is covered by Lemma 1. 

In case A=0O we can make a unimodular transformation so that 
D=Azr’?+B,e+B.y+C. Here there may well be an infinite number of 
exceptional values. For example if the congruences 


(7) Az? + -=+1 (mod B.) 


have solutions, then for each z satisfying (7) there is a y so that D(z, y) = +1 
and hence certainly f(z,y) =z is an integer. From the conjugate point 
method we obtain only the existence of constants M,, M, so that the regular 
integers are represented by x0 while all but a finite number of exceptional 
integers are represented by lattice points satisfying M,|z|=|y |S M.2". 

The case A>0O, Asquare, is similar to the preceding one. The 
equations D +1 may again have infinitely many solutions. 

In case A>0, A=square, we can write D—A(ar-+ By) (yx-+ dy) 
+ B.y+C where (a, 8) = (y,5) =1, If we make the 
transformation u=—azr-+ By, v=yx-+ dy, then every lattice point (z2,y) 
there corresponds a lattice point (u,v). The converse is not true unless 


{ 
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a5 — By = +1, but for finiteness results we do not need it. We can thus 
restrict our attention to the case 


D(z,y) =Azry+ Bir + By +C. 


If we write N(z,y) =a,2? + + then the divisi- 
bility conditions of case II, Lemma 2 become a,| a2, a,|A, ai] B, and 
a; | a2, as3| A, as|B, respectively. If both sets of divisibility conditions are 


satisfied, then from (5) we obtain 


(8) a;(Azy-+ Bx + By + C) (Acy’ + Bie + Buy’ +C) 

= a;,0? — + b.) B.)C + (a,2?+ 
and 
(9) a,(Azy+ + By +C) (Aa’y + + By +C) 

— 10,0? — (ay +b;) (Ay + Bi) C + (aay? + doy + 0) (Ay + 
From (8) we see that either z=0 or ——B,/A or there exists an M, such 
that if we choose |y|<|y’| then |y/z|=M,. Similarly we obtain from 
(9) that either y—0 or y=—B,/A or there exists an M, such that if we 
choose 2’| then |z/y|=M.. Regular values may be represented by 
«z==—B,/A or y=—B,/A; the values x0 or y=0 give rise to only a 
finite number of exceptional values unless they happen to coincide with the 
regular values. All lattice points (z,y) which are not conjugate to one of 
the above points have a conjugate—obtained by choosing z minimal and y 
minimal for that z—which lies in the exterior of a conical neighborhood of 
the critical cone zy—0. Hence there is only a finite number of exceptional 


values of z. 
6. An example n= 38. We consider the equation 
f(x,y, 2) = (2? + 9? + 2’) +1) =u. 


This is the analogue of [2, Example 1]. The divisibility conditions of 
Lemma 2, case II are satisfied for x, y, 2; and (5) becomes (for the variable z) 


(xyz + 1) (zy2’ 4-1) =1+ (2? + 
Hence either 0 or, if |z| | 2’| then 
(10) + 1)? S14 2’y?(2? 


We can obtain the analogous inequality for the other two variables. 
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Thus the regular values of f(z, y,z) are the ones obtained on the critical 
cone = 0; that is, the numbers which are:the sums of two-squares. 

If zyz 40 we may restrict our attention to the points (z,y,z) for which 
0<|¢|SySz. In case zyz>0 equation (10) yields 2?<2?+y? and 
hence y? >2?/2. Thus f(z, < —=3-28/r. The only possible 
positive values for wu which can be represented by exceptional lattice points 
are therefore 1, 2, 3, 4. It is easily seen that the equations f(1,y,z) —1, 
f(2,y,2) =1, f(3,y,2) =1, f(4,y,z) =—1 have no solutions with yz0. 
The equations f(1,y,z) —2, f(2,y,z) =2 do have solutions with yz0; 
however these solutions can be seen to be conjugates of solutions with yz =0. 
Finally f(1,y,2) and f(1,y,z) —4 have no solutions. 

We have thus seen that there are no positive exceptional values of u, 
and that the positive regular values of wu are represented only by the conjugates 
of regular lattice points. 

By inspection we obtain the negative exceptional values f(—1, 2,2) 
=— 3, f(—1,1,2) —=—6. From (10) we obtain for ryz <0 


Hence 
f(2,y,%) S32?/[| | 2(2—1) /38—1] S(3-38/| |) -2/(2—2). 


We see that for z= 8 this leads to |f|=6. Thus we need inspect only a 
' finite number of cases to exclude exceptional values less than —6. For 
z=8 the values —4, —5 are possible only for s=-—1 but the equations 


f(—1, y, z) =—4, f(—1, y, z) =—5 have no solutions. To exclude u——2 
we observe that f(—1,y,z) —=—2, f(—2,y,z) =—-2 are both impossible. 
The impossibility of w= —1 follows from the impossibility of the congruence 


x? + y? + 22+ (mod4). 
7. Infinity results. In [2] we discussed the case 
f(z, y) = + 2y*)/(1 + 2y) 


which violates the divisibility condition of Lemma 2, case II for y. We can 
now argue that there must exist an infinity of exceptional values as follows. 

We have 7 —=—z+ yz, y =—y+42z. For even z this leads to the 
conjugate point method and our previously discussed finiteness result. For 
odd z we see that a non-lattice point 


T= yn (é, odd ; «= 0, 1) 


REPRESENTATION OF INTEGERS. 69 


has a conjugate which is a lattice point. Hence every integer represented by 


= (2? + /(2* + ay) 


for odd 2, y is also represented by f(z,y). But every f;, represents at least four 
exceptional integers for odd z, y; namely those obtained from ry = — 2* + 1. 
It is clear that these values for f, are unbounded with k. Hence f(z,y) 
represents infinitely many odd exceptional numbers. It is easy to apply this 
process to other cases, but it may be difficult to formulate a general theorem. 


8. Conclusion. Our method is clearly not restricted to the classes of 
equations which we have considered here. Changes in variable may bring a 
rational function into the form we considered. 

A more interesting possibility is that of increasing the number of variables 
in order to decrease the degree of the equation in each variable and then 
restrict attention to the case in which the new variables are functions of the 
old variables. 

As an example of this last possibility we discuss the equation 


(11) U= + + +1). 
The substitution z? =z brings this to the form 
(12) (2? + + 2’) +1) 


which we discussed in Section 6. We see therefore immediately that w must 
be either the sum of two squares or one of the exceptional values —3, —6. 
For «= — 1, y =2 we obtain u = — 6, while x= 2, y= — 1 yields u — 3. 
Now for the regular values of u we know that they must be-represented by a 
lattice point (z,y,z) so that zz? and so that there is a conjugate of one 
of the forms (0,a,b), (a,0,b), (a,b,0). From (5) we see that 


Thus, if (2,4:,2:) is a conjugate of (z,y,z), then y,=+y, 
Z,==+2(modu). Hence if (2, y, 2?) is conjugate to (0,a,b) then r=2? =0 
(mod (a*-+ and b==+2z?=0 (mod (a*-+ which implies 
The regular values thus obtained are therefore exactly those obtained from 
(11) by setting c—0, that is the squares. 

If (z,y,xz*) is conjugate to (a,0,b) then, since y=0 (mod 
at every stage, (mod (a?+5*)?) and hence b?=at 
(mod (a? + but b?—a* < (a?+ Hence 6? =a* and u—a? + a‘ 
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is the regular value obtained from (11) by setting y—0. Finally, if (2, y, z*) 
is conjugate to (a,b,0) then 


(mod(a?+ b?)), (mod (a?-+ 


This is possible only if b 0 which we have discussed before. 

The conjugate point idea is, of course, not restricted to equations which 
are of second degree in the unknowns, however, our divisibility conditions of 
Lemma 2 will then have to be replaced by more complicated and cumbersome 


conditions. 
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IDEALS AND POLYNOMIAL FUNCTIONS.* * 
By D. J. Lewis. 


1. Introduction. Let K be either an algebraic number field or a func- 
tion field over a finite field or any completion of such fields under a rank one, 
non-archimediean valuation. Let © be the integrally closed ring of integers 
of K, p any prime ideal of ©, and a any element of p not in p?. Then 0/p 
is isomorphic to a finite field GF'(q), where g—=p/!, p a rational prime. Let 
Bym = By, be the set of polynomials in which when considered as 
functions on © map © into p”; i.e., 

Bn = {f(x) in O[z] such that f:O—> 
Clearly B,, is an ideal in O[z]. 

It is well known [1] that B, = (2’—z2,7), in fact this result has now 
become a part of elementary algebra and number theory [2]. Here we 
analyze when mA1. Clearly —O[z], and Bn D Bm. We show 
that B,, is generated by m +1 elements, and give a specific set of generators. 
The proof is by induction and is of an elementary nature. The results may 
also be viewed as a concrete realization of a general theory of rings, see [3]; 
results for the case of polynomials of several indeterminates are also obtained. 
Because of the computations involved, we first consider the case of one 
indeterminate and then outline the steps necessary for the case of several 
indeterminates. These results have been applied to a study of Diophantine 
equations, which will appear in another paper. 


2. Preliminaries. Define 
to = 2, (L) (2) — (x) for n=O. 
Let O(n) = (q"—1)/(q—1). It is easily verified that t,(z) is in Bain). 
The expression of a rational positive integer m as 


mM = py + (2) +: -+mQ(t), 
where 4, and for 1S1<7 if is unique. We 
use it to define the following polynomials: 


* Received March 29, 1954. 

1 This paper is a part of the results presented to the American Mathematical Society, 
August 31, 1953, under the title: “ Polynomial functions over the residue ring 9/»™.” 
This work was done while the author was a National Science Foundation Fellow at the 
Institute for Advanced Study. 
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No = 1, Am == if m> 0. 
Clearly Am is an element of By. 

Let Am= (Am, Then AnC By. We 
contend that B,—Am. As we shall sometime make a change in variable, 
for clarity we may sometimes write Am(z) or Bm(z) to indicate we are 
operating in O[z]. 

We make several observations concerning Am. 

THEOREM I. i) AmD Aguas. 

Ay C Agee 
iii) If g(z) is in O[x] and f(z) ts in An(z), 
then f(g(z)) ts tn Am(z); symbolically Am(g(z))C Am(z). 

Proof. In view of the definition of Am, (i) is evident, provided Am: is 
in Am. Consider the expansion 

m+ + -+nQ(t). 
If v; 40, Ames =T1Am and hence is in Am If and 
0, then Amer = Am — Which is in Am. 

By definition t,* is in Agen) if OS aSq, but because of (i) we have 
this for alla2=0. Then by induction is in if g= and 
finally i8 Thus proving (ii). 

Using (ii) and the definition of + and A,, we obtain A,?=7%*-8), 
(mod A 

Observe that the binomial coefficients (modp) if 1SiSq—1, 
also that 7,(2") = (2), It follows immediately that 7,(g(z)) is 

4=1 
in A,(z). Because of (ii) it is clearly sufficient for proving (iii) to show 
that tn(g(z)) is in Agin)(z). This is proved by induction: 

Suppose 7,(g(z)) is in Aga(z) if lSksn. Then: 

Q(n) Q(n) 
(9 (2) ) = [ (2) hig (z) (z) 
s=0 8=0 
Q(n) 
= > [hg (2%) 190-98) (z) — hg (z) (z) ] (mod Ag(ns1) ) 
8=0 
Q(n) 
= Dd [he (2%) (2) — hg (mod ) 
8=0 


(z) [he(2%) —he(z)] (mod Agnes) ) 


Q(n) 
== 71 (h(z) ) (mod 
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If m=p, + 42Q(2) +° define 
m* = + psQ(2) Q(t—1). 


t 
Then m—m* => pg‘? and mq implies m* 0. 
i=1 


We shall have use of the following lemma. 


Lemma 1. For every a in ©, there exists a c in © such that asc 
(mod p) and such that for every A, there 1s a polynomial in 
such that 
As(c — 12) == 778-8" (z) + (z) 


Proof. Take c=a-+7,(a). Then 7,(c)=0 (modp?) and conse- 
quently =2z-+7°h,(z). By induction we show that 
(C — = (2) (mod 


the congruence being coefficient-wise. Suppose such is the case for rz, where 
1=k=n. Then 


(C— 42) = — — (6 — 22) 
=a" [tea (2) + (z) — 1[ (2) + (z) 
= [ty — (mod pe) 
=r"r,(z) (mod 

If +42(8)Q(2) -+ae(s)Q(t), we obtain 


Since A, and 7*-*"),+ are in B,, it follows that h, is in Bgs_,. 


3. Proof of the contention that B, —Am. Let 
T= {Am such that m =p; + p2Q(2) mQ(t); 0S < 


Then for each non-negative integer r, I. contains a unique polynomial of 
degree rq. 

Let f(x) be any polynomial in O[z]. Let d denote the degree of f(z) 
and define e such that egid<q(e+1). Then f(x) can be expressed 
uniquely as f(x) —g(a)A(x) +f*(x), where the degree of g(z) is less 


) 
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than g, A(x) is the unique polynomial in T of degree eq and the degree of 
f*(x) is less than eq. 
If c is the largest power of x dividing any coefficient of g(x) we may 


c 
write g(x) = > 7‘gi(z), where the non-zero coefficients of the g;(x) are not 
i=0 


divisible by x. Clearly the g;(z) are uniquely determined by g(x), hence 
by f(z). Continuing the process on the residual polynomial we arrive at a 
unique expression for f(z) of the form. 


(1) f(z) = (2) (2), 


where the A;,(x) are in I, the degree of each gz,:(xz) is less than qg, the non- 
zero coefficients of the gz,:(z) are not in p; and almost all of the g;,+(xz) are 
the zero polynomial. 

As previously remarked B,—A,. Assume B;— Aj, for 11m and 
suppose f(z) is in Now C Bm hence using (1) we obtain 


(2) f(c) = (2) (mod 


where the g,(x) are of degree less than g and their non-zero coefficients are 
not in p, and where the accent mark indicates that the sum ranges over 
the A,, O=s=™m, which are in T. 

If s=™m, we have s* < m, then in light of the induction hypothesis for 
s=™m, the h,(z) of Lemma 1 is in Ags_,. Hence 


f(c—x2) = + (mod Ams) 


dye (2) + (mod Amr) 
8=0 


where R(z) is a polynomial in A,»+_,; where the double accent indicates that 
the sum ranges over those s for which A, is in fT and for which s* = m*; 
and where ys=g;(a) if g,(a) not in p and y,—0 if g,(a) is in p. 

If s*—m* and sAt, then p,(s) thus the y, are coeffi- 
cients of different powers of z. Since w:(s) <q for all s for which A, is 
in T, G(z) =>” yz) is a g-polynomial of the type specified in (1). 

Let H(z) = G(z)Am+(z) + 7R(z), then f(¢e—2z) =2"™ H(z) (mod 
By assumption f(z) is in By,., hence H(z) is in Bys,,. But m*+1=m, 
thus by the induction hypothesis Bn+.:—=Ams+s:. Hence, H(z) is in Ames, 


IDEALS AND POLYNOMIAL FUNCTIONS. 75 


consequently G(z) is the zero polynomial and we have g,(a)=0 (mod P), 
for all s for which A, is in T and for which s* = m*, 

Since this computation is true for every a in ©, we have that for these s, 
gs(z) is in B,(x) =A,(a) and hence are the zero-polynomial. In particular 
if Am is in T, gm(x) is the zero polynomial. Using this fact and (2), we 
obtain 


f(z) = = (2) (mod Am,1). 


But then F(z) is in By»—A,m and so must be the zero polynomial. Thus 
f(z) isin Am. Since f(z) was any polynomial from Bm, we have proved 
that proving 


THEOREM I]. Am=Bym, for all m=1. 
We also obtain that B, = iA Bam 9. For suppose f(z) is in By, let d 


denote the degree of f(x) and "let r be the highest power of w dividing all 
of the coefficients of f(z). Then f(z) is not in Ba,,., hence not in B,. 


4. The case of more than one indeterminant. Where convenient we 
shall denote a polynomial of O[2,,2%2,: - -,2%,] by f(X) and sometimes just 
by f. Let & be the n-dimensional vector space over D. Let 


Bn ={f in Ola, +,%,] such that f: Bop}. 
It is well known [1] that 8, = +, 11(@n), 7). 


Consider all partitions, (p) = (1, p2,ps,° * *, pn) Of m into m non-negative 
integers; i.e., M=—pitpe+: +--+ pn, where pp=0. Define 


Am(X) —= TL Ap, (2%). 


Clearly each A,, is in 8m. For completeness we shall outline the proof of 
the following result: 

THEROEM III. Bm = Am”), where (p) ranges over all parti- 
tions of m. 

Let Wm = (7%Um+s,Am™),' where (p) ranges over all partitions of m. 
Then we obtain 


LemMA 2. i) Wn D 
iii) If gi(Z) are in and f(X) ts in 
Wm(X), then f(g:1(Z),92(Z),° is in Un(Z). 
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If (p) — define p* = > pi* where pi* is defined as in 
Section 2. Then p* < m and (p*) = (p:*, po*,- « -,pn*) is a partition of p*. 
Using Lemmas 1, 2 and definitions, we obtain , 


LemMa 3. For every vector a= (di,d2,:**,4n) m B there exists a 
vector C= (C1,C2,°* *,Cn) in B such that (modp) for 1SiSn, 
and such that for every A, there is a polynomial H® in Boe, such that 

n 
Ag (¢ —2Z) == + HHO, where k(Z) zo. 
é=1 


Let Ty be the subset of the A,,% which do not have a factor 7(2;), 
appearing to the q-th power. We ¢an develop an algorithm which leads to a 


unique expression for each f in O[2;,22,- - -,2,] in the form 
(3) f(X) = 9s,(0),2(X) (X) 
o.t 


” where the A, are in To, the degree of each indeterminate in g,(0),z is less 
than q, the coefficients of the go), are either zero or not in p, and almost 
all of the gs,(0),: are the zero polynomial. 

As noted 8, = we suppose = for m and. prove = 


Let f be in Bni1 C Bn = Am. Then 
8= 


_ where the accent indicates the sum ranges over that A, in Ty, and the gz, 0) 
are as in (3). 
Let u = Max{o*, where (oc) is a partition of s ands=m}. Then 


o*=r 


F(X) (mod where f-(X) — (X) A(X). 


Here the sum ranges over those integers s and their partitions (c) for 
which is in Ty, and o*=—r. Then 


f(c—2Z) =2""G(Z) +2™"4R(Z) (mod Um), 


where f,(c—2Z) =a" "G(Z) (mod (the congruence being coefficient- 


wise), where 


G(Z) K(Z) A, (Z) 


where the sum ranges over partitions (w) of wu. And K(Z) => ys,.0)k™(Z), 
where the sum ranges over those integers s= m and their partitions (oc) for 
which (o*) =() and for which A,™ is in Ty. The yc) —9s,(0) (a), if 
9s,(0) (a) is not in p and = 0 if gsc) (a) is in p. 


| 
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If (oc) and (8) are either different partitions of the same irteger or are 
partitions of different integers, there is a j such that 0,54 4,.. If (o*) = (8*), 
then yi(o;) ~4:(3;). Hence in .K the various ys, (0) are coefficients of 
different monomials. Since A, were in I, the degree of each indeterminate 
in the &@, and hence in the K™), is less than g. 

Since f(c—7Z) is in Bmw, G(Z)+7Rk(Z) must be in B,,,. But 
u+ism, hence G(Z)+7R(Z) is in Ay. Consequently G(Z) is the 
zero polynomial, and thus the K“)(Z) are the zero polynomial. Hence for 
those integers s and their partitions (¢) for which A, is in Ty, sm and 
o* =u, we have gs .c)(a) =0 (mod p). Since this is true for every a in &, 
we must have for these s and («) that go) is the zero polynomial. Conse- 
quently f,(X) is the zero polynomial. One can now continue step-wise, and 
show that for each r, f,(X) is the zero polynomial. Hence f(X) is in Wms. 


5. Generalization. If we let © be a ring of algebraic integers and let 
m be an ideal in © which is not a power of a prime ideal in © and consider 
Bm, or Sm, we have considerable more difficulty. If m—p,%p2?- - - p,°, 
Bum By,By»* - -By,e. For let Z be the ring of rational integers and let p 
and be primes in Z, then z(2?*—-1) is in Byg. This illustrates 
the type of element in Bm. We leave further discussion of By, to another time. 
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A GENERAL THEORY OF ALGEBRAIC GEOMETRY OVER 
DEDEKIND DOMAINS, I.* 


The Notion of Models. 


By MasayosH1 NaGata. 


In the present sequence of papers, we want to study a general theory of 
algebraic geometry over a ring, which is a field or a Dedekind domain, under 
the restriction that the almost finite integral extensions of this ring are finite. 
(Observe that this condition is satisfied by fields, by complete discrete 
valuation rings and by Dedekind domain of characteristic zero.) 

The writer wishes at first to express his hearty thanks to Professor C. 
Chevalley, to whose lectures? at Kyéto University the writer owes many ideas 
and who gave the writer many suggestions during the preparation of the 
present paper. 

In Chapter 1, we prove some preliminary results on rings (mainly on spots, 
which will play an important réle in our study). In Chapter 2, we study 
the notion of models of function fields. 

In Chapter 1 we first prove the normalization theorem in a generalized 
form (§1) and then we define the notion of spots and study some of their 
properties; here the notions of affine rings and of function fields are also 
defined (§§ 2-4). Applying a result in § 4, we prove the finiteness of the 
derived normal ring of an affine ring in §5. In §6, we prove some lemmas 
on valuation rings. 

In Chapter 2, we first introduce the notions of places and of models 
(§§ 1-2) and then we introduce the notion of specializations (§3). Then 
we study the notion of joins of models (§ 4) and prove the existence of the 
derived normal model of a model (§5). In §§ 6-7, we introduce the Zariski 
topology on models and in §8 we introduce the notions of induced model, 
local model and reduced model. In § 9, we show that under a certain restric- 
tion on the function field under consideration, the notion of model is equi- 
valent to the notion of abstract variety in the sense of Weil [12]. 


* Received May 16, 1955; revised November 10, 1955. 

1 Professor C. Chevalley lectured at Kyéto University in January of 1954. Our 
definition of models is an adaptation of his to our case. Main results in Chapter 2 of 
the present paper were shown by him for the case of algebraic geometry over field in 
his lecture. 
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Terminology and notations. 

Besides the terminology which was used in Nagata [10], we use the 
following terms: A ring is called quasi-local if it has only one maximal ideal. 
When o and o’ are quasi-local rings, we say that o’ dominates o if o is a 
subring of o’ and if the maximal ideal of o’ lies over that of o (we say that 
an ideal a’ of a ring o’ lies over an ideal a of its subring o if a=a’N 0). 
Observe here that domination defines a partial order. 

A ring o is called a semi-local ring if it has only a finite number of 
maximal ideals and if the topology of o introduced by taking all powers of 
its J-radical as a system of neighborhoods of zero is Hausdorff; a quasi-local 
semi-local ring is a local ring. But since we treat mainly the Noetherian case, 
we shall mean by local or semi-local ring a Noetherian local or semi-local 
ring, unless the contrary is explicitly stated. . 

When o is an integral domain, the integral closure of o in its field of 
quotients is called the derived normal ring of 0. Let o be an integral domain. 
An integral extension 0’ of o is said to be almost finite if the field of quotients 
of o’ is a finite algebraic extension of that of o (see [10]); we say that o 
satisfies the finiteness condition for integral extensions if every almost finite 
integral extension of o is a finite o-module. Observe that, if o satisfies the 
finiteness condition for integral extensions, then so does any ring of quotients 
of 0. 

Let o be a ring and let 8 be a set of elements of a ring containing o. 
Consider the ring 0’ =o[S]. Let T be the intersection of the complements 
of all prime divisors of ideals of o’ generated by maximal ideals of o. Then 
the ring o’r is denoted by 0(S). Observe that if S is a set of independent 
elements over a local ring o with maximal ideal m, then 0(8) = 0[ 8] mors}. 
(We shall use mainly this last case.) 

Though the notion of rank of rings was defined in [10], we shall _— 
it again: A ring o is said to be of rank n if there exists a chain py, C p, C 
C p, of n+1 prime ideals p; of o and if there exists no such chain with 
more prime ideals; here the symbol C means “included in and different 
from” (to indicate only “included in,” we shall use the symbol C) and 
prime ideals mean those which are different from the ring. When a is an 
ideal of 0, rank o/a is called the co-rank of a. The rank of a prime ideal p 
of o is defined as the rank of oy; the rank of an ideal a is the minimum of 
the ranks of the prime divisors of a. 


Results assumed to be known. 


Besides elementary results on fields and rings of polynomials, we need 
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some results on commutative rings: (1) For the general theory of commu- 
tative rings, results which are contained in Nagata [10] are assumed to be 
known. (2). For the theory of local rings, we assume that the following 
lemmas are known: 


Lemma 0.1. If o is a local ring with maximal ideal m, then the 
completion o* of o is a local ring with maximal ideal mo*. Further, rank 
o=rank o* and if a is an ideal of 0, then ao*No=—a. (See Krull [5], 
Cohen [2], Nagata [9], Samuel [11].) 


Lemma 0.2. Assume that 0 is a semi-local ring with maximal ideals 
p,,°*° *, Da. Then the completion of o is the direct sum of the completions 
of the local rings. 0y,,: * *,0p,- (See Chevalley [1], Nagata [9], Samuel [11].) 


(A proof can be given as follows: Set m—f{)],p; Then the completion 
o* of o is the limit space of the inverse system {0/m";n —1,2,-- -}. Since 
the p,’s are maximal ideals, 0/m” is isomorphic to the direct sum of rings 
o/pi” (1SisSh). But 0/pi" = Therefore o* is isomorphic to the 
direct product (sum) of the limit spaces of the inverse systems {0p,/);"0p,}, 
whose limits coincide with the completions of the ody,.) 


Lemma 0.3. Let a be an ideal of a semi-local ring o and let o* be the 
completion of 0. Then ao*Mo—a and o*/ao* is the completion of o/a. 
(See Chevalley [1], Nagata [9], Samuel [11].) 


Lemma 0.4. Let 0, o* and a be as in Lemma 0.3. If 6 is an element 
of o, then ao*:bo* = (a:bo)o*. (See Zariski [15], Nagata [9], Samuel 
[11].) 


CorotuaRry. If an element a of o is not a zero-divisor in 0, then a is 
not a zero-divisor in-o*. (Chevalley [1]) 


Lemma 0.5. Let o be a complete local ring with maximal ideal m. 
Assume that a local ring 0’ dominates o. If 0’/mo’ is a finite 0/m-module, 
then o’ is a finite o-module and is a complete local ring. (See Chevalley [1], 
Cohen [2], Nagata [9], Samuel [11].) 


Lemma 0.6. Let 0 and o’ be semi-local rings which satisfy the following 
conditions: 1) o is a subring of 0’, 2) 0’ ts a finite o-module generated by 
Y:;° ° *5Yn and 3) every nonzero element of o is not a zero-divisor in 0’. 
Then I) 0 ts a subspace of o’, II) the completion o’* of 0’ is the module 
generated by ¥,,°**,Yn over the completion o* of o, III) tf elements 
@,,°* *,2, of o” are linearly independent over o, then they are linearly 
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independent over o* and 1V) if an element a of 0* is not a zero-divisor in o*, 
then it is not a zero-divisor in o’*. (See Chevalley [1], Nagata [9], Samuel 


[11].) 
Lemma 0.7. A regular local ring is a normal ring. (See Krull [5], 
Cohen [2], Nagata [9], Samuel [11].) 


Lemma 0.8. Let 0 be a complete local ring. Assume that o contains 
a field or dominates a descrete valuation ring with prime element p; tn the 
latter case we asume further that po is of rank 1. Then there exists an 
unramified regular local ring r contained in o such that o is a finite r-module. 
(See Cohen [2], Samuel [11].) (It was communicated to the writer that 
a much simplified proof of this lemma is given by Mr. Narita in a forth- 
coming paper. (Added October, 1955.) ) 


Lemma 0.9. If r is a complete, unramified regular local ring, then 
any prime ideal of rank 1 in r is principal. (See Cohen [2], Nagata [9], 
Samuel [11].) 


Remark. This last lemma holds without the assumption that r is com- 
plete (see Nagata [9]; the proof will be repeated in the second paper of this 
sequence), as was announced by Mr. Y. Mori in the spring meeting of the 
Mathematical Society of Japan in 1949. 


Numbering. 

Numbering of lemmas will begin anew in each section; numbering of 
propositions and theorems will begin in each chapter. When we refer to a 
lemma in another section, we shall use notation such as Lemma 1.2.3, the 
first number, the second one and the third one indicating the number of 
chapter, section and the lemma respectively; as for the theorems or proposi- 
tions, we shall use notations like Theorem 1.1, the first number indicating 
the number of the chapter. 


On the restriction of ground rings. 

As was stated above, ground rings are assumed to satisfy the finiteness 
condition for integral extensions. But the definition of spots, affine rings, 
function fields, models and so on may be given without making use of this 
condition. When we want to talk about these notions without assuming that 
the ground ring satisfies the finiteness condition for integral extensions, we 
shall say: “in the non-restricted case.” 
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Chapter 1. Preliminaries from the Theory of Rings. 


Most of the results in the present chapter are not new: Results in §1 
are essentially contained in Nagata [7], [9]. The main results in §4 is a 
slight generalization of a result in Nagata [8]. The results in §6 are well 
known, but they are basic for the theory of valuation rings. 


1. Normalization theorem. 


Lemma 1. Let k be a field and let x,,: - -, 2, be algebraically indepen- 


dent elements over k. If y, is an element of k[z,,- - -,2n] which is not in k, 
then there exist elements y2,---,Yn Of such that 1) 2," 
for some natural number m, (i=2,---,n) and 2) k[a,- - -,an,] is integral 


over kfy,,- (and therefore are algebraically independent 
over k). 


Remark 1. If k contains infinitely many elements, we may replace the 
first condition by: “y2,- are linear combinations of 7,,- with 


coefficients in k.” 


Remark 2. For any given natural number r, the m,’s may be selected 
so as to be multiple of r, as will easily be seen from the proof below. 


Proof. We write y, as >;a:M;, where a;ek, a, 0 and the M,’s are 
monomials in We define weights m,—1, of 2%, 
Zo, * *,%, such that one M;, say M,, has greater weight than the others. 
(For example, set m;— (d-++1)** for each 1, where d is the degree of the 
polynomial y;.) Set y—=2,+ 2," for i1—2,---,n. Then y, can be written 
a,x," + where the f,’s are polynomials in y2,° -, with 
coefficients in k and w= weight M,. Then these y;’s are the required elements. 


Proposition 1. (Normalization theorem for polynomial rings) Let k 
be a field and let 2,,- - -,2, be algebraically independent elements over k. 
If a ts an ideal of rank r in k[z,,---,2,], then there exist elements 
Of such that 1) k[2,,---,2,] ts integral over 
2) Na is generated by and 3) 
Yrig = Trig +f; with fi in -,2,-] for each j—=1,---,n—r, where 
is the prime integral domain of k. 


Remark 1. This condition 3) shows in particular that k[2,,-- -,2»] 
Yn) and that (721) is in an]. 
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Remark 2. Assume that k is of characteristic p340. Then taking the 
natural number r in Remark 2 after Lemma 1 to be equal to p, we see that 
we can select f,’s to be in w[2?,- - -, 2,7]. 


Proof. When r=0, our assertion is evident and we prove our assertion 
by induction on r. Let a’ be an ideal contained in a and of rank r—l1. 
Then there exist elements 9,,° °°, Of which 
satisfy the conditions in our assertion for a’ instead of a. Since a is of rank 
r,aNk[y,: Yn) is of rank r ([10,§8]). Therefore there 
exists an element y, of aN k[y’,,- - -,4’n] which is not zero. Then applying 
Lemma 1 to y, and k[y’,,- -,y’n] we see the existence of Yn of 
such that i) = + for some m, and ii) k[y’,,---, 
is integral over k[y,,- + -,Yn]. Then by condition i), we see that condition 
3) in our assertion is satisfied by yr41,°**,Yn- By condition ii), k[a,---,2n] 
is integral over k[y:,---,yn]. Since aN k[y:,---,yn] is of rank r and 


since a contains 4;,:° *,Yr, we see that aN k[y:,-- -,yn] is generated by 
1. Let I be an integral domain and let -,%q be 


algebraically independent elements over I. Let k be the field of quotients 
of I. If a is an ideal of I[a,---,%q] such that aN I=0, then there 
exist elements Of and an element a (0) of I 
such that 1) I[a-4,2,---+,2n] ts integral over I[a-,y:,---+,Yn] and 2) 
r=rankak[z,,:--,@,)]. Further 3) if a is the prime integral domain of 


Proof. Set a’ Take elements y,,-.- -,y, a8 in the 
above proposition applied to a’ and k[z,,- - Then -. are in 
For each 17, there exists an element 
a, (+0) of ZI such that ay,ea, because yea’. Since k& is a field, 
Q,Yi,° °°, are as good as Therefore we may assume that 
¥1,°°°,Y, are in a. Since 2 is integral over k[y,,---, yn], there exists 
an element c; (0) of I such that ca; is integral over I[y1,---,yn] for 
each 7. On the other hand, let p,,- - -, Pm be the set of prime divisors of a 
which contain nonzero elements of J and let b be a nonzero element of J 
which is contained in all of p; Let a be the product of b and all the c,’s. 
Then as is easily seen, this a and the above 4;,---,Y, are the required 


elements. 


CoroLLary 2. (Normalization theorem (for finitely generated rings)) 
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Assume thut a ring is generated by elements 2,,- over an integral 
domain I. Assume further that no element a (30) of I ts a zero-divisor 
in o. Then there exist elements Of (where x is 


the prime integral domain) which are algebraically independent over I and 
an element a (0) of I such that o[1/a] ts integral over I[1/a, 2]. 


Remark. Observe that if J is a field, then our assumption on J is satisfied 
and we may take a—1. 


Proof. Since o is a homomorphic image of a polynomial ring 0’ over J, 
applying Corollary 1 to o’ and the kernel of the homomorphism, we prove 


our assertion. 


Corotnary 3. Let o be an integral domain which is finitely generated 
over a field k. Then for any prime ideal p of o, rank p+ co-rank p 1s equal 
to the transcendence degree of 0 over k and co-rank p is equal to the trans- 
cendence degree of o/p over k. 


Proof. By Corollary 2 and some results in [10, §§ 4-5], we may assume 
that o (and for the last assertion, 0/p) is generated by algebraically inde- 
pendent elements of k. Then our proposition shows the validity of Corollary 3. 


Corottary 4. Let k be a field and let 2,,- - -,2 be elements of a ring 
containing k. Then every maximal ideal m of k[2,,- - ts generated 
by n elements. Further k[2,,- - -,%]/m ts algebraic over k. (Zariski [14] ) 


Proof. By Corollary 3, we see that k[2,,- - -,2]/m is algebraic over k. 
Let 2x’; be the residue class of z; modulo m for each ¢ and let f’;(X;) be the 
irreducible monic polynomial over k[2’;,- - -,2;,] which has 2; as a root. 
Let f; be the monic polynomial in 2x; with coefficients in k[2,,- - -,2;,] which 
is obtained from replacing 2/;,- by 2,° +, %1,% Tespec- 
tively. Then we see that m is generated by f,,- - -, fn. 


CoroLLary 5. Let I be a field or a Dedekind domain and let 2,,- - -, 2p 
be algebraically independent elements over I. If p is a prime ideal of rank r 
in the ring o=I[a,,- - +, 4a], then oy is a regular local ring of rank r. 


Proof. We first assume that J is a field. Let 9:,- - -, 4, be elements 
of o as in Proposition 1 applied to p. Then +, 2p, * Yn] 
by condition 3) of the proposition. Let K be the field of quotients of 
*,Yn]. Then - -,z,] is a maximal ideal of K[a,,- - -,2,]. 
Therefore pK[z,,- - -,2,] is generated by r elements. Since 
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this proves our assertion in this case. Now we prove the general case. Set 
q=pnI. If q=0, then oy contains the field of quotients of J and the 
assertion follows from the case where J is a field. Therefore we assume that 
q£0. Since J is a principal ideal ring ([10,§9]) and since op contains 
Ig, we may assume that q is generated by an element g. Since J/q is a field 
and since p/go is of rank r—1, poy/qoy is generated by r—1 elements and 
therefore po, is generated by r elements, which proves our assertion. 


CoroLtary 6. Let I be an integral domain and let (n=1) 
be algebraically independent elements over I. Then there exists a maximal 
ideal m of I[2.,- such that mNI=0 if and only tf there exists an 
element a (540) of I such that I[1/a] 1s a field. 


Proof. If there exists such an a, then a maximal ideal m containing 
axz,—1 meets I only in 0. Conversely, we assume that there exists such a 
maximal ideal m. Set o—IJ[a,,---,2%,]/m. Then by Corollary 2, there 
exists an element a (0) of J such that for a suitable system of alge- 
braically independent elements y;,- --,y, of o over J, o[1/a] is integral 
over I[1/a,y:,- -,Yr]. Since o is a field, o[1/a] —o. Further, since there 
is a field which is integral over I[1/a,y:,- - -,yr], I[1/a,y1,° +, yr] must 
be a field ({10,§4]), whence r==0 and J[1/a] is a field (and therefore this 
is the field of quotients of J). 


We have proved at the same time the following 


CoroLLary 7. Assume that o is a finitely generated ring over a ring I. 
If m is a maximal ideal of 0, then o/m is algebraic over I/(mN I). 


Proposition 2. Let be algebraically independent elements 
over a Noetherian integral domain I. If I satisfies the finiteness condition 
for integral extensions, then so does I[2,,- -,2n]. 


Proof. Let L be a finite extension field of the field of quotients K of 
I[2,°-*,%]; we have only to show that every integral extension of 
contained in L is a finite --,2,]-module. By our 
assumption on J, we may assume that J is normal. If LD is separable over K, 
then the assertion is obvious ([10,§5]). When Z is inseparable over K, take 
elements 4,,- - -,a, of J and a power qg of the characteristic of J such that 


iZ = L(a,4, a,3/4, 21/4, 
is separable over 


RK’ = K(a,'4,- a,'/4, 21/4, - ty, 


ral 
sor 
as 
nd 
t ] 
ed 
e 
d 
al 
g 
d 
) 


86 MASAYOSHI NAGATA. 


Let J’ be the derived normal ring of J[a,?/%,- - -,a,'4]. Then I’ is finite 
over J by our assumption, and I’[z,1/4,- - -,2,'/¢] is finite over I[2,,- - -, 2p]. 
Since L’ is separable over K’ the integral closure of I’[2,1/%,- - -,a,'/4] in L’ 
is finite over - -, 23/2], and is therefore finite over I[2,,- 
Since I[z,,- - -,2%,] is Noetherian, we see that every integral extension of 
I[z,,° - -,%n] contained in L is finite and we have proved the assertion. 


Corottary. If an integral domain o is finitely generated over a field, 
then the derived normal ring of 0 is a finite o-module. 


2. Definition of spots. An integral domain o is called an affine ring 
over a ground ring I if I is a field or a Dedekind domain and if 0 is finitely 
generated over J; here we assume that any ground ring satisfies the finiteness 
condition for integral extensions (cf. the remark “On the restriction of 


ground rings” at the beginning of this paper). 


Remark. If p is a prime ideal of an affine ring o over a ground ring J, 
then o/p is an affine ring over 7/(p J); this last ring is J itself or a field 
and satisfies the finiteness condition for integral extensions. 


A field Z is called a function field over a ground ring J if there exists 
an affine ring o over I such that L is the field of quotients of 0; such o is 
called an affine ring of L. 

A ring P is called a spot over a ground ring J if there exists an affine 
ring o over J which has a prime ideal p such that Poy; if L is the field 
of quotients of P, P is called a spot of L. 

Remark 1. If P is a spot over a ground ring J and if m is the maximal 
ideal of P, then P is a spot over I¢mny; this last ring is a field or a discrete 
valuation ring ([10,§9]). 

Remark 2. If p is a prime ideal of a spot P over a ground ring J, then 
1) Py is a spot over I and 2) P/p is a spot over [/(pN J). 

vemark 3. A spot P is a (Noetherian) local integral domain. 


A subring B of a spot P is called a basic ring of P if 1) P is a spot 
over B, 2) B is a field or a valuation ring and P dominates B and 3) the 
residue class field of P is a finite algebraic extension of that of B. 

A basic ring which is a field is called a basic field. 


ProposiTIon 3. LHvery spot P has a basic ring. 


Proof. Let I be a ground ring of P; by Remark 1, we may assume that 


3 
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I is a field or a discrete valuation ring dominated by P. Let p be either a 
prime element of J or zero according to whether J is a valuation ring or a 
field. Let p be the maximal ideal of P and let 2,- - -,a%@ be elements of P 
whose residue classes modulo » form a transcendence base of P/p over I/pl. 
Since I is a field or a valuation ring, x,,- - -,vq@ are algebraically independent 
over I, is a prime ideal and pO 2a]. 
Set B=I(2,,---,%a). Then B is a field or a valuation ring which is 
dominated by P and the residue class field of P is a finite algebraic extension 
of that of B. Further B satisfies the finiteness condition for integral exten- 
sions by virtue of Proposition 2. Therefore B is a basic ring of P. 

A spot P is said to be of the first kind if it has a basic field; otherwise, 
P is said to be of the second kind. 


Remark. A spot of the first kind may have a basic ring which is not a 
field. 


38. Dimension and rank of spots. Let LZ be a function field over a 
ground ring J. The dimension of L over I (in symbols, dim; or merely 
dim Z) is n or n+ 1 according to whether J is a field or not, where n is the 
transcendence degree of Z over J. The dimension of a spot P over a ground 
ring J (in symbols, dim; P or merely dim P) is defined to be the dimension 
of the residue class field of P modulo its maximal ideal m over [/(mN 1). 


LemMaA 1. Let a,,: ++, be algebraically independent elements over a 
Dedekind domain I and let m be a maximal ideal of the ring 0o=I[a,,°--,%n]. 
Assume that mNIT0. Then om is a regular local ring of rank n+-1; if 
q is a prime ideal contained in m, then rank q+ co-rank q=n-+1 and 


co-rank q = co-rank qom. 


Proof. The first assertion follows from Corollary 5 to Proposition 1. 
Since om is a regular local ring of rank n + 1, rank qom + co-rank qom =n -+ 1 
(by a result due to Krull [5]; a proof will be given in the appendix at the 
end of the present paper). By the definition of rank, rank q = rank qo,. 
Since every maximal ideal of o is at most of rank n+1, co-rankqSin-+ 1 
~—rank q, while, by the definition of co-rank, co-rank q = co-rank qom. There- 
fore co-rank = co-rank gom and rank q+ co-rankg=—n-+ 1. 


THEOREM 1. Let o be an affine ring over a ground ring I. Let 
0—=py Cp, C--+-C yp, be a maximal chain of prime ideals p;, (that is, each 
If =0, then r ts equal to the 


p/p, is of rank 1 and p, is mazimal). 
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transcendence degree of o over I; tf pp, IA0, then r—1 1s equal to the 
transcendence degree of o over I. 


Proof. When p, I=0, we may assume that J is a field. Then our 
assertion follows easily from Corollary 3 to Proposition 1. Therefore we 
assume that I~0. Let - -, be algebraically independent elements 
over J such that there exists a homomorphism ¢ from I[2,,- - -,2] onto 0; 
let q be the kernel of ¢. Then we have rank q+ ranko—n-+ 1, by Lemma 1. 
Let k be the field of quotients of J. Since qQN I=0, I[2,,- - -,%n]q contains 
k. Therefore we have n—rankq transcendence degree of o over I; we 
denote this number by ¢. Since rankq-+ranko—n-+1, we have ranko 
=t+1. Therefore r=t+1. Therefore, when ¢—0O, our assertion is 
evident. Thus we will prove our assertion by induction on ¢. Assume that 
t=1. By Lemma 1, ranko—rankoy,. Therefore r>1. 


1) When p,_, 10: 0/p,_, is an affine ring over the field I/(p,..N J), 
which shows that o/p,_, has transcendence degree 1 over I/(p,-, J). There- 
fore there exist a basic ring B (defined even in the non-restricted case) of 
Op,.. Which is of transcendence degree 1 over J (as in the proof of Proposition 
3). Set —B[o]. Then C p,o’ - - C p,.,0’ is a maximal chain 
of prime ideals of 0’, because o’ is a ring of quotients of 0 (see the construc- 
tion of B in the proof of Proposition 3) ; that p,_,o’ is maximal follows from 
the fact that o/p,_, is an affine ring over the field I/(p,1MJ). Since o’ has 
transcendence degree {—1 over B, we have r—1=¢ by our induction 
assumption. Thus, this case is settled. 

2) When Since r>1, 0/p,_, has a transcendence degree 
less than that of o over J. Therefore by our induction assumption, 0/p,_, is 
algebraic over J. Set —=k[o]. Then 0—p,.0’ is a 
maximal chain of prime ideal in 0’. Therefore r—1—¢t by Corollary 3 to 
Proposition 1. Thus we have settled this case, too. 


CoroLttaRy 1. Let P be a spot of a function field L. If I is a basic 
ring of P, then dim; L = rank P. 

CoroLuaRy 2. If p is a prime ideal of a spot P, then rank p + co-rank p 
= rank P. 


CoroLttaRy 3. Let o be an affine ring of a function field over a ground 
ring I. If p is a prime ideal of 0, then rauk p + dim; oy = dim, L. 


4. Analytical unramifiedness of spots. A semi-local integral domain 
is said to be analytically unramified if its completion has no niloptent elements. 
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A prime ideal p of a semi-local ring 0 is said to be analytically unramified if 
o/p is analytically unramified. 


Lemma 1. Let 0 be a normal semi-local ring. Assume that a prime 
ideal p of rank 1 in o is analytically unramified. Let o* be the completion 
of o. Then for every prime divisor p* of po*, o*ps ts a valuation ring. 
(Zariski [15]) 


Remark. This result does not show that o* is an integral domain, but 
shows that p* contains only one prime divisor %* of zero in o* and that the 
primary component of zero belonging to %* coincides with $$* (and the ring 
of quotients of 0*/$8* with respect to p*/$* is a valuation ring). 


Proof. Let w be an element of » which is not in p*oy. Since o is a 
normal ring, oy is a discrete valuation ring ([10,§9]) and wo:p is not 
contained in p. Let b be an element of wo: which is not in p and let a* 
be an element of o* which is not in p* but is in every other prime divisor 
of po* (such a* exists because p is analytically unramified). Set c*—a*b. 
Then c* is not in p* and p*c* Co*pb Cwo*. Therefore we see that p*o*y» 
Cwo*ys, whence p*o*»e—wo*y.. Since w is not a zero-divisor in o* 
(Corollary to Lemma 0.4), p* properly contains a prime divisor %* of zero. 
Since in any Noetherian ring, a principal ideal generated by an element of 
its J-radical cannot properly contain any prime ideal other than zero ([10, 
§6]|), we see that $8* must be the kernel of the natural homomorphism from 
o* into o*»+. Now, since p*o*ys is principal and since o*y+ is a local integral 
domain which is not a field, o*,+ must be a valuation ring. 


Lemma 2. Let 0 be a normal semi-local ring and let o* be tts com- 
pletion. Assume that for an element t of 0, which is neither zero nor unit 
im o, every prime divisor of to is analyticaily unramified. If an element u 
is integral over o* and if tu is in o*, then u is also in o*. (Zariski [16]) 


Proof. Let p,,- - -,), be all the prime divisors of to; they are of rank 1 
({10,§9]). Let p*; (j7—=1,---,n(%)) be all the prime divisors of p;,o*. 
We set S={a;ae0,afp; for every t}.2, Then since o is a normal ring, og 
is a semi-local Dedekind domain and is a principal ideal ring ([10,§9]). 
Let x; be an element of o such that pjog—zjos. Let e; be natural numbers 
such that tog=2,%- - -2,°r0s. Now we have only to show that for some 
element s of S, tus is divisible by z,%- - -a,°r in o*. For, once this is done, 


the proof concludes as follows: since to: so to, we see that to*:so* = to* 
(Lemma 0.4). Since 2,%- C to, we see that 2,%- - -a,’ro* C to*. 


* The notation {a; P} denotes the set of a which satisfy P. 
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Therefore the fact that tusez,%- - -z,°ro* shows that tuseto* and tu is in 
to*:so* —to*. Then since ¢ is not a zero-divisor in 9* (Corollary to Lemma 
0.4), uw is in o*. Now we proceed to show that tus is in 7,%- - -2,°ro* for 
some sin 8. Let w;; be the valuation of the field of quotients of 0*y»,, with 
o*»+,, as valuation ring and wi(2zj)—1. Let dy, be the natural homomor- 
phism from o* into o*ys,,. Let -,f, be non-negative integers satisfying 
the following condition: tus is in z,%- - -2,fro* for some s of 8 but for any 
s of and for any 7%, tus is not in - a Then it 
is sufficient to show that f;=e;. Assume the contrary, for instance that 
fi<e@;. We take an element s of S such that tus is in 2,/- - -2,/r9* and 
take an element z of o* such that tus=2,-- -a,frz. Since the kernel 
of $i; is a prime ideal and since 0*y+,, is a normal ring, we may regard ¢j; as 
a homomorphism of the total quotient ring o*” of o* into the field of quotients 
of Then since u is integral over 0*, is in 0*ys,,, whence 
Wis =O. Since = > fr = Wij (Giz we 
have w,;(¢,;(z)) 21. This shows that ¢,;(z) is in ¢$1;(p*1;) and therefore z is 
in p*,; for every j7 because z is in o* (observe that the kernel of ¢,; is con- 
tained in p*,;). Since x,0*s p*1;0*s, z is in 7,0*g and therefore there 
exists an element s’ of S such that zs’ — 2,2’ with an element z’ of o*. Thus 
we see that tus’ = - -2,fr2’ with s” ==ss’ (which is in 8). This 
is a contradiction and we have e; =f; for every 1. Thus the lemma is proved. 


Lemma 3. Let r be a normal local ring whose completion is a normal 
ring. Let L be a finite separable extension of the field of quotients R of r 
and let 3 be the integral closure of r in L. Assume that every prime ideal p 
of rank 1 in ts analytically unramified. Then the completion of & 1s 
integrally closed, that is, for every maximal ideal m of 3, the completion 
of Sm is a normal ring. (Zariski [16]) 


Proof. Let a be an element of § such that L—R(a). Let d be the 
discriminant of the irreducible monic polynomial over r which has a as a root. 
On the other hand, let r* and 3* be the completions of r and § respectively 
and denote by 3*’ the integral closure of 3* in its total quotient ring. Since 
% is a finite r-module, the integral closure of r*[a] in its total quotient ring 
coincides with 3*” (Lemma 0.6). Therefore we see that d3*’Cr*[a] ([10, 
§5]). By Lemma 2, we see that 3* —* and therefore 9* is integrally 
closed. Since 3* is integrally closed and is Noetherian, we see that 3* is 
the direct sum of normal rings. On the other hand, since $* is the direct 
sum of completions of Ym, where m runs over all maximal ideals of § 
(Lemma 0.2), we see that the completion of Nm is a normal ring for every 


maximal ideal m of %. 
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Lemma 4. Let o be a normal local ring and assume that tts completion 
o* is an integral domain. Let L be the field of quotients of 0. Assume that 


a local ring o’ which is a subring of L satisfies following conditions: 1) 0’ 


dominates 0, 2) o’/m is a finite algebraic extension of o/m, where m and m 
denote the maximal ideals of 0 and o’ respectively, 3) mo’ is a primary deal 
belonging to m’ and 4) ranko’—ranko. Then o coincides with o’. 


, 


Proof. Let o’* be the completion of 0’. Since m’N o—m, we see that 
m' CoM mm’: for every 1. Therefore there exists a natural homomorphism ¢ 
from o* into o’*. Set o**=¢(o0*), (this is the closure of o in o’* in the 
topology of o’*). By conditions 2) and 3), we see that o’* is a finite o**- 
module (Lemma 0.5). Therefore rank 0** —ranko’* ([10, §8]). Since 
rank 9 = rank o’, rank o* o’* (Lemma 0.1) and rank o* = rank o**. 
Since o* is an integral domain, we see that ¢ is an isomorphism. Thus we 
see that 0 is a subspace of o’ and o”* is integral over o0*. Now let a/b (a, ben) 
be an element of o’. Since a/b is integral over o*, there exist elements 
+,c*, of o* such that (a/b)"+ c*,(a/b)"*+- --+c*,=—0 and 


therefore a” + +--+ 0"c*,—0, which shows that a" is in the 
ideal generated by ba"",---,b". Since 0 = 
(Lemma 0.1), we see that there exist elements ¢,,- --,¢, of o such that 


a" + ba"1¢,-+- +--+ Therefore (a/b)"+c,(a/b)™*+: 
=0, that is, a/b is integral over 9. Since o is normal, a/b is in o, which 


proves Lemma 4. 
Now we come to the important 


THEOREM 2. Any spot is analytically unramified. Further the com- 


pletion of a normal spot is a normal ring. 


Proof. Let P be a spot of rank r. We prove our assertion by induction 
on r. When r—0O, our assertion is obvious. Assume that r>0 and that 
the theorem is true for spots of rank =[r—1. We first remark the following 
fact. Let 0 be a semi-local integral domain. If for every maximal ideal m 
of 0, Om is analytically unramified, then o is also analytically unramified 
(the proof follows easily from the fact that the completion of o is the direct 
sum of completions of rings 0m). Therefore our induction assumption means 
that if 9 is a semi-local integral domain of rank r such that for any maximal 
ideal m of 0, Om is a spot and if p is a nonzero prime ideal of o, then p is 
analytically unramified. Let B be a basic ring of P and let 2,,- - -,2, be a 
svstem of parameters of P, where if B is not a field, we choose 2, to be a 
prime element of B. By Corollary 1 to Theorem 1, the field of quotients L 
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of P is algebraic over B[z,,---,2,]. Let %& be the integral closure of 
B[z,,:--,2,] in L. Further set P’=P[3]. QJ is a finite Blz,,- - -,2,]- 
module by Proposition 2 and P’” is a finite P-module. 

(a) When ZL is separable over B[z,,- - -,2z,], let m’ be an arbitrary 
maximal ideal of P’ and set m—=mn’N%. Then by Lemma 3 and by our 
induction assumption, we see that the completion of Sm is a normal ring. 
Since z,,- * *,2, is a system of parameters of P’m and of Sm, we see that 
P’w =m by Lemma 4 and Theorem 1. Since the completion of P’ is the 
direct sum of the completions of the rings P’y, P’ is analytically unramified. 
Since P” is a finite P-module, P is a subspace of P’ (Lemma 0.6) and P is 
also analytically unramified. When P is normal, P’ coincides with P and its 


completion is a normal ring. 


(b) Next we assume that Z is not separable over B[z,,- --,2,|. Take 
elements a,,° - -,@s of B and a power gq of the characteristic of B such that 
= - +, - -, 


is separable over 


Let B’ be the derived normal ring of B[a,/%,- - -,a,/7] and let & be 
the integral closure of B[z,,---,2,] in ZL’. Since L’ is separable over 
B’[a/4,- - -,a,*/4], for every maximal ideal m” of P” = P[S’] the comple- 
tion of is a normal ring and me = (by our observation in 
(a) above). By Proposition 2, 3 is a finite B[a,,- - -,2,]-module and P” is 


a finite P-module, which shows that P is a subspace of P”. Therefore we 
see that P is also analytically unramified. Assume that P is normal. Let 


be elements of which are maximally linearly independent over 
and such that the module generated by D,,-- -, b; over -, 
is a ring; let c,,- - -,cy be elements of 9’ which are maximally linearly 
independent over B[.x,,---,2;,b:,- + -,b¢] and such that the module generated 
by over B[2,,- - -,2,,b1,- - +, is a ring. Since Y is a finite 


B[2,,- - -,a,]-module, there exists an element d (0) of B[a,,---,2z,] such 


completions of P, P” and B[a,,- - -,2,](2,,--,e,) Tespectively. Then we have 
dP’* Cr*[b.,- +, ey]. Let be the integral closure of P* in 
its total quotient ring. Since P”* is integrally closed, 3 is contained in P’’*. 
Therefore d$Cr*[b,,- - Simee c,,--*,cy are linearly 
independent over r*[b,,- - -,b¢] (Lemma 0.6), we see that d8 C r*[b,,-- 


and ds C P*, Therefore by Lemma 2 and by our induction assumption, we 


have P* =§ and P* is a normal ring. Thus the proof is completed. 
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Corottary. If P is a spot, then the derived normal ring of P is a 
finite P-module. 


Proof. The ring P’ in the above proof is a normal ring and is a finite 
module over P. Therefore P’ is the derived normal ring of P, which proves 


our assertion. 


Remark. It is known that if a semi-local integral domain 0 is ana- 
lytically unramified, then the derived normal ring of o is a finite o-module. 
(Nagata [8]; a proof will also be given in the second paper of the present 


sequence. ) 


5. Finiteness of derived normal rings of affine rings. 


THEOREM 3. If 0 is an affine ring, then the derived normal ring 0’ of 
0 is a finite o-module. 


Proof. Let I be a groud ring of 9. Then by Corollary 2 to Proposition 1, 
there exist an element a (0) of I and elements y,,- - -,Y, of o which 
are algebraically independent over J such that o[1/a] is integral over 
I[1/a,y:,° Let 0” be the integral closure of I[1/a,y1,- in 
the field of quotients LZ of o. Then by Proposition 2, 0” is a finite 
I{1/a,y,,° - *,Yn|-module. If a is a unit in 0, then 0” —o’ and o’ is a finite 
o-module. Therefore we treat the case where a is non-unit in 0. Since o” 


is a finite [1/a,y¥,,- - -,Yn]-module, there exist a finite number of elements 
in o’ such that 0” —o[1/a, ¢,,- - -,¢,] (because 0” —o’[1/a]). Set 
0,=o[¢,,- - -,¢c-] (which is a finite o-module). Let p,,- - -,p, be all the 
minimal prime divisors of ao,. Then there exist a finite number of elements 
in o’ such that (0,)y,[¢s,° -,¢’r] is a normal ring for every 1, 
by the corollary to Theorem 2. Set 0.—0,[c’;,- --,c4]. Now we prove 


the following two lemmas: 


LemMMA 1. For any ring 8 such that 0. 8Co’ and for any prime 
ideal p of rank 1 in 8, the ring 8) is a normal ring. 


Proof. If azgp, then 8) contains 1/a and therefore 8, is a ring of 
quotients of 0”, which shows that 8, is a normal ring in this case. When p 
contains a, we set p’=pMo.. Then p’ is of rank 1 by Theorem 1. There- 
fore 


quotients of o’ and is a normal ring. 


is a normal ring and it contains o’. Therefore 8) is a ring of 


LEMMA 2. With the same 8 as in Lemma 1, let qi,: * *,qQy be all the 
If d,,° 


imbedded prime divisors of a8. -+,d, are elements of o’ such that 


| 
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dy] is a normal ring for every 1 and tf ts an imbedded prime 
divisor of a3’, where 8’ =8[d,,- - -, dy], then q’N 8 contains some q; properly, 
provided that § 1s Noetherian. 


Proof. Set q=q’M8. Since q’ is an imbedded prime divisor of a8’, 8’y 
is not a normal ring ([10,§9]). Therefore 8, is not normal because 8’ C 0’. 
This shows that q contains one of qi, say q; by Lemma 1 ([10,§9]). If 
q = 4q,, we have a contradiction to the choice of d,,- - -,d, and our assertion 


is proved. 


Now we proceed with the proof of Theorem 3. We choose elements 
d,,- - -,d, of o’ as in Lemma 2 with §=o.; then repeat this process with 
§=o.[d,,- --,d,] and so on; the existence of such d,s follows from the 
corollary to Theorem 2. Then by the finiteness of chains of prime ideals 
in o, (or by the finiteness of dimension over I of the field of quotients J 
of o), after a finite number of steps we reach a ring o* in which ao* has no 
imbedded prime divisor. Since o.[1/a] =o” is a normal ring, o*[1/a] is a 
normal ring. Therefore the fact that ao* has no imbedded prime divisor 
shows that o* is a normal ring (on account of the property proved in Lemma 
1) ({10,§9]). Therefore 0* =o’ and o’ is a finite o-module, because we 
added only a finite number of elements of 0’ at each step. 


6. Preliminaries from the theory of valuation rings. 


Lemma 1. An integral domain » is a valuation ring if and only tf the 
set of all principal ideals of » 1s linearly ordered by inclusion. Equivalently, 
if an element a of the field of quotients of » is not in bv, then a is in». 
(Krull [4]) 


Since the proof is easy and is well known, we will omit it. 


Remark. From this lemma, we see that if » is a valuation ring and if 
p is a prime ideal of », then by and b/p are valuation rings. Further it is 
easy to see that pby =p (set-theoretically). 


LEMMA 2. Let a be an ideal of an integral domain o. Let L be a field 
containing o. If x is an element of L and if ao[x] contains the identity, 
then ao|x-*] does not contain the identity. (Chevalley ; see Cohen-Seidenberg 
[3]) 

Proof. We may asume that a is a prime ideal in 0, for, if not, we may 
replace a by any of its prime divisor. Similarly, considering oq instead of 0, 
we may assume that a is the unique maximal ideal of 0. Since 1eao[z], 


| 
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there exists a relation l1=p.+p.e+-:--:+ pra" with pjea. Since a is 
the unique maximal ideal of 0, 1— pp is a unit in o and 2” is integral over o. 
Therefore ao[z?] ~o[a*] ([10,§4]). 


Lemma 38. Let 0 be a subring of a field L and let p be a prime ideal 
of o. Then there exists a valuation ring » of L which dominates oy. (Krull 


Proof. Let F be the set of subrings $ of Z which contain o such that 
p3>48. Then the set F is an inductive set, because members § of F' are 
characterized by 1fp$ and oC 8CUL. Therefore there exists a maximal 
member » in F by Zorn’s lemma. If z is an element of L which is not in b, 
po[a«] contains the identity by the maximality of b. Therefore 1 ¢ pv[1/z] 
by Lemma 2 and we see that 1/xeb again by the maximality of ». Therefore 
p is a valuation ring by Lemma 1. The existence of » which dominates 0, 


is easily seen if we consider oy instead of o. 


Proposition 4. Let v be a valuation ring of a field L and let p be 
the maximal ideal of ». Let o be a valuation ring of the residue class field 
p/p. Then there exists a uniquely determined valuation ring v’ of L which 
contains » as a prime ideal and satisfies v’/p=o. With this v’, we have 
b’y =D. 


Proof. If there exists such bv’, it must be the set of all elements of 5 
whose residue classes modulo p are contained in 9. Therefore we have only 
to show that this set b’ is a valuation ring, because if we see that b’ is a 
valuation ring then the last assertion is easy. Let a be an element of L 
which is not in b’. If a is not in b, then 1/aep and 1/aev’. Assume that 
ais in » and let a’ be the residue class of a modulo p. Since o is a valuation 
ring, 1/a’ is in 9 and 1/aev’. Since obviously b’ is an integral domain, we 
see that b’ is a valuation ring. 


We call b’ the composite of b and o. 


Proposition 5. Let o be a subring of a field L and let p, Cp. C-- - 
C p, be a chain of prime ideals p; in 0. Then there exists a valuation ring b 
of L which has prime ideals n,,---,n, such that pp=nNo for each i. 
(Krull [4]) 


Proof. We prove our assertion by induction on r. Let bv, be a valua- 
tion ring of Z whose maximal ideal n, lies over p,; existence of b, follows 
from Lemma 3. Then by our induction asumption, there exists a valuation 


ring of b,/n, which has prime ideals n’,,- - -,1’, such that 144M (0/p,) 


, 
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=;/p, for each i. Then by Proposition 4, we see the existence of a valua- 
tion ring with the required property. 


Remark. The proof of Proposition 5 shows that if we are given a 
valuation ring », which dominates o»,, then the valuation ring » may be 
chosen as the composite of », and a valuation ring of the residue class field 
of 


Proposition 6. Let 0 be a subring of a field L. If an element x of L 
is not integral over o, then there exists a valuation ring v of L which con- 
tains 0 and does not contain x. (Krull [4]) 


Proof. If x is integral over o[1/z], then z is integral over 0. Therefore 
x is not integral over o[1/z] and we may assume that 1/zeo. Let p be a 
prime ideal of o containing 1/z and let b be a valuation ring of L which 
dominates oy (by Lemma 3). Then 2 "pb and b does not contain z. 


CoroLtaRy. A normal ring o is the intersection of all valuation rings 
(of its field of quotients) which contain o (and conversely). (Krull [4]) 


Chapter 2. The Notion of Model. 


Throughout this chapter, we fix a ground ring I unless the contrary is 
explicitly stated. Further, all function fields will be assumed to be contained 
in some fixed field, unless the contrary is explicitly stated. 


1. Places and correspondences. A valuation ring (or a field) which 
is a ring of quotients of the ground ring I is called a ground place (of I). 
When L is a function field (over J), a valuation ring b of L is called a place 
of Z (over I) if » dominates some ground place (of J). Since we fix the 
ground ring J, we shall often omit the term “over J” or “of I”. 

When P and P” are spots, we say that P and P’ correspond to each 
other or that P corresponds to P’ if there exists a place which dominates 
both P and P’. (The function fields of P and P’ may be distinct from each 


other. ) 


THEOREM 1. A spot P corresponds to a spot P’ if and only if the 
ideal a of P[P’| which is generated by the mazimal ideals m and wm’ of P 
and P’ does not contain 1. In that case, if p is a prime ideal of P[P’] which 
contains a, then P[P’] is a spot which domiantes P, P’. Conversely, if 4 
spot Q dominates both P and P’, then Q dominates a spot which is a ring 
of quotients of P[P’] obtained as above. 
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Proof. Assume that P corresponds to P’. Then there exists a place b 
which dominates both P and P’. Let w be the maximal ideal of b. Then w 
contains m and m’, and therefore also a, which shows that a does not con- 
tain 1. Conversely, assume that a does not contain 1. Let p be a prime 
ideal of P[P’] which contains a. Let o and o’ be affine rings such that P 
and P’ are rings of quotients of o and o’ respectively. Then P[P’] is a 
ring of quotients of o[o’] and o[o’] is an affine ring. Therefore P[P’]y is 
a spot. Since p lies over m and m’ (because m and m’ are maximal ideals), 
the maximal ideal pP[P’] of P[P’]y lies over m and m’, which shows that 
P[P’]|y dominates P and P’. Next we assume that a spot Q dominates both 
P and P’. Let b’ be any place which dominates QY. Then bv’ dominates both 
P and P’. Therefore P and P’ correspond to each other. Let p’ be the prime 
ideal of P[P’] over which the maximal ideal of Q lies. Then Q dominates 
P[P’]y and this last spot dominates P and P’. Thus the proof is completed. 


Lemma 1. If two spots P and P’ are rings of quotients of the same 
ring 0, then P cannot correspond to P’ unless P = P’. 


Proof. If PP’, then there exists an element a of o which is a unit 
in one of the rings P and P’ and a non-unit in another, and P cannot 


correspond to P’. 


2. Definition of models. A set A of spots of a function field Z is 
called an affine model (of L) if there exists an affine ring o of Z such that 
A is the set of all spots which are rings of quotients of o (with respect to 
prime ideals). Such an affine ring o is called an affine ring of A and A is 
called the affine model defined by 0. A given affine model can be defined by 


only one affine ring. Indeed: 


Lemma 1. If A 1s an affine model and if o is an affine ring which 
defines A, then o is the intersection of all spots in A. 


This follows from the remark at the end of [10, § 9]. 
Now we define the notion of models. A non-empty set M of spots of a 
function field Z is called a model of L if M is the union of a finite number 
of affine models of Z and if two different spots in M never correspond to 
each other. 
Observe that an affine model is a model by virtue of Lemma 2.1.1. 
When M is a model of a function field LZ, we say that Z is the function 
field of M. 
Let M be a model of a function field Z. When b is a place of a function 
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field L’ containing L, there may be a spot P in M which is dominated by pb; 
if so, then P:is uniquely determined; it is called the center of bp on M. A 
model M of a function field L is said to be complete if every place of L has a 


center on M. 


Remark 1. An affine model is complete if and only if its affine ring 


is integral over the ground ring. 


The proof follows from Proposition 1: 6. 


Remark 2. A model M of a function field L is complete if and only 
if one of the following conditions is satisfied: 

(1) Every place of a function field containing L has a center on WM. 

(2) Every spot of Z corresponds to a spot in M. 

(3) Every spot of a function field which contains Z corresponds to a 


spot in M. 
In order to prove this, we first establish 


Lemma 2. Let L be a function field and let L’ be a function field 
which contains L. Then 

1) If v’ isa place of L’, then vb’ OL is a place of L. 

2) If » is a place of L, then there exists a place v’ of L’ such that 
b=b'N L. 

3) If P 1s a spot of L, then there exists a place » of L which domi- 
nates P. 


This follows immediately from results in §6 of Chapter 1. 


Proof of Remark 2. Equivalence with (1) is immediate from Lemma 2. 
We will prove the equivalence with (2) or (3). Let L’ be any function field 
containing L. Assume first that M is complete. Let P be any spot of Z or L’. 
Then there exists a place b’ of LZ’ which dominates P.. Let Q be the center 
of b’ on M. Then P corresponds to Q. Conversely, assume that M is not 
complete. Then there exists a place » of Z or L’ which has no center on M. 
Let A,,: be affine models of Z such that |); A; and let be 
the affine ring of A;. Since b has no center on M, b does not contain any 
of the rings 0;; let 2; be an element of 0; which is not in b and set y,=1/%;. 
Further let yni1,- yr be elements of b such that I[y,,-- -,y,] is an 
affine ring of L or L’. Set P=§&,,,,, where m is the maximal ideal of ». 
Let Q be any spot in M. Then Q is a ring of quotients of some 0;, say 0. 
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Then z, is in. Q. and y,—1/z, is a non-unit in P. Therefore y, is a unit 
in the ring P[Q], which shows that P does not correspond to Q by Theorem 1. 
Thus we see that this spot P does not correspond to any spot in M and the 
proof is completed. 


THEOREM 2. Let be elements of a function field L 
such that I[x,,-**,%n] is an affine ring of L. Let A; be the affine model 
defined by for each such that Then the 
union M of all A; is a complete model of L. 


This model M is called the projective model of L defined by the affine 
coordinates (2,:* *,%n). (A model is called a projective model if it is a 
projective model defined by a suitable affine coordinates.) 


Proof. We first show that M is a model. Assume the contrary. Then 
there exist two different spots P and P’ in M which correspond to each other. 
By Lemma 2.1.1, P and P’ cannot be in the same affine model A;. Since 
(x;/2;) = We may assume that P is in A, and Pf” is in Aj. 
Set 0 =o,[0,]. Then by Theorem 1, there exists a prime ideal p of o such 
that 0, dominates both P and P’. Since o contains both x, and 1/z,, 2, is a 
unit in 9. Since P contains 2, and since 0) dominates P, we see that 2, is 
a unit in P and P contains 9. It follows that oy =P (because P is a ring of 
quotients of 05; see [10,§2]). Similarly we see that oy =P’, whence P = P’, 
which is a contradiction. Thus we have proved that M is a model. Now 
let b be a place of LZ and let v be a valuation of LZ defined by b. We choose 
a, such that v(a) Sv(a;) for any 7=0,---,n. Then o; is contained in b. 
Let gq be the intersection of the maximal ideal of » with 0; Then Q = (0;)q 
is dominated by ». Therefore Q is. the center of b on M, which shows that M 
is complete. 

The notion of projective model can be. defined by homogeneous coordi- 
nates as follows: Let 2,: + -,2, (at least one of 2, say 2, is not zero) be 
elements of a certain field containing J. Let A; be the affine model defined 
by the affine ring - +, 2n/%]| for each i.such that 2,40. Then the 
union of all A; is the projective model defined by the affine coordinates 
(2:/20,* * *,;%n/%0)s This model is called the projective model defined by 
the homogeneous coordinates (%,- - -,2n). Observe that the projective model 
defined by the affine coordinates (z,,- - -,%,) is also defined by the homo- 
geneous coordinates (t,2z,t,- - -,2,t) with an arbitrary nonzero element 

Let M be a projective model of a function field Z. An affine ring o 
is called a homogeneous coordinate ring of M if o is generated by a:system 
of homogeneous coordinates over the ground ring J and if it contains an 
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algebraically independent element over the function field L of M; when 9 
is expressed in the form I[%,- - -,2n], then we understand that -, 2n) 
is a system of homogeneous coordinates which defines M, unless the contrary 
is explicitly stated. Observe that one nonzero % is transcendental over L if 
and only if every nonzero z; is transcendental over L. Let K be the field of 
quotients of o and asume that z, is transcendental over L. Then K =L (2). 
An element a of K is called homogeneous if there exists an element b of L 
such that a= bz," with a rational integer 7; this r is called the degree of 


homogeneity (or merely degree) of a. 


3. Specializations. A quasi-local ring P is said to be a specialization 
of another quasi-local ring P’ if P’ is a ring of quotients of P (necessarily with 
respect to a prime ideal). Observe that if a valuation ring pb is the com- 
posite of a valuation ring b’ and a valuation ring of the residue class field 
of b’, then b is a specialization of b’. 


Proposition 1. If a spot P’ is a specialization of another spot P and 
if P’ is in a model M, then P is also in M; if PAP’, then dim P’ < dimP. 


Proof. Since there exists an affine model A such that P’e AC M, we 
may assume that M is an affine model. Let o be the affine ring of MW and 
let p’ be the prime ideal of 9 such that P’—o,. Let m be the prime ideal 
of P’ such that P=P’y. Then P =O mag)? which shows that P is in 
If PAP’, then rank P < rank P’, whence dim P > dim P’ by Corollary 1 to 
Theorem 1.1. 


PROPOSITION 2. Assume that a spot P’ of a function field L is a 
specialiaztion of another spot P (necessarily of L). If dim P’ < dimP, then 
there exists a spot P* of L such that 1) P’ is a specialization of P*, 2) P* 1s 
a specialization of P and 3) dim P* = dim P’ +1. 


The proof is easy making use of Corollary 1 to Theorem 1.1. 


ProposiTION 3. Assume that the ground ring I is either a field or a 
Dedekind domain which has infinitely many prime ideal. If M is a model 
and if P is a spot in M, then there exists a spot P’ in M which 1s a specializa- 
tion of P and of dimension 0. 


Proof. We may assume that M is an affine model. Then the proof is 
immediate from Corollary 6 to Proposition 1.1. 


Proposition 4. Let M be a model of a function field L and let L’ be 
a function field which contains L. Assume that spots P and P’ in M are 
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dominated by places » and v’ of L’ respectively and that v’ is a specialization 
of v. Then P’ is a specialization of P. Conversely, if a spot Q’ of L ws a 
specialization of another spot Q and if a place w of L’ dominates Q, then 
there exists a place tw’ of L’ which is a specialization of w and dominates Q’. 


Proof. Let A be an affine model of Z which contains P’ and is con- 
tained in M. Let o be the affine ring of A and let m and m’ be the maximal 
ideals of » and vb’ respectively. Then we have oC P’Cvb’Cpb. Therefore 
we can set P* =0 and P** wren? Then P* and P** are the centers 
of » and b’ on A, hence on M. Therefore P* =P and P** =P’ and P’ isa 
specialization of P because m Cm’. The converse follows from the remark 


after Proposition 1. 5. 


4, Joins of models. Let M and WM’ be models (of function field Z and 
L’ respectively. We say that M dominates M’ (in symbols MW’ S M) if every 
spot in 7 dominates some spot in MW’. 

If P and P’ are spots, the set of spots which are rings of quotients of 
P[P’| and dominate both P and P’ is called the join of P and P’; it will be 
denoted by J(P, P’). 


Remark. J(P,P’) is empty if and only if P does not correspond to P’, 


by virtue of Theorem 1. 


Now, for two sets M and M’ of spots, the union of all J(P, P’), where 
P and P’ run over all spots in M and M’ respectively, is called the join of 
M and WM’ and will be denoted by J(M, M’). 


THeorEM 3. Let M and M’ be models of function fields L and L’ 
respectively. Then the join J(M,M’) of M and M’ is a model of L(L’). 
Further J(M,M’) dominates both M and M’ and if a model M” (of a function 
field which contains L(L’)) dominates M and M’, it dominates J(M, M’). 


Proof. Our assertion, exception for the fact that J(J/, M’) is a model, 
follows from Theorem 1. We prove that J(1/, M’) is a model. Assume that 
spots P”, and P”, in J(M,M’) correspond to each other. We take spots 
P,,P,¢M and P’,,P’,.e¢ M’ such that P”’;e/(P;,P’;) for each 1. Let b be a 
place which dominates both P”, and P”,. Then » dominates P,, P., P’, and 
P’,. It follows that these spots correspond to each other. Therefore by the 
definition of models, we have P; and P’; ?’,. Thus we see that P”, 
and P”, are rings of quotients of the same ring; by Lemma 2.1.1, we have 
Pp”, = P”,. Now we have only to show that J(1/,M’) is the union of a 
finite number of affine models. In order to do this, we have only to prove 
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Lemma 1. If A and A’ are affine models, then the join J(A, A’) 1s an 
affine model. 


Proof. Let o and o’ be the affine rings of A and A’ respectively. Then 
the ring 0” =o[o’] is also an affine ring. Let A” be the affine model defined 
by 0”. By the definition of J(A,A’), every member of J(A,A’) is a ring 
of quotients of 0”, whence J(A,A’) CA”. Conversely, let P” be a spot in 
A” and let p” be the prime ideal of 0” such that P’ =o”. Then P” con- 
tains spots P= and Therefore P” is a ring of quotients 
of P[P’] ([10,§2]) and dominates P and P’. Therefore P” is in J(A, A’) 
and A” C J(A,A’). Thus the assertion is proved. 


Proposition 5. If M and M’ are complete models of function fields L 
and L’ respectively, then J(M, M’) is a complete model of L(L’). If M and 
M’ are projective models, then so is J(M,M’). 


Proof. Let » be a place of L(L’). Then b has centers P and P’ 
on M and M”’ respectively. Let m be the maximal ideal of b and set 
n=mNOP[P’]. Then P”=P[P’|n, which is in J(M,M’) by Theorem 1, 
is dominated by », which shows that b has a center P” on J(M,M’). It 
follows that J(M, M’) is a complete model. Now we assume that M and M’ 
are projective models defined by homogeneous coordinates (%,- - -,%m) and 
(Yo.* * *sYn) Tespectively. We may assume here that no z; and no y; is zero. 
Let M” be the projective model defined by the homogeneous coordinates 
(riyj3t=0,- We denote by o; and o’; the affine 
rings *,%m/x;] and I[yo/y;,- -,Yn/yj] respectively. Let A; and 
A’; be the affine models defined by 0; and 0’; respectively. On the other hand, 
let o”;; be the affine ring o;[0’;] and let A”;; be the affine model defined by 
o”;;, Then 0”; is generated by the elements 2,y;/riy; (i and j are fixed; 
0=rsm,0Sssn) over]. Therefore M” is the union of all A”;;. Since 
= 0;[0';], (Ai, A’;). Therefore M” is the join J(M,M’) of M 
and M’. Thus we see that J(M,M’) is a projective model. 

If a model M dominates another model M’, then J(M,M’) WM. From 
this fact we deduce 


LemMA 2. Assume that a model M of a function field L dominates a 
model M’ of a function field L’. Then there exist affine models Aj; of L 
and affine models A’; of L’ (j=1,---,m;t=—=1,---+,n(j)) such that 
1) AyZA’; and 2) M=UiyAy, M’ =U; 


Lemma 3. Let M and M’ be models of the same function field L. 
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Assume that there exists a model M” of L which contains both M and M’, 
then MN M’=J(M,M’). 


The proof is easy. 


5. Derived normal model of a model. We say that a model M is 
normal if every spot in M is normal. 


Notation. Let P be a spot of a function field L and let L’ be a finite 
algebraic extension of L. Further let o be the integral closure of P in L’. 
Then we denote by N(P;L’) the set of spots which are rings of quotients 
of o with respect to maximal ideals of 0. When M is a set of spots of L, 
then the union of all N(P;L’), where P runs over all spots in M, will be 
denoted by N(M;L’). On the other hand, N(P;L) and N(M;L) are 
denoted by N(P) and N(M) respectively. 


Remark 1. N(P;L’) is a finite set, because o is a finite P-module.* 


Remark 2. In §$1-4, our assumption that ground rings satisfy the 
finiteness condition for integral extensions did not play any rdéle. In the 
present section this condition will be used in an esential manner. Without 
it, it would not be true in general that the derived normal ring of a spot P 
is a finite P-module. (If the function field is separably generated over the 
ground ring 7, then the derived normal ring of P is a finite P-module; cf. 
the appendix to the second paper of this series; in this case, assuming 
further that L’ is separably generated, the results of the present section hold 
without assuming the finiteness condition. ) 


THEOREM 4. Let M be a model of a function field L and let L’ be a 
finite algebraic extension of L. Then N(M;L’) is a normal model. If a 
normal model M’ of a function field containing L’ dominates M, then M’ 
dominates N(M;L’). 


This model N(M;L’) is called the derived normal model of M in L’; 
N(M) is called the derived normal model of M. 


Proof. We first prove the first assertion in the case where M is an affine 
model. Let o be the affine ring of M and let o’ be the integral closure of o 
in L’, Then by Theorem 1.3, o’ is also an affine ring. On the other hand, 
N(M;L’) is the set of spots which are rings of quotients of 0’, which shows 


®It is well known that if 9 is a (Noetherian) semi-local integral domain, then the 
derived normal ring of 9 has only a finite number of maximal ideals (but it may not 
be Noetherian). 
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that N(M;L’) is an affine model and is normal. Now we consider the general 
case. By the above statement, we see that N(M/;L’) is the union of a finite 
number of affine models. Assume that a spot P*eN(M;L’) corresponds to 
a spot P**e¢N(M;L’). Let P and P’ be spots in M such that P* e N(P; L’) 
and P**¢N(P’;L’). Let b be a place which dominates both P* and P**, 
Since P* and P** dominate P and P’ respectively, » dominates both P and 
P’, which shows that P= P’. Therefore P* and P** are rings of quotients 
of the same ring (which is the integral closure of P in L’). Therefore by 
Lemma 2.1.1, we have P* = P**, Thus we see that N(M;L’) is a model 
and is obviously normal. Now we prove the last assertion. Let P” be a spot 
in M’. Then there exists a spot P in M which is dominated by P”. Since P” 
is a normal ring and since the field of quotients of P” contains L’, P” 
contains the integral closure o’ of P in L’. Let m” be the maximal ideal 
of P’”. Since P” dominates P, n’’M P is the maximal ideal of P. Therefore 
nm’ 0’ lies over the maximal ideal of P, which shows that m’( 0’ is a 
maximal ideal of o’ ([10,§4]). Therefore the ring 0’ Gq,» is in N(M;L’) 
and is dominated by P”. This completes the proof. 


TueoreM 5. Let M be a model of a function field L and let L’ be a 
finite algebraic extension of L. If M is a complete model, then N(M;L’) 
is also complete. If M is a projective model, then N(M;L’) 1s also a pro- 


jective model. 


Proof. Since the first half is easy, we prove only the last assertion. We 
assume that M is the projective model defined by the homogeneous coordinates 
(Yo:* * *sYn), Where we may assume that y is transcendental over L and 
that all y; are not zero. Set h—=IJ[y,---,yn]. Since § is an affine ring, 
the integral closure }’ of § in L’(y.) is a finite h-module. Let i be the set of 
elements of h’ which are homogeneous and of positive degree (where the notion 
of homogeneity and of degree are defined in the same way as in the case of 
L(y)). Since 6’ is a finite h-module, h” —h[i] is a finite h-module. Let r 
be a natural number and let wo,- - -,w; be a set of generators of the J-module 
of all elements of 6” of degree r; here we choose w; to be y;” for in. 
Further, let 1/(1) be the projective model defined by the homogeneous coordi- 


nates (wWo,: and let be the function field of M(17). It is obvious 
that L(r) is contained in L’. We set 2;—=w;/w; and 21]. 
Then 

(1) For each i=n, 0; is integral over I[yo/yi,- Yn/yil. 


Proof. Since w; is integral over h, there exists a relation wj;“ + c,wj"* 
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+--+-+¢,=0 with c,h; here we may assume that each c, is a homo- 
geneous polynomial in Yo,--*,Yn of degree rk. Then C./yv* is in 
TlYyo/Yis’ *>Yn/yi] and is integral over * 

(2) For sufficiently large r and for i<7n, 0; is the integral closure ot 
I[yo/yis’ *>Yn/yi] in L’. 

Proof. Let c be any element of the integral closure 0; of I[yo/yi, 
-++,Yn/yi] in LZ’. Then there exists one integer d such that cy; is integral 
over h. If r is chosen to be not less than d, then, since cy; is also in h” 
in this case, we see that c is in 0; Since 0’; is a finite I[yo/yi,- - *, Yn/yil- 
module, we see that for sufficiently large r, 0; contains 0’; Now, by virtue 
of the observation in (1) above, we see that 0; 0’; for sufficiently large r. 


The fact proved in (2) shows that V(M;L’) is a subset of M(r) for 
sufficiently large r. Since N(M;L’) is a complete model, it follows that 
N(M;L’) =M(r) and N(M;L’) is a projective model of ZL’. Thus the 


assertion is proved. 


6. Irreducible sets. When WM is a model and when P is a spot in M, 
the set of spots in M which are specialization of P is called the locus of P 
in M and will be denoted by M(P). 

A subset HE of a model M is called an irreducible set if there exists a 
spot P in M which satisfies the following two conditions: (1) EF is contained 
in the locus of P in M and (2) for any finite number of spots P,,---,Pn 
in M which are specializations of P and which are different from P, EF is not 
contained in the union of the loci M(P;) of the spots P;. We call P the 
generating spot of E; it is unique as we now show. 

Assume that P”’ is also a generating spot of H. Let Q be a spot in F£ 
and let A be an affine model containing Q and contained in M. By Proposi- 
tion 1 P and P’ are in A. Let o be the affine ring of A and let p and p’ 
be the prime ideals of 9 such that Poy, P’=oy. Let p,,- - -,p, be the 
set of all minimal prime divisors of p+ p’ and set Pj —ody,. Since Q is a 
specialization of both P and P’, the prime ideal q such that Q = oq contains 
p+ p’. Therefore Q is a specialization of some P;. This shows that HM A 
is contained in the union of the loci of the spots P,,---,P,. Since the 
same holds for any affine model contained in M and since M is the union 
of a finite number of affine models, we have a contradiction if PP’. 


Remark. Since the notion of specialization does not depend on the 
choice of the model which carries the given spots, the notion of irreducible 
set does not depend on the choice of the model which carries the given sets. 
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Lemma 1. Let A be the affine model of a function field L defined by 
an affine ring 0. Let EF be a subset of A. Then E 1s wrreducible if and 
only if the intersection p of all prime ideals q such that ‘og is in E is a prime" 
ideal. In this case, dy is the generating spot of E. 


Proof. Assume first that p is a prime ideal. If og is in # (q being a 
prime ideal of 0), q contains p and og is a specialization of the spot P =o). 
If there exist spots dy,,- -*,0p, (pi; being prime ideals of 0) which are 
specializations of P and are different from P such that FH is contained in the 
union of A(od»,), then by the definition of p, the intersection of all p; must 
be contained in p, which is a contradiction because pC p; (p~p;). This 
shows that P is the generating spot of #. Conversely, assume that p is not 
prime. Since p is an intersection of prime ideals, p is a semi-prime ideal. 
Therefore p is the intersection of the minimal prime divisors ),,- - -,), 
(r>1) of p ([10,§1]). Set P;—o,,. If P is a spot whose locus contain 
E, then the prime ideal gq such that P =o, must be contained in p. Since 
E is contained in the union of the loci P,,- - -,P,, P is not a generating spot 
of FE, which shows that # is not irreducible. Thus the proof is completed. 


On the other hand, with the same notations as above, if we set 
E,;=EQA(P;) for each i, then F; is an irreducible set with generating 
spot P;, which shows that # is the union of the irreducible sets H;. Since a 
model is the union of a finite number of affine models, we have 


LemMMA 2. Hvery subset EL of a model M is the union of a finite number 
of irreducible sets. 


CoroLuary. If a subset E of a model M contains infinitely many spots, 
then there exists an irreducible subset of E which contains infinitely many 
spots. 


Again by the fact that a model is the union of a finite number of a‘fine 
models, we see easily 


LemMa 3. Let EF be a subset of a model M of a function field L. Then 
a spot Pe M is the generating spot of E (and consequently EF is irreducible) 
if and only if 1) E 1s contained in the locus of P in M and 2) there exists 
an affine model A of L which is contained in M such that P is the generating 
spot of ENA. 


Remark. Let EF be a subset of a model M. Then there may be different 
expressions of H as the union of a finite number of irreducible sets. But 
the following fact holds good. 
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There are irreducible sets Z,,: - -,#, which satisfy the following three 
conditions; these 2; are uniquely determined: 


1) F£ is the union of all £;. 2) Every irreducible subset of E is con- 
tained in at least one of H;. 3) There is no inclusion relation among the £j. 


Proof. Let F,,- + +,F, be irreducible subsets of # such that £ is the 
union of them. Let P; be the generating spot of F; and set F;. = HN M(P;). 
We may assume without loss of generality that there is no inclusion relation 
among H,,-- -,#, and that each of - -,H, is contained in some £; 
(in). These H,,-- -,H, satisfy the conditions 1) and 3). Let F be an 
irreducible subset of W with generating spot Q. Let A be an affine model 
contained in M such that FA is an irreducible set with generating spot Q 
(by Lemma 3). Then by the proof of Lemma 1, we see that Q is a specializa- 
tion of some P;, which shows that F is contained in some E;. Therefore these 
E; satisfy the condition 2). If H’,,- - -,H’», satisfy the above three condi- 
tions, then each #; must be contained in some EH’; and EH’; must be contained 
in some F,. Therefore the systems F,,---,#, and H’,,- --,H’, must 
coincide with each other. 


7. Zariski topology. Let WM be a model. Let % be the family of subsets 
F of M which satisfy the following conditions: (1) If a spot P is in F, then 
F contains the locus of P in M and (2) if F contains an irreducible set F, 
then F' contains the generating spot of F. 

This % can be used as the family of closed sets in a topology, called the 
Zariski topology in M. 


THEOREM 6. A subset F of a model M is a closed set of M if and only 
if there exist a finite number of spots P,,- --,Pn in M such that F is the 
union of the loci M(P;). 


Proof. Each M(P;) is a closed set and therefore Jj; M(P;) is also a 
closed set. Assume that F is a closed set of M. Let F” be the set of spots 
P in F which are not specialization of any other spots in F. We have only 
to show that F” is a finite set, which follows immediately from Lemma 2. 6. 2. 


Proposition 6. A subset F of a model M 1s a closed set of M if and 
only if the following two conditions are satisfied: (1) If P ts a spot in F, 
then M(P)CF and (2) tf a spot P’eM is not in F, then there exist a finite 
number of spots P,,---,P,eM(P’) which are different from P’ such that 
FO M(P’) CU: M (Pi). 
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Proof. Assume first that F is closed. By the definition of closed sets, 
condition (1) must hold. Since F is a closed set, FM M(P’) is also a closed 
set. Therefore by Theorem 6, condition (2) holds also. We shall now prove 
the converse part. Let F” be defined as in the proof of Theorem 6. Then 
we have only to show that F” is a finite set. Assume the contrary. Then there 
exists an irreducible set F’’ which contains infinitely many spots and is 
contained in F” by the corollary to Lemma 2.6.2. Let P” be the generating 
spot of Ff’. Then by our assumption, P” is not in F' and therefore there 
exist a finite number of spots P,,- --,P,neM(P”) (PiX¥AP”) such that F” 
is contained in |); M(P;) by condition (2), which is a contradiction to our 
assumption that F” is irreducible. Thus the proof is completed. 


THrorEeM 7. Let A be the affine model defined by an affine ring o. 
Then a subset F of A is a closed set of A tf and only if there exists an ideal 
a of o such that F is the set of spots which are rings of quotients of o with 
respect to prime ideals which contain a. 


In this case, we say that F is the closed set of A defined by the ideal a 
and that a is an ideal of o which defines F. 


Proof. If F is a closed set, then by Theorem 6, there exist a finite 
number of spots P,,- - -,P, such that F—=l();A(P;i). Let p; be the prime 
ideal of o such that P;=o,,. Then a=/[);p; has the required property. 
Conversely, asume that a is an ideal of o. Let p,,- - -,p, be the minimal 
prime divisors of a. Then a prime ideal p of o contains a if and only if p 
contains one of p;’s. It follows that the set of rings of quotients of o with 
respect to prime ideals containing a is a closed set. Thus the proof is 


completed. 


THEOREM 8. Let M be a model of a function field L and let A,,- - -,An 
be models of L such that M is the union of them. Then a subset F of M 
is closed if F 1 A; ts a closed set of A; for each 1. Conversely, if F is a closed 
set of M, then FQ A tsa closed set of A for any model A of L contained in M. 


Proof. Assume that F'M A; is closed in A; for each 7. Then there exist 
a finite number of spots Py (t=—1,- --,n37=—1,--+-,m(%)) such that 
FO Then F= Ui; C M(Pi). We denote this 
last set by F’. Let P’ be a spot in F’. Let @ be such that P’ is in Aj. 
Then P’e J; Ai(Pij), which shows that F = F’ and we see that F is a closed 
set of M. Conversely, assume that F is a closed set of M. Take spots 
P,.: such that M(P;). If M(P;) meets A, then P; is in 
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A by Proposition 1 and in this case M(P;) A coincides with A(P;). 
Therefore we see that FM A is a closed set of A. 


Corottary. Let M’ be a model of a function field L. If M’ ts con- 
tained in a model M of L, then M’ is a subspace of M. 


Proof. If F is a closed set of M, then FM M’ is a closed set of M’ by 
Theorem 8. Assume that F” is a closed set of M’. Take spots P,,- - -,P,eF’ 
such that F’ = |), M’(P;) and set F—=\);M(P;). Then F is a closed set 
of M and FO M’=F’. Thus the corollary is proved. 


THEOREM 9. Let M be a model of a function field L. A non-empty 
subset M’ of M is again a model of L if and only if M’ is an open set of M. 


Proof. Assume that M’ is a model. We may assume that M is an affine 
model; because for every affine model A contained in M, M’N A=J(M’,A) 
(by Lemma 2.4.3) is a model and therefore, if our theorem is proved for 
M =A, then Theorem 8 asserts that M’ is open. Further, we may assume 
that M’ is an affine model, because WM’ is the union of a finite number of 
affine models. Let o and o’ be affine rings of M and M’ respectively and let 
F be the complements of M’ in M. We have only to show that F is a closed 
set of M. Since M contains M’, o’ contains o. Let a,,- - -,@, be elements 
of o’ such that 0’ ~o[a,,- - and set a, = {a;ae0,aaje0}. Then each 
a; is an ideal of 0. Set a—=f),a; and let F” be the closed set of M defined 
by a. Then it is sufficient to show that =F’. Let p be a prime ideal of o. 
Then oye” if and only if aC p. Equivalently, p contains some a;, which 
means 0» does not contain aj, i.e., Oy is not in M’, oy is in F. Thus we see 
that / =F’. Now we shall prove the converse part of our theorem. Assume 
that WM’ is an open set of M. Let A; (i—1,---+,n) be affine models such 
that M is the union of them. Then each A; is an open set by the above proof. 
Therefore 1/’; = M’M A; is an open set of M and therefore of A;. If we can 
show that 1M’; is a model, it is the union of a finite number of affine models, 
and the same will be true of M/’ and M’ will be a model. Thus it suffices to 
prove the theorem in the case M = A; is an affine model. Let o be the affine 
ring of M and let F be the complements of M’ in M. Then there exists an 
ideal a of o which defines F by Theorem 7. Let a,,- - -,a, be nonzero 
elements of o which generate a (of a0, then F—M and M’ is empty, 
which is not the case). Let A’; be the affine model defined by 0’; =o[a;*] 
for each j and set M’ = \(),;A’;. Each set A’; being contained in M, M” is 
contained in WM and M” is a model. Therefore it is sufficient to show that 
M’ coincides with M”. Let p be a prime ideal of 0. Then oye M’ if and 
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only if p does not contain a. Equivalently, there exists one 1, such that 
a i.e., and oye A’;, which is equivalent to say that ope M”’. Thus 


M’ = M” and the assertion is proved. 


LemMA 1. Let A and A’ be affine models of the same function field L. 
Assume that A dominates A’. Then AQ A’ is a model. 


Proof. Let o and o’ be the affine rings of A and A’ respectively. Since 
A dominates A’, 09 contains o’. Take elements a,,* - *,@, of 0 such that 
We set a= {a;ae0’,aa;e0’ for every 1}. Then a is an 
ideal of o’. Let F be the closed set of A’ defined by a. It is sufficient to 
show that F coincides with the complements F’ of AMA’ in A’ by virtue 
of Theorem 9 (observe that A A’ is not empty because L is in every model 
of L). Let p’ be a prime ideal of 0’. Then o’y eF if and only if aCy’. 
Equivalently, there exists one i such that a;#0’y and o’y eF’. Thus F=F’ 
and the lemma is proved. 


THEOREM 10. Let M and M’ be models of the same function field L. 
Then MQ M’ is also a model of L. 


Proof. Since Mn M’=J(M,M’)N M’, we may assume without loss 
of generality that M dominates M’. Let Ai; and A’; (t=—1,- + -,m;j=1, 
+,n(t)) be affine models of Z such that A’; and 
A;;j= A’; for every 1 and j (Lemma 2.4.2). Then by the preceding lemma, 
we see that A;; A’; is a model, which shows that M” = (Ji; (Ai; A’;) isa 
model (because it is a subset of a model and is the union of a finite number 
of affine models). Therefore it is sufficient to show that M” coincides with 
MoM’. Assume that PeMMM’. Then P is in some Aj. Since Aj 
dominates A’;, A’; contains a spot P’ which is dominated by P. Since P is 
in M’, we have =P and Pe Ayn A; CM”. Thus MN M’CM”. Since 
the converse inclusion is obvious, we have MM M’=WM” and MN WM’ isa 
model. 


CoroLttaRy 1. Let M be a model. Then the set M’ of normal spots in 
M is a model. 


The proof is easy if we observe that M’=MnN(M). 


CoroLuary 2. Let M and M’ be models of function fields L and I’ 
respectively. Assume that L contains L’.. Then the set M” of spots in M 
which dominate spots in M’ is a model. 
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The proof is easy if we observe that M” = MA J(M, M’).. 
Now we shall add some remarks on closed sets. 


1) If F is a closed set of a model M, F is the union of a finite number 
of closed sets F,,- - -,F', of M which are irreducible. Here, if there is no 
inclusion relation F,,- --,Fn, we say that each is an irreducible com- 
ponent of F. The set of irreducible components of .a closed set is uniquely 
determined. (The proof is similar to that of the remark at the end of § 6.) 

2) If # is an irreducible set in a model M and if P is the generating 
spot of #, then the closure of H in M is the locus of P in M, which shows 
that it is an irreducible set. (The proof is easy.) 


3) With the same notations as in the remark at the end of §6, the 


closure of # is the union of the closures of F,,---,H#,. Further, each of 
the closure of F,,- + -,#, is an irreducible component of the closure of LF. 


(The proof is easy by virtue of the result in 2) above.) 
4) By virtue of Proposition 6, we see that the minimum condition for 
closed sets holds in a model. Consequently, a model is a compact space. 


8. Induced models, reduced models and local models. Let P be a 
quasi-local ring with maximal ideal m. Then the natural homomorphism 
from P onto P/m is called the homomorphism defined by P; it will be denoted 
by dp. If M is a set of rings contained in P, the set of homomorphic images 
of rings in M under ¢p (which will be called merely the image of VM by ¢p) 
will be denoted by ¢p(M). 

Let M be a model of a function field Z over a ground ring I. 


Proposition 7. Let F be an irreducible closed set of M with generating 
spot P. Then op(F) ts a model of dp(P) over dp(1). 


This model ¢p(F’) is called the induced model defined by F, or the 
induced model of M defined by P; this may be denoted also by ¢p(M) 
(because this is uniquely determined by M and P). 


Proof. If M is the affine model defined by an affine ring :o, then ¢p(F) 
is the affine model defined by ¢p(0) over ¢p(Z). From this, in the general 
case, it follows that @p(F’) is the union of a finite number of affine models 
over dp(I). Assume that two spots ¢p(Q) and in dp(F) (Q,ReF) 
correspond to each other. Then there exists a place b’ of dp(P) over ¢p(I) 
which dominates both ¢p(Q) and ¢p(R). Let b be a place of LZ which 
dominates P and let o be a valuation ring of the residue. class field of ». which 
dominates pb’. Then the composite b” of » and o dominates both Q and R; 


111 
L. | 
at 
an 
to 
lel 
ss 
1, 
d 
a, 
a 
h 
is 


112 MASAYOSHI NAGATA. 


Q corresponds to R, whence Q=—RF and ¢p(Q) —¢p(Fk). This completes 
our proof. 


Remark. The above proof shows also that spots in F are mapped in a 
one-to-one way onto spots in ¢p(F). 


Let M be a model over a ground ring J and let p be a prime ideal of J. 
A spot P in M is called a general spot over p (or over the ground place J,) 
if 1) P dominates J, and 2) P is of rank 0 or 1 according as p= 0 or not. 
(If p—0, then P is just the function field of M.) If, for a given prime 
ideal » of J, there exists one and only one general spot P over p, then the 
induced model ¢p(M) is called the induced model of M modulo p. 

Let I’ be a subring of Z such that 1) there exists an affine ring § over 
I such that I’ is a ring of quotients of § and 2) I’ is a Dedekind domain. 
Since 8 satisfies the finiteness condition for integral extensions by Theorem 
1.3, I’ also does and I’ is a ground ring. 


ProposiTIon 8. Let My be the set of spots in M which contain I’. F 


Then Mr is a model over I’. 


This model M;,- is called the reduced model of M over I’. 


Proof. Since Mp is a subset of a model (over I), we have only to show § 
that M; is the union of a finite number of affine models over J’. Therefore F 


we may assume that M is an affine model. On the other hand, let A be the 
affine model defined by the affine ring 8. Then My is contained in J(A, M) 
and M;—[J(A,M)N Mr. Therefore we may assume further that the 
affine ring o of M contains $. Let M’ be the affine model defined by J’[o] 
over I’. Since J’[o] is a ring of quotients of 0, M’ is a subset of My. Con- 
versely, if a spot P is in My, then P is a ring of quotients of J’[o] and is 
in M’. Thus M; =—WM’ and the assertion is proved. 

Now let p be a prime ideal of 7. Then the reduced model of W over J, 
is called the local model of M attached to the ground place I); it will be 
denoted by My. 


Remark 1. If I is a field, then p must be zero, and My, = M. 


Remark 2. If I is a semi-local ring, then any local model is again 4 
model over I. 


For, any ground place of J is an affine ring over J. 


Remark 3. If I is a Dedekind domain with infinitely many prime ideals, F 


then for any prime ideal p of J, the local model My is not a model over I, J 


but is the intersection of infinitely many models over J. 
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Proof. Let k be the field of quotients of J. Assume that My is a model 
over I. Let A’ be an affine model over J which is contained in My and let 0’ 
be the affine ring of A’. Since k is an affine ring over Iy and since 0’ 
contains Jy, o=k[o’| is an affine ring over J. Let A be the affine model 
over I defined by 0. Then every spot in A has dimension at least 1, which 
is a contradiction by virtue of Proposition 3. Therefore My is not a model 
over J. Now we prove the last assertion. For every maximal ideal q of J 
other than p, we take an element a of q which is not in p and set I((q)) 
=I{1/a]. Let M(q) be the reduced model of M over I((q)). Then each 
M(q) is a model over J and My is the intersection of all M(q), which proves 
the last assertion. 


9. Equivalence of the notions of models and of abstract varieties. 
Let V be a variety (in the sense of Weil [12]) defined over a field k; we shall 
call such a variety an affine variety. Let (x) be a generic point of V over k. 
Then the field k(x) is uniquely determined to within isomorphisms over k 
and is, by definition, a regular extension of k. For a point P of V, we denote 
by Qv(P) the specialization ring of P in k(x) over k. Then the set S(V) of 
specialization rings Qy(P) (PeV) is the affine model defined by the affine 
ring k[a,,- (where (x) = +,%,)). Further, it is evident that 
for two points P and P’ of V, P’ is a specialization of P over k if and only 
if Qvy(P’) is a specialization of Qy(P). Conversely, if M is the affine model 
of a function field Z over a ground field k defined by an affine ring 
k[x,,- * *,%,] and if Z is a regular extension of k, and if V is the affine 
variety defined over k with generic point (2,,- - -,2,), then S(V) = {Qy(P) ; 
Pe V} coincides with M. 

Next, let V and V’ be birationally equivalent affine varieties and let T 
be a birational correspondence between V and V’. Assume that V, V’ and 
T are defined over a field k. Let (x) and (z’) be corresponding generic 
points of V and V’ under JT. We can identify k(x) and k(z’) by the 
correspondence 7’. Then it will be easily seen that the join of the affie models 
defined by k[ (x) ] and k[(2’)] corresponds to T in the sense we stated above 
and that a point P in V corresponds biregularly to a point P’ in V’ if and 
only if Qy(P) =Qy-(P’), provided that P and P’ are corresponding points 
under 7. (Observe that if Qv(P) —Qy-(P’) for points P and P’ in V and 
V’ respectively, then there exists a point P” in V’ such that P” is a generic 
specialization of P’ over k and that P” corresponds biregularly to P under T.) 

Now let V be an abstract variety (in the sense of Weil [12]) defined 
over a field k, with representatives V;, frontiers 3; and birational corre- 
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spondences 7; Let (x) be generic points of the varieties V; which 
correspond to each other under the correspondences T;;._ Then we can identify 
the fields k(x) with each other. Let ZL be the field obtained in this 
manner. Now let P,,- --,Png) be points in %; such that every point 
of %; is a specialization of one of P™,,- - -,P,(;) over k; such points exist 
because 3; is normally algebraic over k by definition. Then S(%i) = {Qv,(P); 
P ei} is the union of the loci of the spots Qy,(P‘;) in the model S(V;) and 
is a closed set of S(V;). Therefore, S(Vi— %i) = {Qr,(P) ; Pe Vi— Bi} is 
a model of L by Theorem 9. Let P be a point of V. Then there exists one i 
such that P has a representative P; in V;— i. We call the specialization 
ring Qy,(P;) of P; the specialization ring of P and denote it by Qy(P) ; even 
if P has another representative P; in V;—%;, Qvy(P) is unique because P; 
and P; correspond biregularly to each other. Now let S(V) be the set of 
specialization rings of points in V. Then S(V) is the union of all S(V;— 3). 
Since S(V;—i) is a model, it is the union of a finite number of affine 
models, and the same is true of S(V). To prove that S(V) is a model, 
we have only to show that any two different spots in S(V) do not correspond 
to each other. Assume that a spot Qy(P) corresponds to a spot Qy(P’) 
(P,P’eV). Let P; and P’; be representatives of P and P’ in Vi—; and 


in which corre- 


V;—%; respectively. Then there exists a point J 
sponds to P; under 7;; such that P” is a generic specialization of P’;. Since 
P” corresponds to P; under T;;, P” is a representative of P, whence 
Or(P) =Qr,(P”) e8(Vj—B;). Since is a model, we have 
Or(P) =Qr(P’) and S(V) is a model. 

Conversely, assume that Wis a model of a function field ZL over a 
field k and assume that LZ is a regular extension of k. Let A,,- - -.A, 
be affine models of Z such that M is the wnion of them. Let 
be the affine ring of A; Let V; be the affine 
variety of generic point (2) = (2,,- - -,2Onq) defined over k and let 
T;; be the birational correspondence between V; and V; under which (2) 
and (2%) correspond to each other. Then there exists an abstract variety V 
with representatives V;, birational correspondences 7;; and empty frontiers. 
The variety V being defined in this manner, we see easily that S(V), as 
defined above, coincides with M. 


Remark. Wet V be an abstract variety defined over a field k. Then 


there exists an abstract variety V’ which is everywhere in biregular corre- 
spondence with V and which has representatives V; and correspondences T'j; 


such that the frontiers are empty. 


id. 
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j Appendix. A proof of a result due to Krull. 

' Lemma 1. Let 0 be a complete local integral domain of rank r. If 
Cp, Cp, is a maximal chain of prime ideals in 0 (that ts, po =0, 
4 p, is maximal and each pi/pi. is of rank 1 for every i=1,-- -,8), then 
i r=s. (Cohen [2]) 

sf Proof. Let r be an unramified regular local ring contained in o such 
i that o is a finite r-module (Lemma 0.8). Since a regular local ring is a 


n normal ring (Lemma 0.7) and since o is an itegral extension of r, p,M r is 
n of rank 1 ([10, §5]). Therefore p, Mr is a principal ideal (Lemma 0. 9),* 
whence rank and rank 0/p,=r—1. Thus we prove 


f our assertion easily by induction on °. 
Now we prove 
, Lemma 2. Let r be a regular local ring of rank n. If p is a prime 
| ideal of r, then rank p+ co-rankp—n. (Krull [5]) 
Proof. Let r* be the completion of r. Then r* is also a regular 
: local ring, and it is an integral domain (Lemma 0.7). Set rank p—r, 
co-rankp=—s. Since r*/pr* is the completion of r/p, rank r*/pr* 
: (Lemma 0.1), which shows that there exists a prime divisor p* of pr* such 
' that co-rank p*—s and that there exists no prime divisor of pr* whose 
' co-rank is greater than s. Therefore rank pr* —n—s by Lemma 1. On the 
other hand, let S be the complements of p in r. Since r*/pr* is the com- 
; pletion of r/p, every element of r/p is not a zero-divisor in r*/pr* (Corollary 
n to Lemma 0.4), which shows that every element of S is not in any prime 
divisor of pr*. Therefore rank pr* = rank pr*s. Let a,,- be a system 
e of parameters of rg—ty. Then pr*g and Sajr*s have the same radical, 
whence rank pr*s Therefore rank pr*s 7; it follows that 
rank pr* =r. Therefore n—s<=r. Since obviously n=r-+s, we see that 


n—s==r and the assertion is proved. 
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*Tf we want to avoid making use of Lemma 0.9, we may choose r such that some 
element x of p, is in r but not in the square of the maximal ideal of r. Then p, - r is 
generated by 
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ON THE CURVATURES OF A SURFACE.* 


By AvuREL WINTNER. 


I. On the Mean Curvature. 


1. Let S be a (piece of a) surface in the X-space, where XY = (2, y, 2), 
and let SeC” for a fixed n>0. By this is meant that a neighborhood of 
every point of S has some C"-paramerization, that is, a parametrization of 
the form 
(1) S: X=X(u,v), (u,v) eD, 


where D is an open, simply connected (u,v)-domain and X(u,v) a vector 
function satisfying the conditions X (u,v) eC" and [X,,X,] on D. Note 
that if n< m, then a C"-parametrization of an SeC™ need not be a C”- 
parametrization. If SeC', there exists on S a continuous normal vector J. 
The latter is a function N(u,v) eC" in terms of every C*-parametrization 
(1) of an SeC” not only if k—n but also if k —n—1 (but not necessarily 
if k —=n—2). In order that SeC", where n>1, it is sufficient (and, of 
course, necessary) that S possesses some parametrization (1) satisfying 


(2) X (u,v) eC" and N(u,v) eC, where [X,, X,] 0. 


In fact, the sufficiency of (2) for some C"-parametrization of S is a conse- 
quence of the (local) theorem on implicit functions; cf., e.g., [8], pp. 133- 
134, and the references given there. 

If a—a(u,v) denotes the matrix of the first, and B—=£(u,v) that of 
the second, fundamental matrix in terms of a C?-parametrization (1) of an 
SeC?, then a is a (symmetric) positive definite matrix satisfying a(u,v) eC’ 
but nothing more than B(u,v)eC° is in general true of the (symmetric) 
matrix 8; so that the mean curvature H =H (u,v) exists but is, in general, 
just continuous, since it is defined by 


(3) H = }tr(Ba) ; 
in view of 
(4) K = det(Ba™), 


* Received July 27, 1955. 
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this applies to the Gaussian curvature K — K(u,v) also. As is well-known, 


(5) KS#’, 


where the sign of equality holds at a point (u,v) if and only if (u,v) is an 
umbilical point, that is, a point at which 8 becomes a scalar multiple of a 
(a “flat” point, with K —0 = dH, is here included as “ umbilical”). 

The following considerations on H, considerations in which SeC® or, 
if SeC*, the C*-character of a given parametrization (1) of SeC? will not 
be assumed, have various motivations. On the one hand, it can happen that 
no C*-parametrization of a given SeC®? is available, since precisely the 
“natural” parametrization of SeC*, one given in geometrical terms, must 
fail to be a C*-parametrization (cf. Section 8 below) ; so that the definition 
of (3) of H fails (in terms of what is available). On the other hand, the 
theory of minimum surface (H =0) speaks since Haar (cf. [5]) of surfaces 
SeC* for which S eC? is not assumed (even though proved, as a consequence 
of the theory). Such occurrences call for a definition of H = H(u,v) which 
is more geometrical than (3) (concerning the geometrical, but erroneous, 
attempts of Minding and R. Sturm, cf. the comments of Stickel [15]). 

An approach of the desired type can be abstracted from the manner in 
which H appears when, in the classical instance of varying a double integral, 


the first variation, 
B 


of the area (of a piece of S) is transformed into a line integral. 


2. Let (1) be a C'-parametrization of an SeC'; so that N(u,v) el 
holds for the unit vector 
(7) N =[X,,X_]/g, where g = |[X., Xv]| > 0 
(this g is the positive square root of the determinant of 
(8) | dX (u, yp) |? = E(u, v) du? + 2F (u, v)dudv + G(u, v) dv’, 


the first fundamental form of S, with continuous 7, F, G). By the existence 
of a continuous mean curvature on S eC? should be meant that, for some con- 
tinuous vector function (- - -) of (u,v), 


(9) [N,X,du + X,dv] -ff (- - -)dudv 
J B 
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holds as an identity in J and its interior B—B(J). Here J denotes any 
positively oriented, piecewise smooth Jordan curve which, together with B, 
is contained in the fixed (u,v)-domain D on which the C?-function (1) is 


iven. 

° It is easy to realize that the existence of a continuous (- - -) satisfying 
the requirement (9) is not implied by the C*-character of (1). If there exists 
a continuous (- - -), it is unique, since B is arbitrary. It also follows that 
(.- +) must be a vector function which is a (possibly vanishing) scalar 
multiple of NV (u,v), simply because the scalar product of dX = X,du + X,du 
and N is 0; cf. (7). Hence (- - -) can be written as gN times — 2H, where 
H=H (u,v) is a unique continuous scalar, since g—g(u,v) in (7) is 
positive and continuous. Let H be declared to be the mean curvature of S. 


The explicit form of (9) becomes 


(10) f [NV, dx] = f f — 2HgNdudv. 
B 


3. This transcribes into a (generalized) definition a fact pointed out 
by Weatherburn ([16], p. 255; cf. also [14]), who observed that (10) holds 
on every SeC? if 27 is defined by (3). For reasons of covariance, (10) holds 
for C'-parametrizations (1) of SeC? also. Actually, it is clear from (7) that, 
for reasons of covariance, (10) holds in every C?-parametrization of every 
SeC! if it holds in one C'-parametrization of that SeC', and that H is 
invariant if a C'-parametrization (1) is replaced by any other C’*-para- 
metrization of Se (provided that the local C’*-transformation, say 


(11) == (u,v), == y* (u,v), 


which represents this reparametrization is of positive Jacobian ; if the Jacobian 
of (11) is negative, then N goes over into —N, hence H into —H, and so 
only H? is invariant). 

If Se C*, and if (1) is a C?-parametrization of S, then Gauss’ definition 
of K (in terms of oriented areas of the spherical images of portions of 8), 
when combined with the derivation formulae of Weingarten (cf., e.g., [2], 
p. 62), can be written in the form 


(12) f [N,dN] = ff — 2KgNdudv. 
‘I 


This striking analogue of (10), also pointed out in Weatherburn’s paper [16], 
can be considered as defining K in the same way as (10) defines 77. But 
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(12), in contrast to (10), differentiates N(u,v) and represents, therefore, a 
requirement which cannot be formulated if only X(u,v)eC* is assumed. 
On the other hand, (12) holds whenever (1) is a C?-parametrization of an 
SeC*. This follows for reasons of invariance, and since N (u,v) eC holds 
for every C'-parametrization (1) of an SeC* (conversely, the case n = 2 of 
the assumptions (2) implies that SeC"—(?). 

A definition of the mean curvature which is more general than thie 
definition of a continuous H (on an SeC') above results as follows: With 
reference to any piecewise smooth J, put 


(13) $(B) = f LN, aX], 
J 


where B is the interior of J. Suppose that the set-function (13) can be 
extended from the particular (u, v)-sets B = B(J) to all Borel sets HL, leading 
to an additive set-function ¢(#), defined on the Borel field of (u,v)-sets E 
contained in D. Then, if ¢(£#) is absolutely continuous, the analogue of the 
relation (10) leads to an L-integrable H (u,v). 


4. It will now be proved that an SeC" possessing a continuous H need 
not be an SeC*; in other words, that the definition, (10), of Section 2 is 
actually more general than the classical definition, (3). In fact, the example 
SeC"* to be given will be such that B(u,v) will in no sense exist at a point, 
say (u,v) = (0,0), although there will exist a continuous H. Incidentally, 
this particular S will be such as to possess a C-parametrization in which 
a(u,v) eC? (as though (1) were a C*-parametrization, which (1) cannot be, 
since Se C* fails to hold). 

First, if an SeC* is given in a Cartesian parametrization, say as 
2—=2z(z,y) (so that u=2, then z(2,y) eC? on an (2, y)-domain, 
D, and (3) reduces to 


(14) (1 + q*)r—2pgqs + (1+ p?)t = 
(15) h == (1 + p* + q*)!. 


Next, if [#] denotes the Lagrangian derivative of an F = F(z, y,z, p,q), 
then, formally, the identical vanishing of (6) is equivalent to the case F =h 
of [¥]—0, whereas Laplace’s equation, r+ ¢—0, belongs to F = p?-+ 
Since [PF +G]—[F]+[G], and since [G]——f(z,y) when G= 


| 
é 
| 
t 
t 
| 

: 


ON THE CURVATURES. OF A SURFACE. 121 


G(a,y,2, p,q) is of the form G=2zf(x,y), the formal analogy between (14) 


ed. and Poisson’s equation 
an (16) r+t=—f(z,y) 
ids 


indicates that, in order to obtain an SeC' of the desired type, a construction 


of 

of Lichtenstein [10], which refers to F = p* + g?— 2zf (a, y), can be adapted. 
he Lichtenstein’s construction is based on the results of Petrini [12] on 
ith logarithmic potentials. The following construction will have the same basis, 


in a form similar to that used in [8], pp. 134-135. 


5. Let D be the unit circle 0 = 2? + y? <1, and let w(z,y) be (— 2x)" 
times the logarithmic potential of a density f(x,y) which is uniformly con- 
tinuous on D. According to Petrini, w(z,y) —wy;(z,y) need not possess 


” second derivatives r,- - - (so that (16) need not be meaningful for zw), 

"8 if f is suitably chosen on D, an example being 

E q 

he (17) f(z, y) = (cos @)*/log p (x = pcos 0, y = psin 6) 
(if O<p, with (0,0) at p=0); cf. [12], p. 138. But zw must 

ad always satisfy the “integrated form” of (16), which is 

is 

le (18) f (pdy — qdr) fdxdy 

y; (cf. [10], pp. 99-100), where J and B=B(J) are meant in the same sense 

sh as in (9). It is also known that, since f(z,y) is uniformly continuous, 

e, p=w, and gw, will not only exist but be such as to satisfy a uniform 


Holder condition of any index A<1; in particular, of some index A> }. 
3 But the analyticity of (17) for p40 implies that w;(2z,y) is analytic, hence 
7 of class C*, at every point (z,y) 4 (0,0) of D. On the other hand, since 
| w(x,y) is the logarithmic potential of a continuous density, it is readily seen 
that w,(z,y) =O (|logr|) and w,(z,y) =O (|logr|) as r=—=(a?+ y?)t 
(in this connection, cf. [18], pp. 736-737). Hence, if p=w, and q—w, 
are such as to satisfy 


(19) p(0,0) =0 and g(0,0) =0, 
then 
(20) p(z,y)eC, on D: OS <1 


(even though p(z,y) eC’, g(a, y) © C* cannot hold, since w(z, y) ¢ C? is false). 
Finally, (19) becomes satisfied, and both (20) and the formulation (18) of 


| 
| 
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(16) remain valid, if w(z,y) in the preceding deduction is replaced by 
z(x,y) +cx-+ dy, where c——w,(0,0), d=—w,(0,0). 
Accordingly, S: z= 2(z«,y) is of class C? but not of class C? (even though 


the coefficients of (8), where (u,v) = (x,y), are functions of class C*, since | 


(21) H-=1- p’, F = pq, G=1-+ @’, 


and since (20) holds). It remains to be shown that this 8 has a continuous 
H =H (z,y). 


6. A Pfaffian 
(22) a(x, y)dx + b(x,y)dy 


is called regular (on D) if a(x,y), b(x,y) are continuous and such as to 
satisfy the condition 


(23) ; (adx + bdy) = f f fdxdy 
J B 


for some continuous f(2z,y), where J,B—B(J) have the same meaning as in 
(9). Itis clear from Green’s theorem that (22) must be regular if a(2,y) e( 
and b(z,y) eC. It is also known that if (22) is regular (for some reason), 
then »(z,y) times the Pfaffian (22) must also be regular whenever 


(24) p(x, y) 
since (23) and (24) imply that 


(25) fu (adx + bdy) = fs (uf — ap, + by) dady. 


J B 


This is a theorem of KE. Cartan (which unfortunately escaped us in [6], where, 
without a reference to [3], pp. 69-70, it is stated (p. 761) and, essentially 
with E. Cartan’s proof, is proved as a lemma). 

Let »—1/h. Then (15) and (20) show that (24) is satisfied. Hence, 
if (23) is identified with (18), the case »—1/h of (25) is applicable and 
leads to 


(26) f + (2gdy — z,dr) -ff (- - -)dady, 
7 B 


where (- - -) is a certain continuous function of (2,y). On the other hand, 
since the C'-parametrization (1), where Y = (2#,y.z), is now given in the 
form 


(27) S: z=2z(z,y), 
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it is clear that the vector requirement (10) for a continuous H reduces to 


the scalar condition 


(28) (1 + + = ff 2Hdxdy. 
J B 

Since the existence of a continuous H satisfying (28) follows from (26) 
and (15), this proves the existence of an S which has the properties announced 
at the beginning of Section 4. 


7. A matrix function 


(29) 2) 


of (u,v) is called regular (on a (u,v)-domain D) if both Pfaffians 
a(u,v)du + b(u, v) dv, c(u,v)du + d(u, v)dv 

are regular. Since this will be the case if (though not only if) the function 

(29) is of class C', the matrix, a(u,v), of the first fundamental form (8) 


of a C?-parametrization (1) of an SeC? is a regular matrix. With regard 
to the matrix, B(u,v), of the second fundamental form 


(30) L (u,v) du? + 2M (u, v)dudv + N (u, v) dv’, 


the situation is as follows: 
The classical formulation of the Mainardi-Codazzi equations is of the 
form 


(31) Mo—Nu—(--:) 


and assumes a C*-parametrization (1) for an SeC*. Under this assumption, 
a(u,v)eC? and B(u,v)eC'. It follows therefore from Green’s identity that 
(31) is equivalent to the pair of relations 


(Ldu + Mav) — f f (- -)dudv, 
B 
(Mdu + Ndv) = f 
J B 


(as identities in J and its interior B), where the expressions (- - -) are the 


(32) 


same as the respective expressions (-- -) in (31). Both of these functions 
(-- -) of (u,v) are bilinear forms in 


(33) (L,M,N) and (By, Bo, Fu, Fes Gus Go), 
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with coefficients which are rational functions of the coefficients of (8). There 
is no point in writing here down this classical pair of expressions (- - -), the 
more so as, in the more general formulation of (32) which will be given 
urder (II) below, (- - -) could not be written down (in fact, the second of 
the two sets (33) will then become undefined). The preceding assumption, 
SeC?, is relaxed to Se C? in (I) and (11) below. 


(1) Let (1) be a C*-parametrization of an SeC*. Then all 3+6 
functions (33) exist and are continuous, since B(u,v) eC, a(u,v) eC. 
Moreover, if the two classical expressions (- - -) are formed from the functions 
(33) in the same way as in the traditional case SeC*, it can be shown (cf. 
[6], pp. 760-766) that the Mainardi-Codazzi equations are valid in the form 
(32). Consequently, B(u,v) (and not only a(u,v); cf. above) is a regular 
matrix if (1) is a C*-parametrization of an SeC”. 


(11) It follows that (32) holds in terms of every C*-parametrization 
(1) of an SeC?, provided that the (continuous) elements L, M, N of the 
(symmetric) matrix function 8 are defined, not directly (which, in terms of 
the C'-parametrization of SeC*, would not be possible), but by covariance, 
and that the validity of the Mainardi-Codazzi equations is interpreted to mean 
the existence of certain continuous functions (---) for which the pair of 
relations (32) holds as an identity in J and its interior B. In terms of a 
C*-parametrization (1) of S eC, the second of the sets (33) enters into (- - :) 
in the form of the Christoffel coefficients Tj, of a(u,v)eCt. But és, is not 
a tensor; its transformation rule involves the second derivatives of a C1-trans- 
formation (11) of non-vanishing Jacobian, and these second derivatives will 
not exist if (11) represents the passage from a C*-parametrization (1) toa 
C1-parametrization X = X(u*;v*) of SeC*. On the other hand, the coeffi- 
cients of (30) form a contravariant tensor under C1-transformation (11) (of 
positive Jacobian) and are, therefore, defined in terms of C’-parametrization 
of SeC? also. Since the regularity of any matrix (29) is preserved under 
C1-transformations (11) of non-vanishing Jacobian (when (29) is thought 


of as a tensor which is contravaniant in both indices), the proof is complete. 


8. It seems to be quite artificial to consider, as in (II) or (12) and 
(10), parametrizations (1) of an SeC* which are just C'-parametrizations. 
Actually, such a stop is often unavoidable, since it can be imposed by the 
geometrical structure of a problem. A convincing instance of this situation 


presents itself in the theory of ruled surfaces, a theory which (as it turns out, 
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partly for this reason) is in a notoriously poor shape from the point of view 


of analysis. 
Let 
(34) a ruled surface R of class C? 


be defined as follows: R is an SeC? possessing a C1-parametrization (1) in 
which the parameter lines «const. correspond to segments A—A(u) of 
straight lines in the X-space, where X = (2,y,z). In other words, (34) 
means that F is a surface 8 which, besides possessing some C*-parametrization 
(1), has a C*-parametrization of the form 


(35) R: X(u,v) =A(ujv+ Blu), 


where A(u), B(w) are vector functions possessing continuous first deriva- 
tives A’(u), B’(w) (on a certain interval uw <u< wu’). 

It would be out of place to replace this definition of (34) by the require- 
ment that Re C? should have a C?-parametrization of the form (35). For 
suppose that an FR possessing a C*-parametrization happens to be a “ develop- 
able” (a “torse”), in the sense that the plane tangent to R at (u,v) does 
not vary along A(u). Then it is readily seen from (35), where A(w) eC? 
and B(u) eC? by assumption, that the normal vector (7) is a function NV (wv) 
of class C*. Since the case n =3 of (2) implies that Se C%, it follows that R, 
instead of being just an SeC?, must be an SeC*. For a certain converse 
(even with C*, C® replaced by C1, C?, respectively), cf. [8], pp. 133-134. 
In what follows, neither N(u,v) =N(u) nor ReC*, but only (34), will 
be assumed. 

Since (35) is just a C'-parametrization, the coefficients of the first funda- 
mental form (8) follow from (35) as continuous functions, whereas the second 
fundamental form cannot be formed in this parametrization. But the (con- 
tinuous) second derivatives Xu», Xyy»—= Xu, of (35) exist (though Y,, need 
not), and so it is easy to realize that the last two coefficients, M and N, of 
(30) can be defined not only by covariance (as in (II), Section 7), but also 
by their standard definition. According to the latter, M, N are the scalar prod- 
ucts of [X,,X,] and Xuv/g, Xvv/g, respectively, where g = (HG— F?)i>0 
(cf., e.g., [2], p. 52). In view of (35), this leads to 


(36) M = det (A, A’, B’)/g, N =0, 
where g =|[X,,X,]| and’=d/du. Hence, in order to obtain (30) in terms 


of the C'-parametrization (35) of ReC?, only L=L(u,v) remains to be 
determined. But it turns out that L is given by 


(37) L = 29°H/G + 2F det(A, A’, B’)/(gG), 
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where the coefficients of (8) are supplied by the first derivatives of (35) and 
H =H (u,v) is the mean curvature. The latter is supplied by (10), since 
(10) is valid in terms of the C'-parametrization (35) of ReC? also. 

In order to verify (37), note that, since the coefficient matrices, a and , 
of (8) and (30) are contravariant tensors, (3) holds in terms of C?-para- 
metrizations of every SeC*. But (37) follows if (36) is inserted in the 
explicit form of (3). 


9. In Section 8, reference was made to a paradoxical situation which 
originates from the conclusion (2) > (SeC"). In what follows, the same 
conclusion will lead to certain, geometrically quite unexpected, implications 
dealing with the degree of smoothness concerning both types of classical 
developables, say S = V = V(T) and S= W = W(T), which are the envelopes 
(V) of the normal planes and the envelopes (W) of the rectifying planes of a 
space curve I. 

The results to be obtained can be considered as counterparts of the 
results obtained, in [19], p. 368, and [20], p. 251, respectively, for the 
parallel surfaces (Steiner) and the evolute surfaces (Monge) of a surface. 
In all four cases, the result is to the effect that, subject to a rank condition 
on the Jacobian matrix involved, the “ generated ” surfaces are smoother than 
one would expect from their geometrical definitions. 

Let T: =X (s), where = (2, y,z), be a (sufficiently short piece of 
a) curve of class C* possessing a non-vanishing second derivative X’’(s) with 
respect to the are length s. Then T has a positive curvature «x(s) eC? and 
a torsion and the unit vectors U, =X’, U, =X” Uz; = [U,, U2] 
satisfy Frenet’s equations 


(38) U’, = «U2, U’, = —«U,+ U’, =—1U, 


(so that U,(s) eC? but Ui(s)eC* if or +—3). Conversely, if any 
positive function and any real-valued function 7(s) are given 
on an s-interval, then an application of the existence and uniqueness theorem 
of linear systems of ordinary differential equations supplies a unique T'e( 
satisfying (38). 


10. It follows that if only TeC* (with « >0) is assumed, then the 
function 


(39) X (s,¢) = X(s) + U2(s) /x(s) + tU3(s), 


where ¢ is a linear parameter and XY = X(s) is the parametrization of T in 


the 
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terms of the are length, need not have a second derivative A,,(s,f). But it 
turns out that the locus S: X = X(s,t), which, as is well-known (cf., e.g., 
[2], pp. 438-44), is the envelope S=V-==V(I) defined in Section 9, is an 


SeC?, provided that the curve, say a(s,¢) on which 


(40) [X,, 0 
fails to hold is excluded from S. The explicit representation of a is 
(41) a =a(s,t) = tr(s) + «’(s)/x?(s) 


(if a(s,£) 0 is inserted from (41) into (39), it follows that that singular 
curve on S is the path, if any, of the centres of the osculating spheres of T; 
ef., e.g., [2], p. 36, and, if fe C” for some n= 4, the theorem italicized on 
p. 246 of [20], where n= 4). 

Accordingly, the “natural” parametrization, (39), of S=V(T), being 
just a C*-parametrization, disguises the fact that, under the restriction (40), 
there must exist some C*-parametrization Y = X(u;v). The proof will be 
such as to show a corresponding result, SeC”"* (instead of just SeC"*) 
when Te in S=V(T), holds for every n= 3. 

Suppose that Te C* and (x >0). Then (38) is applicable. But if (39) 
is differentiated with respect to s and ¢ and then use is made of (38), where 
U,(s) =X’(s), it is seen that 


(42) 


where a is the scalar defined by (41). It follows from (42) that, on the one 
hand, S=V(T) has a (unit) normal vector N = N(s,¢) unless a—a(s, t) 
vanishes and that, on the other hand, N+ U, if a0, that is, if (40) is 
satisfied (it also follows that N(s,t) —N(s), but this will not be used). 
Since U,(s) ¢ C*, it follows that the normal vector N is a function of class 
C*, and therefore of class C1, in a C1-parametrization, (39), of S=V(T). 
Hence Se C?, as claimed. 


11. Ifthe envelope V(I) is replaced by the envelope W(T) (cf. Section 
9), then (39) becomes replaced by 


(43) X(s,t) =X(s) + t{r(s)Us(s) + «(8)Us(s)} 


(cf., e.g., [2], pp. 45-46). If only TeC* (and, as always, «(s) >0) is 
assumed, then, since the torsion r(s) can be any continuous function (cf. the 
remark made at the end of Section 9), the continuous function (43) need 
not be differentiable. 
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Suppose therefore that TeC*. Then r(s)eC* (and «(s)eC*). But 
since r(s) eC? need not hold, (43) will not in general be a function of class 
C?. Accordingly, the “natural” parametrization, (43), of S= W(T), where 
TeC*, is just a C-parametrization, provided that the inequality (40) 
(which, if 
(44) B= B(s,t) =x(s) + t{r’(s)«x(s) —7(s)x’(s) }, 


turns out to be equivalent to B0) is satisfied. Nevertheless, W(T) eC? 
(as long as B40). 

In fact, if (38) is used in the same way as in Section 10, it follows 
from (43) that what now correspond to (42) and (41) are 


(45) =— BU: 


and (44), respectively, Hence, if the “path” of the points (s,¢) at which 
(44) vanishes is excluded from the surface W(T), then W(T) e€C?, where 
TeC*, follows from (45) in the same way as V(T)eC*, where eC’, 
followed from (42) in Section 10. It is also seen that, as long as f(s.) 
does not vanish, n—4 can be replaced by any n=4 in the assertion 
W(T) if fe C” is the assumption. 


12. Let SeC* mean that SeC* and that S possesses a continuous mean 
curvature (in the sense of Section 2). Thus SeC? implies that SeC* but 
the converse is not true (Sections 4-5). This situation leads to various 
unanswered questions of which only three, (a), (8) and (y) below, will be 
mentioned. 


(a) If an SeC* is a convex surface (in the sense that its tangent 
planes, which exist, since SeC* by virtue of SeC*, support 8), must S be 
of bounded curvature K in the sense of A. D. Alexandroff [1], Chap. XI and 
pp. 491-514 (and must this K satisfy (5))? It is natural to raise this 
question since K =0 holds formally but the proof of (5), when based on 
(3)-(4), asumes that SeC*. In this connection, cf. also (+?) in [22], 
p. 848. 


(8) If SeC*, must S possess a C*-parametrization (1) in terms of 
which the first fundamental form (8) becomes isothermic (i.e., = 4G, 
F—0)? This question has some interest in view of [4], where H is replaced 
by K. An affirmative answer would be surprising, since H, in contrast to K, 
has little to do with the metric (8). 
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(y) Does SeC*t imply SeC? if S possesses continuous curvatures H, 
K and is free of “umbilical points,” points at which the sign of equality 
holds in (5)? ‘The answer to those variants of this question in which the 
indices of differentiability are raised is known to be affirmative (cf. [8], 
p. 128). It is understood that, in the present case, K must be thought of 
as defined in terms of the metvic (8) of SeC*; for instance, by assuming 
that S is a C1-embedding of a regular C1-metric (in this connection, cf. also 
(iv?) in [22], pp. 846-848). Incidentally, it is now not clear that the sign 
of inequality cannot reverse itself in (5) ; cf. question (8). Correspondingly, 
(y) has an analogue in the direction of (8). 


Other problems are those in the large, such as the uniqueness statement 
of Christoffel and the corresponding existence question for convex surfaces 
SeC*. The latter question concerns the existence of a closed, strictly convex 
SeC* for which H is assigned as a (positive, continued) function of the 
normal. The method of construction which in Part II below will be 
applied to another embedding problem (Weyl) supplies a counterexample only 
if H is allowed to have an infinity. A similar situation prevails if H is 
replaced by K (Minkowski). 


Remark.* Suppose that an SeC? has a C*-representation (27) over a 
domain D of the (z,y)-plane and let J be a rectifiable Jordan curve which, 
along with its interior B = B(/), is contained in D. It was recently observed 
by E. Heinz (Mathematische Annalen, vol. 129 (1955), pp. 451-454) that 


(46) 1/r= min | H |, 
B+J 


if J is (or surrounds) a circle of radius r. 


Since the proof of (46) depends on (28), which is (10) in the case (27), 
and since (10) is paralleled by (12), it is natural to raise the question con- 
cerning a counterpart of (46) in which H is replaced by K. It will turn 
out that the answer to this question is 


(47) | I |/(2er?) = min | K |, 


if |I| denotes the length of I, where I is the image (on the unit sphere 
N 


= 1) of J under the Gaussian mapping VN N (u,v) of S: =X (u,v). 
Actually, both (46) and (47) can be generalized to the case in which 


* Added November 19, 1955. 


9 


Ws 
oh 
re 
13 
in 
It 
t 
ye 
d 
n 
| 


130 AUREL WINTNER. 


J is any rectifiable Jordan curve. In fact, if |J| denotes the length of J, 
and | B| the area of the (x,y)-domain B surrounded by J, then 


(48) |/|B| =min 2 | 
B+ 

and 

(49) |/|B|=min2|K|. 


Clearly, (48) reduces to (46), and (49) to (47), if J is a circle of radius r, 
The proof of (48) (which is between the lines of Heinz’s proof of (46)) and 
of (49) proceeds as follows: 

Since |[Y,Z]| =| ¥Y||Z| and | N | —1, the absolute values of the line 
integrals occurring in (10) and (12) are majorized by 


(50) Jf ana 
J J 


respectively. On the other hand, since (1) is given in the form (27), the 
relation (10) simplifies to (28), and (12) to-a relation similar to (28) (with 
2H replaced by 2K in the drdy-integral). Accordingly, (10), (12) and the 
majorants (50) of the line integrals lead to 


(51) | 2Hdrdy|=|J |, f 2K dxdy |= 
B B 


Clearly, (48) and (49) follow from (51). 

Heinz points out (loc. cit., Satz 2) that (46) can be combined with (5) 
if S satisfies the convexity assumption K >0. Under the same assumption, 
(48), too, can be combined with (5) and leads to 


(52) mink >0 
B+ 


(whereas the classical isoperimetric inequality, being the relation | J |/| B|t 
= (47)4, cannot be combined with (48) or (52), at least not directly). But 
(52) is of a type quite different from (49) and, in contrast to (52), neither 
(49) nor (48) asumes that § is convex. 


II. Embedding and Gaussian Curvature. 


{. In general terms, Weyl’s embedding problem can be formulated as 
follows: On a two-dimensional manifold ® which is of the topological type 
of a sphere, there is assigned a metric » which (in sense to be specified) 
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has a positive curvature. The problem consists in finding in the Euclidean 
(x,y,2)-space a surface % which is topologically equivalent to ® and which 
realizes ». on & by virtue of the topological correspondence between © and &. 

From the point of view of differentiability assumptions, there is today a 
considerable gap between what is known to be true and what is known to be 
false concerning the existence of a & (cf. [11] and [7], respectively). Corre- 
sondingly, the assumptions of smoothness on yz under which the existence of a 
of appropriate smoothness is assured today, appear to be quite restictive from 
the point of view of local embeddings (in this regard, cf. [22] ; in the existence 
proof given in [11], the strictness of the assumptions placed on yp is originated, 
as in [17], by the necessity of appealing to Weyl’s inequality (cf. [23]) in 
the treatment of the non-local problem). 

No such analytical restrictions on », and no corresponding complications 
in the proof, arise in A. D. Alexandroff’s approach to the problem (cf. [1], 
Chap. VII; cf. Chap. XI). This approach, like Minkowski’s treatment of 
his embedding problem, obtains = as a limit of closed convex polyhedrons 
Il,,I.,- - -. Correspondingly, since the strength of the limit process II; % 
is not under control from the point of view of differentiability (as a matter 
of fact, II; itself is not a differentiable surface), no assertion of smoothness 
can result for %. 

The following comments have the purpose of exhibiting the intrinsic 
necessity of not claiming any smoothness for % (at least when the curvature 
K>0 of p is allowed to be oo at a point of @; except for this point, p will 
be a regular analytic Riemannian metric). 


2. Let D be a domain, say the circle D—D,: u? + v? < a’, in a para- 
meter plane (u,v), and let there be given on D a metric ds’, that is, a quadratic 
form (8) (but no function XY), with coefficients Z, F, G which are continuous 
on D and satisfy the condition g > 0, where g = (EG—F’*)4>0. Then ds? 
will be called a continuous metric (on D). By a C1-embedding S of ds? in 
the X-space, where X = (x,y,z), is meant a surface S: XY —X(u,v), where 
X(u,v) is a vector function of class C?. satisfying (8). If X(u,v) is a 
function of class OC", then the surface S is called a C*-embedding of ds. 

Let B = B, denote the domain which results if the point (u,v) = (0,0) 
is removed from the circle D = D,, so that Bg: 0 <u? + v? and let ds? 
be a metric which is continuous on D,: u?+ v? < a’, with coefficients F, F, 
G which are of class C? (or, for that matter, regular analytic) on B, and 
possess a curvature K =K(u,v) which tends to o as u?+v?->0 (so that 
K>0 on B,, if a is small enough). . It will be shown that, roughly speaking, 
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such a continuous metric ds? on D, can be chosen in such a way that for no 
positive c(< a) will the metric ds? on D, possess any conver Ct-embedding § 
(even though there exists on B, an analytic K(u,v) having a positive lower 
bound, and even though EF, F, G are continuous on D, or on the closure 
of B,). 

Since K > const. > 0, the italicized proviso, that of restricting the C'. 
embeddings S to be convex, seems to be redundant (the more so as the 
metric is regular analytic ou B,). But as matters seem to stand today, this 
conclusion is valid only if the surfaces S admitted are assumed to be C. 
embeddings, rather than just C’-embeddings (in this regard, cf. (iv?) and 
(+?) in [22], p. 848.* Asa matter of fact, the proof to be given below will 
assume that the C'-embedding S of the continuous metric ds? is a C?-embedding 
near all those points (u,v) at which the functions £, F, G are not of class (’ 
(and these functions will be regular analytic except at a single point, a point 
at which they will remain continuous). All such embeddings S turn out to 
be convex (as a matter of fact, strictly convex) by virtue of K > 0; cf. the 


proof in Section 4 below. 


3. Let H=1 and F=0, hence g = G4; so that 


(1) ds? = du? +- g?dv’, 


where g=g(u,v) >0. Then, at those points (u,v) at which g has con- 
tinuous second derivatives, K = K (u,v) is given by 


(2) Juu + Kg =0 


(Jacobi). Define on D, a continuous metric (1) by placing g(0,0) =1 at 
D,—B, and 


g(u,v) =1+ (cos¢)*/logr, where u—rcos¢,v—rsing 


(3) 


(r>0); so that g(u,v) is positive and regular analytic on B, (if a>0 is 
small enough). Incidentally, cf. (3) with (17) above. 

Substitution of (3) into (2) shows that K (u,v) ~—2/(r?logr) as 
r—>o. This implies that K >0 on B, (if a>0 is small enough) and that 


* As will, however, be shown elsewhere, a treatment of questions (+?)-(—?) of 
[22], p. 848, and of the related questions, pointed out above, can be based on the results 
of A. D. Alexandroff [1], p. 51, concerning convex metrics. 
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the integral of K(u,v) over By is «. Since g(u,v)—>1 as (u,v) > (0,0), 


this is equivalent to 


Kgaudv (K>0,9>0). 
Ba 

It will be concluded from (4) that, no matter how small a > 0 be chosen, 
there cannot belong to (1) on D, any surface S: XY —X(u,v) of class C* 
satisfying ds =| dX |, provided that, corresponding to (but, as far as present 
knowledge seems to go, perhaps not implied by) the fact that the coefficient 
g of (1) is regular analytic, and K is positive, on By (with K =o at Di— Bz), 
that portion, say So, of the C1-surface S which corresponds to B, is assumed 
to be of class C? (hence, strictly convex). 

4. Suppose the contrary. Then, since S is a surface of class C’, it can 
be assumed to be in the form S: z—2z(z,y), where x,y,z are Cartesian 
coordinates, (u,v) = (0,0) corresponds to (z,y,z) = (0,0,0), the function 
z(r,y) is of class C* in an (a,y)-neighborhood, say V, of the point (2, y) 
= (0,0) and, if Q denotes the latter point, the (z,y)-plane is tangent to S 
at Q (i.e., 2-0 and z,—0 at Q). In terms of the notation So, introduced 
at the end of Section 3, the surface S, results if the origin is removed from 
the surface S. Since Sy is supposed to be of class C*, the function z(z, y) 
has continuous second derivatives on the (2, y)-domain V—Q. 

According to Satz IV of Schilt [13], p. 257, the origin is the only point 
of S on the (z,y)-plane (if V or a>0 is small enough). In fact, z(z, y) 
is of class C*, hence the normal vector to S, is of class C1, on V —Q, and the 
proof, given in [13], is such that the “gradient,” considered on p. 244, need 
not be assumed to exist at the critical point. Accordingly, it can be assumed 
that z(2,y) >0 on since z(x,y) =0 at Q. 

Also the consideration of Schilt dn pp. 250-251 of [13] (§9-§10) remain 
valid, since, for the proofs given loc. cit., only the existence and the continuity, 
but not the differentiability, of the normal to S is needed at Q. Hence, Satz 
V of Schilt [13], p. 25%, is applicable. 

This means that, if N —N(z,y) denotes the (oriented) unit normal at 
the point (x,y) of S (where the boundary point (0,0) of S—S, is included), 
then NV = NV (x,y) represents a one-to-one continuous mapping of a neighbor- 
hood V of Q on the unit sphere. Let 7 denote the spherical image of V or S, 
and let | 7'| be the area of R. Then, since T is a schlicht image of V, and 


since K >0 on V—Q, 


| 7 | lim 
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(Gauss). It follows therefore from (4) that |T|—o. But con. 
tains a contradiction. In fact, since 7 is a schlicht piece of the unit sphere, 


| T | 


5. The preceding results is of a local nature, since it deals only with 
a sufficiently small D,. It is, however, clear that the case (3) of (1) can be 
extended from D, to a closed, orientable (u,v)-manifold in such a way as to 
be of class O” and of positive K(u,v) on the closure of 3— Dy, and the 
passage from the class C® to the class of regular analyticity (except for the 
center of V,) also offers no difficulty. What thus results is the situation 


announced in Section 2. 


AppENDUM.* Let there be given on the abstract sphere © a positive 
definite metric form ds’, suppose that the coefficients H, F, F of ds* are 
functions of class C* in suitable local parameters (u,v) on © and that ds? 
has at every point of ® a continuous curvature K, finally that K >0 
throughout. The general existence statement in Weyl’s paper [17] is that, 
under these assumptions, the ds? on © can be realized on a (strictly) convex, 
closed surface % of class C? in the X-space, where X = (z,y,z). This 
existence statement of Weyl will be referred to as (*). 

Weyl was aware that he did not fully succeed in proving (*) (ef. [11], 
where further references are given), and it was observed in [7] that certain 
variants of (*), variants the truth of which one would expect if (*) is true, 
are certainly false. It will now be shown that (*) itself is false. 

For a real z—=2z(z,y), and on a sufficiently small neighborhood of 
(x,y) = (0,0), consider the implicit equation 


(5)  2—=4(a*f +y*/f), where f—f(2) —2 + sin log(1/logz) ; 


so that z(z,y) >0 unless (z,y) = (0,0), and 2(0,0) 0. Let D be the 
circle 0 =r <a, and D, the punctured circle 0 << r < a, where r= (2? + y’)h4, 
According to A. D. Alexandroff [1], pp. 446-447 (where log w must be inter- 
preted as log —w if w <0), the implicit relation (5) defines over D a differ- 
entiable convex «xp S: z=2z(a,y) which is such that, although the plane 
curves which represent the normal sections of S at the point D— D, fail to 
have curvatures, 


(6) S possesses a continuous K >0 on D 


(hence, at the point D— JD, also). Clearly, 8 is analytic (hence S on 
D,, but what was mentioned before (6) (and, in fact, (5) as it stands) shows 


* Added November 19, 1955. 
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that SeC? cannot hold on D. In what follows, it will be granted that, as 
claimed by Alexandroff, (5) defines over D a convex cap S satisfying (6). 

Let every O refer to (2,y) > (0,0), ie, to r—>0. Then it is clear 
from (5) that z(z,y)=O(r?). Since S is convex, this implies that the 
derivatives p— Zz, ¢—=%y, which are analytic on Do, are of the form O(r) 
near D—D,. By a standard property of functions which are derivatives of 
a continuous function, this implies that p and q exist (—0) and are con- 
tinuous at D—D,. Hence SeC* on D. 

Since the Gaussian parameters (u,v) are (z,y) in the C?-parametriza- 
tion z= z(x,y) of S, the (continuous) coefficients of ds? on D are given 
by (21) above. On the other hand, the argument which led to (20) is 
applicable, since p and q are analytic, hence of class C*, on D, (though not 
on D) and continuous and of the form O(r) at D—D, (actually, only 
p=o(rt) and g=o(r*) are needed). Hence, G are of class C* on D. 

The situation can be summarized as follows: On D, both SeC* and (6) 
hold, but S eC? does not hold (except on Do), although S possesses on D a 
('-parametrization in which the coefficients of the ds* on S are functions of 
class C?. In order to conclude from this that the assertion (*) is false, it is 


sufficient to repeat the argument applied on p. 487 in [7]. 
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A VARIATIONAL METHOD IN THE THEORY OF HARMONIC 
INTEGRALS, II.*? 


By Cuarues B. Morrey, JR. 


1. Introduction. In this part, the variational method introduced in 
part I [9] is applied to the study of boundary value problems for exterior 
differential forms on a compact Riemannian manifold Xt with boundary B. 
The manifold is not assumed to be orientable and parallel theories are 
developed for even and odd forms. 

We shall use the results of part I extensively and shall refer to it 
frequently ; the words part I in such a reference will stand for that paper 
[9]. We retain the notations of that part except for one change used 
only in Sections 2 and 3 and introduce new notations as required. 

In Section 2, we discuss the behavior of the G-quasi-potentials and G- 
potentials defined in Section 3 of part I on the part 2" —0 of the boundary 
of a hemisphere. The behavior of certain more general quasi-potentials and 


potentials, satisfying a “natural boundary condition” on 2"—0O is also 
studied. In Section 3, systems of equations in integrated form like those 
in Section 4 of part I are studied, particularly with reference to the differ- 
entiability properties of the solutions along z"*—0. Certain approximation 
and boundedness theorems are also proved. The results of these two sections 
form the analytic basis for our results concerning the differentiability of the 


solutions at the boundary. 

In Section 4 important preliminary material is presented: Riemannian 
manifolds with boundary of class C,*, etc., are defined, certain results about 
%. forms are carried over from Section 5 of part I, the tangential and 
normal parts of the boundary values of forms are defined, a number of 
important lemmas are proved, and the Gaffney inequality [5] and theorem 
are proved for the closed linear subspaces $8,* of %.-forms w for which nw = 0 
and of §.-forms w for which tw = 0. 

The Gaffney theorem for the spaces %.* and §8.- makes it possible to 


* Received May 24, 1955. 
* This research was partially supported by the United States Air Force through 
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carry over verbatim the analysis of Section 6 of part I to each of the spaces 
%.* and §.°. The differentiability theory of Section 3, together with the 
approximation device used in the proof of Theorem 7.1 of part I, is used 
to establish complete results concerning the differentiability properties of 
the “plus and minus potentials” and their derivatives. These results are 
then used to establish an orthogonal decomposition theorem 2. —=§ @C@D 
similar to that of Kodaira [6] given in part I in which § consists of all 
harmonic fields in 2, and © and D consist, respectively, of all &.-forms of 
the form $a for « in $%,* and d@ for B in $.-. The differentiability of the 
projections of a given form on these spaces is discussed completely and 
several other interesting related theorems are proved. In this case, the 
manifold § has infinite dimensionality, but the Friedrichs inequality [4] 
D(w)= || o ||? is proved to hold for allw in ©@®D. This leads directly to 
the existence of a certain overall potential OQ in © @®D of forms wo in CGD 
which turns out to be related to the positive and negative potentials Q* and 
Q- of w; in fact 

(1.1) dQ* = dQ, sQ- = 60. 


In Section 6, we begin by deducing the results in Theorems 2, 3, and 4 
of the paper [3] of Duff and Spencer very quickly from the Theorems of 
Section 5. Next the Dirichlet problem (tK and nK given) for harmonic 
forms (Theorem 1 of Duff and Spencer [3]), as distinct from harmonic 
fields, is proved including the result of Spencer [11] concerning the unique- 
ness of the solutions in the analytic case. The potentials 0*, Q-, and Q of 
Section 5 satisfy the boundary conditions 


(1. 2) =ndQ* =0; 


These potentials are used to obtain the results of Connor [1] concerning 
boundary value problems for harmonic forms K. He solves the problems (i) 
nK and ndK given, (ii) tK and t8K given, and (iii) ndK and téK given. 
We solve these, roughly speaking, by showing first that there is some form 
satisfying the given boundary conditions and then defining K as w minus 
the relevant potential of Aw. This procedure is carried through under very 
general conditions and compleie results concerning differentiability are pre- 
sented. We conclude with a remark concerning a recent extension due to 
Spencer [10] of the Dirichlet problem to bounded manifolds. 

As was pointed out in the introduction to part I, K. O. Friedrichs had 
obtained some results for the case of manifolds without boundary but had 
not published them. He has been working almost concurrently on the case 
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of manifolds with boundary. All of his results are included in his paper [4]. 
After a detailed discussion with him of our and his results and methods, 
we have concluded that there are sufficient differences to warrant publication 
of both of our papers. 


2. Potentials on hemispheres. In this section we study the G-quasi- 
potentials and G-potentials defined in part I [9], definition 3.4 for the case 
that G is a hemisphere Gp where Gz is the part of B(0,R) for which 2" < 0. 
We also study certain unrestricted G(2),R)-quasi-potentials and potentials 
which we define below in Definition 2.2. In this and the next section, we 
retain the notations of Sections 3 and 4 of part I unless otherwise specified. 
For convenience, we denote by og the part of B(0,R) for which z*—0 and 
Sr the part of 0B(0,R) for which 2*=0. We also define G(z,1r) as the 
part of B(z,r) for which z"<0 and S-(z,r) as the part of S(z,r) for 
which 2" = 0 and define ['(z,7r) as the union of G(z,7r), its reflection G*(z, 1) 
in and the interior of the (n—1)-sphere 0G(z,r) 0G*(z,r). 


THEOREM 2.1. (i) If we on G(x%,R) and vanishes on S-(a%, PR), 
then do[u, G(x, R)] = C\Rd,[u, G(x, R)], C, = 24. 


(ii) The totality of such functions forms a closed linear manifold in $3. 
Proof. (i) follows from the integration of the inequality 
(2.1) f | |? da’, | u(a", —u(X", |? da’n 
S 2" + G 
= — (R? — | — aon |?) 
with respect to x". (ii) follows from Theorem 2.12, part I. 
Definition 2.1. We define the space ¥%*, on G(a,R) to consist of all 


wu in 8. which vanish on S-(2,#) with inner product given by 


((u,v))* 
G 


and norm || w ||* = ((u,w))4. 


Remark. It is clear that C 


The proof of Theorem 3.3 of part I with the obvious modifications 
yields the following theorem: 
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THEOREM 2.2. Suppose and f are in on G(2, R). 
Then there are unique solutions u* and v* in B*, on G(a,R) such that 


(2.2) f + Ca) dx = 0, + wf)dz=0 
G R) 


(ao,R) G(ao: 


for all w in B*, on G(a,R) and we have 


Definition 2.2. The solution u* above is called the G(2o, R)-*-quasi- 


Ae 


potential of e and the solution v* is called the G(a, R)-*-potential of f. 


The following lemma of Soboleff is proved exactly as it was in part I, 


Lemma 3.2: 


LEMMA 2.1. Suppose u, Vu, --, Vu are all of class on G (xo, R) 
p= [n/2]. Then 
| w(x) | Sane (ao, R)] (2R)4/j! 
=4m[B(0,1)]. 
Remark. It is clear that the definitions and theorems above extend 


immediately to vector functions u, v, w, ete. This is true of the following 


theorems and definitions also. 


The proof of Lemma 3.6, part I, carries over with only very minor 
changes to yield a proof of Lemma 2.2 below; in fact the writer originally 
proved the lemma for this case (see [7], pp. 130-132). 


Definition 2.3. For points xe G(x,R), 8 denotes the distance of 2 
from 

LEMMA 2.2. Suppose ue $B. on G(a,R) and suppose 

d,[u—ly, G(y, 7) ] S p=n/2, 


for each ye G(x, R) where ly, is the linear function of Lemma 3.5, part I, 
foru on G(y,r). Then u is of class C1, on G(a,R) and there is a constant 
C,=C2(n,p) such that 
| Vu(é) — Vu(2)| | E— |4, 
0S S8,/2,é,re G(x, R). 
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Definition 2.4. We define the spaces 2., and C,° of functions in &, 
on G(z,R) and the respective norms |e], and |e|,° exactly as they were 
defined (for functions in 2, on Br) in Definition 3.5 of part I, 8, having its 
significance above. We define the spaces Poo, and and and 
and the corresponding norms just as the first two were defined in Definition 
3.5 of part I with the obvious changes, the first two being subsets of $B.» 
and the latter two being subsets of $*, on G(X, Pf). 

The writer found it convenient to replace the spaces Urx° and Morx' of 
Section 3, part I, by other spaces which we define below in Definition 2.6 
which definition necessitates the following: 


Definition 2.5. By ’Ve, p=1,2,-- +, we mean the set of functions 
defined by ’V°e =e, = We define the non- 
negative quantities d*,(e,G@) and d**,(u,G@) by 


d*y(e, G) = do(e, G), [d*p(e, G) ]? 


-J, |? + en |?) de, p=1, 
a**,(u, G) = d, (u, G), [d**, G)]? 
P+ |?) de, p=. 


Definition 2.6. We define the space Brx° to consist of all e (or f) which 
are in &, on Gr with all the ’Ve? in %, on each G, with r< # with norm 
defined by 

| ¢ = sup[ (2p) !K?]-4- (R—r)?d*,(e, G,), 
We define the spaces 8*px' and Spx! as those subsets of P*, and Px, 
respectively for which all the ’Yu? and ’Vu,,2e 8%. on each G, with r< R, 
the norm being defined by 

|| || = sup[ (2p) !K?]-3- (R—r)?d**,(u, G,), 

~0;1,2,+- 

LemMA 2.3. If weS*prx or to Bork’, then all the "Yur and ’Vu?., 
are continuous in x on Gp and analytic in 2’, for each x", —R<2*S0. 


Proof. Suppose —R<a<b0, r?+a?< R?. Let v be any one of 
the functions above. Since v is of class %, on any G, with 1’ < R, we have 
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so that | |? r< R, is uniformly bounded for a=2"S0 if 


or 
a?-+r?< R*. Then Soboleff’s lemma 2.1 in (m—1) dimensions implies 
uniform (independent cf x") bounds for all the ’Y?u and ’V?u.» on any G, 
with r< R which insure their analyticity in the variables x’, for each 2". 
Since each is also absolutely continuous in 2” for almost all 2’,, the con- 
tinuity in z follows from the uniform continuity (with respect to x") in 


the variables 2’,. 


The following symmetry lemma is useful in the proof of our main 
Theorem 2.4: 


LemMA 2.4. Suppose that e and feXs on G(a,R), suppose that 
Uo =Qro(e), YVo=Pr(f), u*—Q*r(e), v¥ —=P*r(f), and suppose that 
Uy, Vo, U*, V*, Eo, Fo, E*, and F* are defined on T(x, R) to be equal on 
G(a.,R) to the corresponding small lettered functions and to be defined on 
G*(a,R) by 


Un) U* (2%, =u*(—2",2'n), 
(2.3) Eon(2", = en(—2", E*,,(2", 24) = — 2", 2'n), 


with formulas for V. and F, like those for U, and formulas for V* and 
F* like those for U*. Then Up =Qr(Eo), Vo=Pr(Eo), U* = Qr(E*), 
V* = Ppr(F*). Here Qor, Por, Q*r, and P*p refer to G(x, R) and Qr and 
Pr to 


Proof. All of these are proved in a similar way so we shall prove only 
the first. We note that YU, and VU* are related to Yup and VYu* as £, 
and #* are to e and e, respectively. Let w be any function in ¥5 on T'(2, RP) ; 
obviously (since on Uo, Vo, U*, V¥ Poo on 
We write w—w,-+w, where w, is odd in 2” like U, and w, is even in 2" 
like U*. Then Yu, and are even in 2" while Vw.: VU, 
and are odd; clearly w;=0 on 0G(a%>,R). Clearly, then, 


G(a 


We now list a. few additional properties of functions in the various 
spaces; the analog of (ii) should have been included in Theorem 3.5 of 
part I. 
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THEOREM 2.3. (i) There is a constant C3(n,pm) such that 
| e(x)| | ze G(x, PR), 
for any ee C,° on G(x, R). 


(ii) There is a constant such that if eeC,° on G(a, then 
ee. for anyrASp on G(x, R) with |e |, SC, |e |,°. 


(iii) There is a constant C5(n,p) such that if weCo,* or to C*,* on 
10), then u and YueC,° there and 


(iv) If we Born’ or B* px, then u and Yue Brr® and 
[Vu lex? S | |v S [Ci + (2K) 4] | 
|| = || llorx* or || ||*rx*. 


The proofs of (i), (iii), and (iv) are very similar to the corresponding 
parts of Theorem 3.5, part I. (ii) follows easily by squaring, (2.4), inte- 
grating over G(y,7), and using the finiteness of |e|<|e|,°. 


THEOREM 2.4. The transformations Qpo and Pro (Q*r and P*R) are 
bounded linear operators from to for0<A<p, from C,° to 
Coy (C*,) for and from BSrr° to Borx'(B*rx') for any K>e. 
The transformation Pr(P*r) is also a bounded linear operator from Xo,p-i+y 
to Coyi(C*,) for0<p<1. There are constants Ce, Cz, Cs, Cs, 
C*,, and C*, with Cy=Cx(n,p) and C*,—C*;,(n,n), k=6,7,8, and 
=C,(K,n), C*,—=C*,(K,n) such that 


|| Pro (f) llox S Cok | f | P*e(f) | flr, 
|| Pro(f) S | f | P*n(f) | f |,°, 
Pro(f) S | f | P*e(f) S | f 


|| Pro(f) llorx* | f || P*n(f) S | f 


Proof. We use the notation of Lemma 2.4. We see that the first 
results for Qzo and Q*,z and the first three results for Pr, and P*p follow 
from that lemma, Theorems 2.2 and 2.3, and Theorems 3.5 and 3.6 of 
part I. Using also Lemma 3.3 and the very last part of the proof of 
Theorem 3.6, both of part I, we see that 
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VVo=Qr(Go) + Ho, VV*=Qr(G*) + H*, Goya=Syalo, 
L.(Ho, Br), L.(H*, Br) Z,?(n) R?L2(f, Ge). 


We may therefore deduce the last statements for Pr, and P*pr from the 
symmetry lemma (note the symmetry properties of G)), Theorem 2.3, and 
the last (Srx°) results for both Oro and Q*p. 

In order to prove the last results for Qro and Q*z, we begin by applying 
Lemma 3.3 of part I repeatedly with y= n—1 to the functions U, and U*; 
it is clear from the proof of that lemma that this procedure is valid. Exactly 
as in the proof of (iii) in Theorem 3.6 of part I, we obtain (going back 
to Gp). 


(2.5) Do(’Vu, G,) S2(1—e/K)-(2p)!: K®- L?-(R—r)-”, L=|e |rr°, 
or u*, OSr< Rh, p=—0,1,2,- -,e¢—2.718: - 

(2.5) yields bounds for all the derivatives of uw involving at most one 

differentiation with respect to x". But on spheres interior to Gr, we may also 


apply Lemma 3.3 of part I once with y —n to each ’YV?u and conclude that all 
the ’YVu ze 9. on such spheres. But then we obtain the equations 


n-1 
a-1 


which shows that all the ’Y®u.,e%. on each G, with r< R, and, together 
with (2.5), yields the desired bounds on the d**,(u, G,). 

The proofs of the second results for Qo and Q*z are practically identical 
with the proof of (ii) of Theorem 3.6, part I, and proceed as follows: We 
note that e satisfies 


do[e e(Yo); r)| = | e(Yo)| = Z.(n, 


(2. 7) 
yor Gr. 


We shall show in both cases that (2.7) implies that 
(2. 8) G(Yo, 1) ] S Zs(n, 


the result will then follow from Lemma 2.2 since yp is arbitrary. 

We first consider Q*z and let y, be fixed. For each s, O=s<1, define 
y(s) times the sup of the left side of (2.8) (w—wu*) for all 
containing yo, all e in & and satisfying (2.7) (for all r) on G(2a,f), 
and r= sé,,. Then choose an arbitrary G(x, FR) containing yo, an arbitrary 
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ein &, and satisfying (2.7) there (for all r), choose 0< rir S68,, and 
let u* = Q*p(e). We write 


=U" yoro + h Yoro? yoro = yoro — (Yo) k rovo 


where U* ry, and k*,,y, are the G(yo, 7o)-*-quasi-potentials of e, e— e(yo), 
and @) where @),——S8an, respectively, and h*,,,, is the harmonic function 
=u on S-(¥,7). From the symmetry lemma, we see (by comparing U* 
and U*,,,—=0 on OF ete.) that 


(2.10) De[u*, G(yo, To) ] = Do[U* yore, G(Yo, To) | + yore, To) |. 


From (2.7), we conclude that 
(2.11) dole, (Yo, 7) ] S4s(m, (7/84)? 


Thus, using the symmetry, (2.10), (2.11), the fact that B(yo, ro) C T'( yo, To), 
and the first result for Q*p, we see that 


(2. 12) ds yore, B(Yo, 0) ] SZo(n, €) 0<eSp. 

Finally, it is easy to see that 

(2.13) = 2" + Un) = 0, yon) = 0, 

k**), being the harmonic function on T'(y,7.) which = | a” | on OF (Yo, 
Now, clearly, 

+ dy [h* Gyo, 7)] di len(Yo) — E(Yo, 1) ] 


where the various /’s have their usual significance. From our definition of y, 


we have 


d; yoro— l,, G (Yo, r) | = L (1o/8y) (17/7) 


since e—e(yo) satisfies (2.7) on G(yoro) with L replaced by L- (ro/8,)?*#. 
Using (2.12) and Lemma 3.4 of part I, we obtain 
d, [h G (Yo, r) | = d, G (Yos r) | 
= d [h B (y r) | 


(2. 16) 
S dy — BC Yo, di BC Yo; To) | 


= Z,(n, €) (1/19) 


(2.9) 
10 
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where 1,‘ is tangent to h*,,,, at y). Finally, from (2.13), we obtain 


Yo) | -d, G(Yo, r)| 


d, [ Cn(Yo) G(Yo, r)| <= 


(2.17) S (1/10) | en(Yo)| di yoros To) | 


<= L- (1o/8y,)°* (1/10), a, = m[ B(0,1) 


Combining (2.14) to (2.17), setting s—r/8,,, !—=r,/8,,, combining the last 


two terms, and using the arbitrariness of Gia, I?) and e, we obtain 
S by (s/t) +2, (npc) t (s/t). 


The result for Q*z now follows from the last part of the proof of (11), 
Theorem 3.6, part I. 

The proof for Qr is the same except that we may take = Voroy, M 
(2.9) and (2.10) follows since Uo;,y,=9 on OG(Yo, To). 


3. Regularity properties along x" —9. In this section, we prove cer- 
tain differentiability properties of the solutions of differential equations in 
integral form of the type 


(3.1) + + e:*) + wi(b* + + fi)}dx = 0, 
Gr 
L = 1. N. 


for all w in $*.. where $*., consists of all veetors w in %*, with 


(3.2) wi=0 on Sr, wi=O0 on or, t= 


In general, we shall also assume that 


(3.3) on cp, t=—1,-- -,k. 
We assume that 
(3. 4) a (0) = io, Ayij°F = 


and also that if 2 is any point in Gp, there is a linear transformation of E* 
into itself so that the new ’a(z)) ad. We assume at least that the a’s are 
Lipschitz with b, b*, and c bounded and measurable and e and fe. 
Additional assumptions will be made about the coefficients as desired. We do 
not assume that 6 and b* are related in any way. The integer & above will 
be held fixed throughout this section. 

As in part I, we assume that we 8, and we wish to conclude further 
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differentiability properties of wu by making further assumptions about the 
coefficients. As before, we write 
(3.5) u=u +H 
where now 
(3.6) B*, Ht=0, t—1,---,k, On op. 
The harmonic vector H may be found by first extending u to Br by 
(3.7) ut(—2*, a/,) 

ut (—2",2’,) 


and then choosing H to coincide with u on dBr; it is easy to see from the 
uniqueness that the H# also satisfy (3.7) and hence (3.6). Then we note 
that 


(3. 8) Ww idz = 0) for all e$ 
z J 2B 
GR 


Then reasoning as in Section 4 of part I, we see that 
Uy = Tug t+ Tuo = Qrleo(uvo) | + Pri fo(uc) |, 
(3. 9) V =Qeleo(H)|] + Pelfo(H)], W=Qr(e) + Pr(f) 
Co = fold) 
where Ye(e) and Pr(e) are now the vectors [Qri(e)| and | Pri(e)] where 
Qri(e) = Vor (ei*) and Pr‘ (f) Por(fi); --, k, 
(3.10) 
Ori (e) = p(e;*) and Pri(f) == P*»(fi), i=k i, 


The proof of Theorem 3.1 below is just like that of Theorem 4.1 of 
part |; the spaces and norms mentioned are defined in the obvious way: 


THEOREM 3.1. (i) Jf @ is Inpschitz and b, b*, and c are bounded 
and measurable with, say, 
(3.11) |a(x,) —a(a2)| SL,-|%,—2|, 

|o(r)|SL,, |b*(x)|SL*, |c(x)|SLz, 
then T is an operator on and on A=p—1+4,0<p<1, where 
| *on S Cis (1, p, Ly, Le, Ls, Ro) -R, RS Ry 

Cy =L,4+C,(L.+ L*.) + CY 
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(ii) Jf, also be C,° with 


(3. 12) | —b(22)| S | — |", 
then T is an operator on C*," and 
(n, +, Le, L*2, Ro) -R, RS Rp. 
(iii) If, also, the coefficients are all analytic on Gp, with 


on Gr, for p=0,1,2,- + -, then T is an operator on B*orx* with 


T S C1g(n, K, A, B, B*,C, F, Ro) -R if K > e=2.718- 


Corotuary. Jf R is so small that || T \\*>< 1, then there exists a 
unique solution u of (3.1), in B. on Gr which coincides on Sr with any 
given function u* in BB, on Gr and satisfies (3.3). 


For we may write (3.5) where H is determined by (3.6) and then 
solve (3.9) for up in B* ao. 


THEOREM 3.2. Suppose a, b, b*, and c satisfy the hypotheses of 
Theorem 3.1(i), suppose R is small enough so that 


(3.13) R(L, + 0,L*.) =A <1, 


suppose u, e, and fe, on Gr, and suppose we, and satisfies (3.1) «and 
(3.3) on each G, with r< R. Then 
(3.14) di(u, @,) Sdi(Wo, Gx) + (R—1), 

where 

d,(Uo, Gz) S (1— Gr) + GRd,(f, Gr) 

+ (L, + C,RL,)d,(u, Gr) 

(8.15) | (L, + CO, RL;)do(u, Gr) | 

d(Uo, Gx) C,Rd,(U, Gr), Gr) d,(u, Gr) + do(Uo, Gr). 

K=1+AR-(1—A)*. 


Proof. The proof is identical with that of Theorem 4.2 of part I with 
G, replacing B,, B*2o replacing $2, S, replacing S,, ete. down to the step 
(4.16) where 


(3. 16) D.(U, G,) < KD2(H,, G;). 
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Now, if we extend U and H, to B, and Br by (3.7), we see that (3.16) 
holds with G, replaced by B,. The result follows from Theorem 3.4 of 
part I. 

The proof of the following theorem is identical with that of Theorem 
4.3 of part I except for the obvious changes (Br replaced by Gr, numbering 
of equations, $8. replaced by 8*20, etc.) : 


THEOREM 3.3. Suppose a, b, b*, and c and dy, bp, and cy satisfy 
the hypotheses of Theorem 3.1(i) uniformly in p, suppose R rs small enough 
so that <1, suppose ap(0) =a(0), suppose ap—>a, etc., almost every- 
where, and suppose ¢»—>e and fp—>f strongly in & on Gr. 


(i) Jf wes, satisfies (3.3), and is a solution of (3.1) on Gp and 
if Up is, for each p, that solution in $2 of (3.1)p and (3.3) which =u on 
Sr, then up—>u strongly in B. on Gr. 


(ii) If, for each p, Up ts a solution in $B, of (3.1)p and (3.3) on each 
G, with r< R and if up—u strongly in &, on Gr, then ue, and ts a 
solution of (3.1) and (3.3) on each G, with r< R and u,—>u weakly in 
on each such G,. 


We come now to our principal theorem on differentiability : 


THEOREM 3.4. Snppose that u ts any solution of (3.1) and (3.3) 


which eB, on Gp. 


(i) Suppose that a, b, b*, and c satisfy the hypotheses of Theorem 
3.1(i), suppose that and R=Ry, and suppose e and feX», 
A=p—1+yp, an Br. Then Vue: and ueC,° on Br. 


(ii) Suppose also that b and eeC,° with b satisfying (3.12) on Gr 
and suppose that Cy.-R<1 and Then ueC,' on Ge. 


(iii) Jf a, b, and ee C,°, a, b, b*, and c satisfy the hypotheses of (i), 
and fe, on Br, then Yue. on each G, with r< R. 


(iv) If a, b, and eeC,*? and b*, c, and feC,**; 
then we C,** on each G, with r< R. 


(v) If a, b, b*, c, e, and f are analytic on Gp,, then u is analytic on 


(tr for each sufficiently small R. 


Proof. In (i) and (ii) our assumptions guarantee that || T || <1. 
From the symmetry properties (3.6) and (3.7) for H and from Theorems 
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3.4 and 3.5 of part I, it follows that V belongs to whatever space is being 
considered. This is also true of W, using the theorems of Section 2. 


The proofs of (iii) and (iv) are like those of (iv) and (v) of Theorem 
4.4 of part I, except that y is kept =n—1 when applying the device of 
Lichtenstein. We conclude from this that all the u,, for yn—1 belong 
to %, and satisfy (3.3) on each G, with r< #. Moreover, on spheres interior 
to Gp, the device may be applied with yn showing that u,,¢%. on such 
spheres. But then a simple Green’s theorem for $. functions allows us to 
replace equations (3.1) by the corresponding system of differential equations 
(almost everywhere). These may be solved for the u,n,,‘ obtaining 


n-1 n-1 
a=1 a, B=1 


where in (v) all the coefficients are analytic if Ry is small enough, in (iii) 
the A’s and B’s € C,°, C and D are bounded and measurable and f'c®., and 
in (iv) the A’s and B’s eC,*? and C, D, and FeC,**. The result (iii) 
follows immediately. To obtain (iv), we first apply the device of Lichtenstein 
with y=n—1 on the whole of each G, as many times as the coefficients 
allow. Then by applying the device with yn on the interior of G, and 
using (3.17) and its derivatives, we obtain the desired results. 

In the analytic case (v), we conclude from (iv) that weC” on each 
G, with r< R. If we choose FR so small that R= R, and C,,R <1, the 
argument for (i) and (ii) shows that we 8* rx! from which we conclude 
using Lemma 2.3 that all the “Yu and ’Y?u, are continuous in 2 and 
analytic in 2’, on each such G,. Our previous regularity results show that 
u is analytic interior to such G,. The 8*orx1 bounds, together with repeated 
differentiations of (3.17) suffice to obtain the necessary bounds for the deriva- 
tives of uw; or a sort of dominating function method like that in the Cauchy- 


Kowalewsky theorem may be used. 


4. Manifolds with boundary. For an n-dimensional Riemannian mani- 
fold Yt with boundary B of class C,* (0S y=1), (C%, analytic) we adopt 
the standard definition: each point of Mi(UB) is contained in some set 2 
open on Yt which is either the homeomorphic image of the unit ball or of the 
part of it where z*=0 in which latter case, the points where 2” = 0 corre- 
spond to 3M %B; any two overlapping coordinate systems are related by a 
transformation of class C,* (C®, or analytic). An admissible coordinate 
system for such a manifold will be any homeomorphism of a Lipschitzian 
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domain in G in #" onto a set 9 open on Mi which is related to the “ pre- 
ferred,” coordinate systems above by a transformation of class C,* (C®, or 
analytic) ; if 1M B is not empty, G must lie in the half-plane z* <0 and 
the part of 0G on 2"=0O must correspond to %M%B. In any admissible 
coordinate system, the gi; are of class C,*". 

As in part I, we shall assume that 9t is at least of class C,', in which 
case the g;; are merely Lipschitzian. We shall be concerned with exterior 
differential forms on 2. Since we have not required (and shall not) M to 
be orientable, we shall consider both even and odd forms (see [2], §3) on M. 
The law of transformation of the components under coordinate transforma- 


tions is 
ar) 
Diy i, | 0('x*, - -, ate)? 
(4.1) 
§ +1, for even forms, 2%) 
| J/|J|, for odd forms. 


The differentiability class of a form is that of its components in all coordi- 
nate systems; on a manifold of class C,*, it is clear that no form can be of 
class =C,** (although in particular coordinate systems the components 
might have higher class). Forms of class 2, are defined as usual and the 2, 
inner product of two (both even or both odd) forms » and y and the norm 
of w will be denoted by (o,7) and ||, respectively. Forms of class $3, were 
defined in part I for manifolds without boundary; it is clear that the 
definition there given carries over to the present case along with those of 
the 8, inner product and norm ((,7)) and || ||, depending on a finite 
number Yt of admissible coordinate systems covering Mt. The differential 
operators d and § and the Dirichlet integral are defined as usual (see part I, 
$5). The dual operator * is defined as usual (see, for instance [3], p. 129 
or [2]). 

There are parallel theories for even and odd forms. From now on we 


assume that all forms are of some one kind. 


We have immediately the theorem: 


THEOREM 4.1. The spaces 2, and , of even or odd forms are Hilbert 
spaces with the norms above. The operators d and 8 are bounded operators 
from Boe to Woe and from Boo to Voy and the Dirichlet integral D(w) is lower- 
semicontinuous with respect to weak convergence in either Boe or Boo. Finally 
if wo weakly in Boe (or Boo) then wp—>o strongly in Boe (or Qo). 
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We shall be concerned with the boundary values of forms. We begin 


with the following definition : 


Definition 4.1. By the boundary values of a form on Yi(UB), we 
merely mean that form restricted to 8; that is the boundary value bw of 
is given by 

whenever «j,..-;,(2) are the components of w» in an admissible boundary 
coordinate system. The boundary value of w is said to be of class 2. or §, 
along Mt, if Mt is of class C,', or of class C,'=C,** (C;,* for 0-forms) if 
M is of class C,*, or C®, or analytic, if and only if its components under 
any admissible boundary coordinate system have the indicated class as func- 
tions of z’,. If » is of class %, on Mit, it is understood that the components 
of w are to be replaced by the corresponding functions of Theorem 2.7 of 
part I as in Theorems 2.9, etc., of part I. 


Before proceeding further, we prove the following lemma: 
Lemma 4.1. (a) Jf we. on M, tts boundary value eX, on B. 


(b) If the boundary value of some form w, ts of class %. along the 
boundary 8 of a manifold Mt of class C,*, then there ts a form we $f. on M 
with the same boundary value almost everywhere on Mt. If, also doo (dwo) eB. 
along 8, we may choose w so that dw(dw) eB. on Mi. 


(c) If M is of class C,* (C”) and the boundary value of wo is of class 
(C,* for 0 forms) along 8, then there is a form of class 
(C,* for 0 forms) (C”) on M with the same boundary value. If we also 
assume dw(dw) of class C,** (on Mt of class C,*) we may choose w so that 
dw (dw) C,** on M. 


(d) If Mt ts analytic and the boundary value of w, is analytic along 8%, 
then w may be chosen to be of class C® on M and analytic in some neighbor- 
hood of any given boundary point. 


Proofs. (a) follows from Theorem 2.9 of part I. We prove (b) and 
(c) simultaneously as follows: We may cover B with the ranges J9t,,- - -, Me 
of admissible boundary coordinate systems whose domains are all the part 
z"=0 of the unit ball B(0;1), and we may find a partition of unity 
$1," * *,s, each of whose functions is of class C,1(C,*), and such that each 
function whose support intersects 8 has support in some one Jt,. Since the 
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sum of all those ¢,(P) whose support intersects 8 is 1 on 8, we may define 
o=o, +: *-+ wg where each o,=0 unless the support of ¢, intersects B 


in which case we define o, 0 outside MN, and define w, in Mt, by 
(4. 2) wD gi, ( 2", Un) = i, (0, (2", 


The differentiability results, including those about dw follows from (4.2) ; 
to get the ones about dw, begin by taking duals. In the analytic case we 
make sure that one of the 9, is a boundary coordinate system about the given 
point P and that one ¢,==1 in some neighborhood of P. 


Definition 4.2. Suppose w» is defined on Yt. Then we define the 
tangential and normal parts tw and nw of its boundary value by the condition 
that 


(4.3) tw = -dx't, nw = bo —to, on 


in any admissible boundary coordinate system in which 
(4. 4) o= - - dat on =0. 
Since 0x”"/0’x' =0 on ’x"=0 in the relation between two overlapping 
admissible boundary coordinate systems, it follows that tw and hence nw is 
invariantly defined on 
The following lemma is important: 


Lemma 4.2. (a) If wp—-o weakly in on Mt, then bo, 
tu, > lw, and nwo,»—> nw strongly in & on B. 


(b) Jf on M, then t(*w) —=*(nw) and n(*w) =*(tw) and 
*(bw) = b(*w) on B. Here *(nw) and *(tw) may be found by first extending 
nw and tw to Mt in any way, taking the duals, and then finding the boundary 
values; the result is independent of the way nw and tw are extended. 


Proofs. (a) follows from Theorems 2.11 and 2.12 of part I. From our 
strong convergence theorems, it suffices to prove (b) for Lipschitz forms. 
Let w be such a form and let P be any point of 8. There exists an admissible 
boundary coordinate system with domain Bz which carries the origin into P 
with g;;(0) 6. In that coordinate system, we have (see formula 1.10) 
of [3], for instance) 


(4.5) (0) i, == je (J NOt summed) at r—0, 


bn-r 


the j’s being those positive integers <n which are not among the 7’s. The 
results follow from (4.5) and the definitions. 
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If Mt is of class C’” and ¢ and y are forms of class C” of the same kind 
and of degrees p and (p-+1), respectively, the following formula is derived 
in [3], §2, from Stokes formula: 


(4.6) — (4,80) =f 
From this, it follows that if Yt is of class C’”, w is of class C’”” and ¢ is of 
class C”, then 
(4. 7) (do, df) (8, 8¢) (Aw, tT (£A*dwo 
JB 
A=éd-+ 


A being the Laplacian operator as used in [2] and [3] (see [3], p. 130). In 
Euclidean space with Cartesian coordinates, this is the negative of the ordinary 
Laplacian. In this connection, we note that if Yt = Gp, the part of the sphere 
|a|<R for which 2" <0, then 


Dy(o) = — D (—1)* --- 4,00, 
oR 


ip<nk=1 
n 
Gro a=l 


for any form of class C” which is zero on and near the spherical surface of 
Gr, Do(w) being the Dirichlet integral D(w) referred to Cartesian coordinates 


and opr being the part of Gr for which 2” —0. 


4.3. (a) Jf (considered as a set of functions) on Gr, 
w is zero on and near the spherical part of the surface of Gr, and if either 
tw =0 or nw =0, there exists a sequence wp of forms of class C* for any 
desired k, on Gr which converge strongly in B. on Gr to w and such that 
twp = 0 or nwp=0 (respectively) for each p. 


(b) If w satisfies the hypotheses of (a), then 


(4. 9) Dy(o) = iat)? da. 
Ger (i)a 


Proof. Clearly (b) follows from (a) and (4.8). Also, since the 
condition to 0 is just the same as saying that the ’s with i, <n vanish 
on or and nw=—O0 is the same as saying that those with 7,—n vanish on 
or, part (a) is just reduced to proving the theorem for functions. If the 
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function » is not required to be zero on or, we extend w to the whole of Br 
by o(—2", an) =w(2",2,) and then note that the first spherical h-averages 
of w are of class C’ and have support C Bp if h is small enough; these tend 
strongly in $82 to » on Br. We may then repeat the process k—1 more 
times. If w is zero on or, we begin by extending w to Br by o(—2",2’'n) 
=—w(xz",2’,) and then proceeding as above; we note that each of the suc- 
cessive averages vanishes on op. 

This lemma and equation (4.6) for smooth forms and manifolds allows 
us to prove the following important facts: 


LemMA 4.4. Suppose « and B are any forms e $8, which are of the same 
kind and of proper degrees. Then (8a,dB) 0 and (a,d8) = (84,8), if 
either na or t8B=0. 


Proof. We may select a finite covering of Xt by coordinate neighbor- 
hoods 9t1,- - -, 9g covering Yt, the coordinate system corresponding to any 
boundary neighborhood being an admissible boundary coordinate system. It 
is clear that there is a number fy, >0 such that any geodesic sphere on 
of radius A, is contained in some one Ytg. A finite number of new neighbor- 
hoods, each part of a sphere of radius 2/3, also covers Yt. If we choose a 
partition of unity ¢,-+- - -+¢s=1, each function of which is Lipschitz 
and has support in one of these small neighborhoods we see that 


(82, dp) = (5%, dB:), = Br = GiB 
8, 
where the sum is extended over all ordered pairs (s,/) such that the supports 
of a, and £; intersect. But for any such pair, the union of the supports is 
included in some one Yt, so our problem is reduced to that case. But for 
inner neighborhoods the theorem has been proved in part I, Lemma 7.1. 
But the same proof extends to boundary neighborhoods using Lemma 4. 3. 


LemMA 4.5. (Gaffney [5]). With each point P of Mt and each «>0 
is associated an admissible coordinate system © with domain G and range WU 
and a constant 1 such that 


D(w) 2 (1—e) (wie*)? dx —1(o, w) 


JG ia 


for any form we. with support on U and either twow=0 or nw=0 on &. 


Proof. This has been proved for interior points in part I, Lemma 5.1. 
If P is a boundary point, it is clear that we may choose an admissible 
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boundary coordinate system with domain GgU og which carries the origin 
into P and GrU op into a neighborhood of P in which gi;(0) =8;. Then, 
exactly as in the proof for interior points, we conclude that we may choose R 


so small that 


D(w) 2 Dy(w) —e (wiz)? dx —I1(o, ) 
JGr ia 
for some / and all we, with support in Jt, Do(w) having its significance 
in Lemma 4.3. The result follows from that lemma. 
The following theorem follows from the lemma above in exactly the 
same way as in the case of part I, Theorem 5. 4. 
THEOREM 4.2. For each finite system N of admissible coordinate systems 


whose ranges cover I, there are constants k and 1 such that 
D(o) || ||? (0, (k > 0) 


for any form in B, with either to=0 or no=0 on B, the norm being that 


corresponding to 


5. Potentials; the decomposition theorem. In this and the next sec- 
tion, we shall assume that all of our forms are of the same kind, completely 
parallel theories being obtained for each kind. 

Definition 5.1. We define the closed linear manifolds %.* and %.~ (see 
Theorem 4.2) of $8, as the totality of forms in §%, for which nw =O and 
ft» =0 on respectively. 

Just as in part I, Section 6, we obtain the following result: 

LemMA 5.1. Let M be any closed linear manifold of 2, such that 
MO $.*(B.-) is not empty. Then there eatsts a form in MN 
which minimizes D(w) among all such forms with (o,w) =1. 

THEOREM 5.1. The manifold §*(-) of harmonic fields in $.*(B.°) 
is finite dimensional. 


THEOREM 5.2. If we 8.*($.-) and ts &-orthogonal to $*(H-), then 
there are positive constants X* and d for each NR such that 


D(w) 2M | |? (A | 


THEOREM 5.3. If neXt, and is &-orthogonal to $*(H-). there is a 
unique form 0*(Q-) in 1 (P.- 1 H-)such that 


(5.1) (dQ*, dg) + (80%, = (yf), fe (P.°). 
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Definition 5.2. The functions Q* and Q are called the plus-potential 
and minus-potential of », respectively. 


The defining equations (5.1) for the potentials are a special case of 


the more general equations 
(5.2) (do—d4,d£) + (80—y, — (9, £) =0, Le Pst or 


which were discussed in Section 7, part I. The differentiability results for 
such equations on the interior of Yt follow from the discussion there given. 
But now, suppose we select a point P on 8 and choose-an admissible boundary 
coordinate system with domain Gz and range a boundary neighborhood U of 
P such that g:;(0) In such a system the conditions nw = for 
and tw tf —0 for correspond under a proper ordering of the sets 
(i) and (j) to the equations (3.3). Accordingly as in Section 7, part I, 
we see that if the support of ¢ is confined to U, the system (5.2) reduces to 
the system (3.1) and (3.3) discussed in Section 3. Since the theorems of 
Section 3 parallel exactly those of part I, Section 4, we may conclude that 
the differentiability results for the plus and minus potentials stated near 
the beginning of Section 7, part I, hold right up to the boundary. We now 


extend these results as in Section 7, part I, and summarize as follows: 


THEOREM 5.4. Suppose we & © H*(&. © H-) and Q is its plus (minus)- 
potential. 


(i) If M is of class C,*, then Q, dQ, and 8Q are in ¥.*(P.7). 


(ii) Jf M of class Cy and w ts in with X=p—1+4p(p—n/2), 
then Q, dQ, and 8Q are in B.y*(Pxa-) and C,° if 09< p<. 


(iii) If M is of class C,* and we C,*? (k= 2,0 <p<1), then Q, dQ, 
and If k=3 and weC,*%, then 


(iv) Jf M and w are of class C® or analytic, then so is Q. 


(v) If Qand wo are 0-forms, then Q has an additional degree of differ- 
entiability in all cases above except the second half of (iii). 


In all cases, if we set a—=dQ and B=8Q, 
(5.3) Sa + dB = 8(dQ) + d(é2) ~o, da = 88 =0; 
(5.4) (da, df) + (8a—w, &) (dB —w, dt) + (88,8¢) =0, fe 


Prooj. The results for © follows directly from the discussion above and 


ae 
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Section 3. The proof of the results for dQ and 8Q is like that of Theorem 7.1 
of part I where it is already done for the interior of Mt. We choose a 
boundary point P and an admissible boundary coordinate system of the type 
described in the preceding paragraph and approximate (if necessary) to o 
and the gi; by smooth functions. For each of the approximating functions Q, 
we see from formula (4.7) that AQ —wo and 


(5.5) t*dQ = 0 if Qe $.* and 80 —0 if Qe 


since the integral over 8 depends only on the tangential parts of each factor 
in each term and ¢€ is arbitrary if fe $.* and ng or ¢*¢ is arbitrary if fe B. 
From Stokes’ theorem we see that tdf—0 whenever t6=—0O and ¢ and 
are differentiable. From Lemma 4.2(b) and the formula for 4, it follows 
from this that 


(5.6) no = = 0 = 0 n*d*6 = 0 > = 0. 


Hence, from this and (5.5), we see that both a and Be$.*($.-) if w and 
Qe Y.*(P.-) at each stage of the approximation, that « and @ satisfy (5.3), 
and hence (5.4) using Lemma 4.4. The approximation may then be 
carried through as before on each G, with r< R. Since a finite number of 
the smaller boundary neighborhoods cover 8, the results (5.4) for all ¢ in 
¥3,*($8.-) follow and the differentiability of 2 and B now follow from Section 3. 


Remark. Except in the case of zero forms Q, the individual derivatives 
of the individual components of 2 do not, in general, have the same differ- 
entiability properties as do dQ and 8Q (the coordinate transformations will 


not allow it). 
The following two theorems are useful and important: 


THEOREM 5.5. Suppose ne $2, H* and H- are its projections in 
and § and Q* and Q are the plus and minus potentials of »—H* and 
n—H_-, respectively, and B =6Q*. Then 


(i) «@* is the plus potential of dy and B is the minus potential of sy 
(ii) If neB.*, then B* is the plus potential *. 
(iii) If neB.-, then a is the minus potential of dnel.0 S. 


Proof. These results follow from Theorem 5.4, equation (5.4), and 


Lemma 4. 4. 
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5.6. (i) If and there are unique forms x 
and B, where and ts &.-orthogonal to $+ and and is &- 
orthogonal to such that 8% —8y*, da—0, dB = dy, 


(ii) Jf there are unique forms and in 
B.-A (L2—H-) such that dy =dy, Sy =0, 8 de=0. 


Proof. The uniqueness is evident. To prove (i), let O* and Q be the 
respective plus and minus potentials of »*—H* and » and let T= 
and HdQ-. From Theorem 5.5, we see that T is the plus potential of 3y* 
and / is the minus potential of dy. Then, from Theorem 5.4 we conclude 
that a= dI and B=5E have the desired properties. To prove (ii), let Q* 
and - be the respective plus and minus potentials of »—H* and »—H- 


and let 


and (ii) follows from Theorem 5. 5(1i). 


Definition 5.3. We define the linear sets © and D as the sets of all 
forms of the form 6a and dB, where ae and respectively. 


We now can prove an analog for the Kodaira decomposition theorem [6] 


for manifolds with boundary. 


THEOREM 5.7. The sets © and D and the set § of all harmonic fields 
in 2, on M are closed linear manifolds in 2, and 


(5.7) 


Moreover, if we Bs, its Q projections y, «, and H on ©, D, and § belong to 
P.-, and Po, respectively, and §y de=0. 


Proof. That © and D are closed linear manifolds follows immediately 
from Theorems 5.6 and 5.2 and that § is also follows from the theorems of 
part I, Sections 4 and 7. Using Lemma 4.4, we see that © and D are 
orthogonal and that © and ®D are both orthogonal to 6M ¥. and, in fact, 
if COD), then HeGH (¥.* and are both everywhere 
dense in &.). 


Now, suppose 7e¢%8, and let y and « be its projections on € and 9, 
respectively. Using Theorem 5.6 we conclude the existence of unique forms 
in $.*N (2.0 Ht) and H-) respectively, such that 


(5.8) Sa==y, da=0, 88=0, 
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Since y and « are the projections of 7 on © and D, we see from (5.8) that 
a and satisfy 


(da, dg*) + (8a, — (y, = (da, + (8a, — (dn, = 0 
for all in and in %.-. Thus is the plus potential of dy and 


~ 


is the minus potential of 8). The results follow from Theorems 5.3 and 5. 5. 
The following theorem contains further information concerning the de- 


~ 


composition (5.7): 


~ 


THEOREM 5.8. Suppose weX, and y, «, and H are its projections on 
€, D, and §, respectively, and suppose Q* and Q- are the plus and minus 
potentials of w—H, respectively. Then 


(5.10) y=52, e=dB, 


If weB., then a and B are the plus and minus potentials of dw and 6, 
respectively. We have the following differentiability results on the closure 


of M: 


(i) Mis of class Cy) and weX,, then y, «,and and B. 0, 
and Q-e $2; if also we Bo, then y, «, and HeP. with y, § and H in C,° 
im case A=p—1+yp, 


(ii) Jf Mt ts of class C,* with k=2 and O0<p<l and if weC,*’, 
then H, y, and ee C,*? and a, B, Ot, and Q-eC,*"; if, also, we C,**, then 
H, y, and ee C,*. 


(iii) If M and w are C® or analytic, so are a, B, y, «, Q*, and Q. 
(iv) In the case of zero forms, H is a constant, and «=0. 


If wef, with or if and w—dy where neP2, then y=0; if 
we, and or if we, and where ne then «=0. 


Proof. Suppose, first, that oe 9.. If we then define a, B, y, «, *, and 
Q- by (5.10), the results follow from (5.8) and (5.9). In case w is merely 
in &., we use the left sides of (5.9) and approximate, using Theorems 3.3 
and 5.2. The regularity results and the last statement follow from the facts 
that « and £ are the respective potentials of dw and S, since dH —sH =, 
in case we $.. The last results for » merely in 2, follow from Lemma 4.4. 

We may now prove a slightly strengthened form of an inequality due 
to Friedrichs [4]: 


| 


at 


re 


HARMONIC INTEGRALS, II. 


THEorEM 5.9. There isa rX>O0 such that if we P21 H, then 
D(w) 
Proof. For if we 8,1, then 
(5.11) wo=yte, (y,€) =0. 
Hence, from (5.9) and Theorem 5.2, we see that 
D(o) =D(y) + D(e) +¥ Za? +2 
=X || o |]?,A = min[A*/2, rA-/2]. 


The following theorem completes the analogy with the case for a compact 
manifold without boundary. 


TurorEM 5.10. If ne, and is &,-orthogonal to §, there is a unique 
form Q in $B. and &.-orthogonal to such that 


(5. 12) (dQ, dg) + (80,82) = Le Pe. 
Moreover, 
(5.13) dQ = dQ* and 80 = 60, 


* and Q- being the respective plus and minus potentials of n. The differ- 
entiability properties of Q are the same as those in Theorem 5.4. 


Proof. The proof that Q exists in $8, and is unique is just like that of 
Theorem 5.3. Obviously neXt, and 2,06 so that its plus and 
minus potentials exist. Accordingly we have, for example, 


(5.14) (dQ — do, df) + (60 — 60*, 8£) for all fe $,*. 
But, from Theorem 5.6, we may find a €e%8.* such that 
(5.15) df = da — = 0. 


Using (5.14 and (5.15) and a similar argument for Q-, we derive (5.13). 
Now, let us consider the decomposition (5.7) for 0, Qt, and Q-. Using 


(5.13) and the last statement in Theorem 5.8 also, we obtain 
5. 16) 

K+=H,*+ K-=H,-+Ty,. 


where the I’s e ©, the H’s ¢D, and the H’se§. From (5.16) and the unique- 
ness of the decomposition, we obtain 


11 
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H?+H,=0, 1+ = +E 
5.17 
Tal’, Bom E-. 


The differentiability properties of dO and 80 follow from (5.13) and Theorem 
5.4 and those for Q follow from (5.16) and (5.17) and Theorems 5.4 
and 5.9. 


Remark. We cannot conclude the differentiability of Q directly from 
(5.12) and Theorem 3.4, since the equations (5.12) are not the same as 
(3.1) and (3.3) since the boundary integral corresponding to the first term 
in (4.8) is not necessarily zero in this case. 


Definition 5.4. The form © in Theorem 5.10 is called the potential of y. 


Important Remark. All differentiability properties at either interior or 
boundary points are local; all differentiability results extend immediately to 
cases where the given hypotheses hold in some coordinate patch, the conclu- 
sions then holding in that patch. 


6. Boundary value problems. In this section, we derive briefly the 
results concerning boundary value problems for harmonic forms and fields 
which have been obtained by other methods by Duff and Spencer [3] and 
Conner [1]. The differentiability results on the interior have been obtained 
in part I and stated also in [8]; the corresponding results on the boundary 
depend on the given boundary values as well as on the differentiability of M 
and are stated below. 

The following theorem is seen (from their proofs) to be equivalent to 
Theorems 3 and 4 of [3] (pp. 150, 151): 


THEOREM 6.1. (a) If w is any closed form in &., there is a unique 
harmonic field H such that (r—degree of w) 


o=—H+d, tH =to, 0SrSn—1. 


(b) If w ts any co-closed form in >, there is a unique harmonic field 
H such that 


o=H+$a, nH = no, (na—=nda=—0), 
In either case, the differentiability results are as follows: 


(i) If M ts of class and we A=p—1+yp, 1, then 
H is also and w and HeC,° at B. If r=0, w and H are constants. 


| 
= 
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(ii) If Mt is of class C,* (C®, analytic) and w is of class C,** (C*,C%), 
k2=2,0<p<1, then H is of class C,** (C*, analytic). 


Proof. If do—0, then from Theorems 5.7% and 5.8, we see that the 
term 5a 0 in the decomposition which proves (a); (b) is proved similarly. 
The differentiability results follow from Theorem 5. 8. 


The next theorem is a refinement of Theorem 2 of [3]: 


TueorEM 6.2. If » is any form in $2, there is a form w in Bz such 
that tw = ty and dw is a harmonic field. If, also, n=8y for some x in PB, 
then there is a unique w of the form w=8é with & in B, which satisfies the 
conditions above. 


Proof. Let H- be the projection of dy on §-, let « be the minus 
potential of dy— H-, and let 


(6.1) n—y, y=ba, «e—da. 
Then y and ¢ are in .- and from (5.3) («—), we have 
ty=O=—te, dyt+de—dy—H, 4+ &. 
From (6.2) and the last statement in Theorem 5.8, we see that 
do e($ 6) 


Now, suppose 7 = for some x in Then o—8(x—a) from (6.1). 
Suppose w, also satisfies all these conditions. Then 


t(w—o,) =0, wo—o, = dv (v=y—a—§), d(w—a,) €§. 

But then, from the definitions of € and D and Theorem 5.8, we obtain 
w—oe Bo, ..d(w—a,) €DN .°.d(w—o1) =0, § @ D, 
o—o,— Sve HOC, HS, (Theorem 5.5(i)), 

= 0. 


We now consider boundary value problems for harmonic forms as distinct 
from harmonic fields. We begin by defining 


Boo = BN B2, HS Poo. 


Then $., consists of all $8, forms » with to—=nwo—0. The last part of the 
following theorem is due to Spencer [11]. 
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THEOREM 6.3. is finite dimensional. If H $*, or then H 
has the differentiability properties on ® stated in Theorem 5 of [8]. If M 
(and B) is analytic and He >, then H =0. 


Proof. The first statement is a consequence of Theorem 5.1. Obviously 


for all £ in and hence in or If He then (6.3) is equi- 
valent to (3.1) and (3.3) so the differentiability results follow. 


Now chose any point P on % and choose an analytic admissible boundary 
coordinate system mapping the origin into P and Gz U og into a neighborhood 
of P with gi;(0) =8,. Since He $.*, (6.3) is equivalent to (3.1) and (3.3) 
with a, b, b*, and c analytic and e=f=0. Accordingly H is analytic on 
z"==( and hence H and the coefficients can all be extended analytically 
across z"=0. Since dH =8H —0 we see that all the Hy and Hy)»=0 
on z*=0. The result follows from the Cauchy-Kowalewsky theorem. 


Definition 6.1. A form K is harmonic on Mt if and only if K, dK, and 
8K on any damain interior to with + diK —0 there. 


THEOREM 6.4. If we$., there exists a harmonic form K in $B, such 
that tK =to, nK =no. Any two such solutions differ by a harmonic field 
in So. The differentiability results for K are the same as those in Theorem 
6.1 except that in the case of zero-forms, KeC,* if we C,*. 


Proof. Write K=w-7 and minimize 
D(o + 9) = + 2 (dy, dw) + 2 (8, + D(w) 


among all in Ho). Then 2A || 7 ||? so that the minimizing 
function exists as usual. Then K is easily seen to satisfy (6.3) for all ¢ 
in %29 so that K is harmonic on the interior of Mt (using the differentiability 
results of Section 4 and 7 of part I). Since ne Pu N(R O Ho), the equi- 
valent equation 


(6.4) (dy + dw, df) + (8 + 80, 8£) =0 


for all © Po is of the form (3.1) and (3.3) on boundary coordinate patches. 
The differentiability results follow from Section 3. In case K e $2, we may 
set H={£=—K in (6.3) and conclude that K is a harmonic field in §p. 


LemMMA 6.1. Suppose f(x) is of class for |x| << R with support 


interior to that sphere. Then there is a function u(a',---,2",h) with 


( 
| 
(6.3) (dH, df) + (8H, 8¢) —0 
| 
| 
| 
d 
h 
h 
re 
ti 
th 
If 
If 
be 
m 


ul- 


ich 


em 


ort 


th 


HARMONIC INTEGRALS, II. 165 


support in |x|?+h? R?, with wu and Yue. there, with u(x,0) =0, 
=f(x). If, also f(x) eC,*, then u may be taken to be 
of class C,**! there. If, also, feC”, then u may be taken to be of class C®. 
If, also, f is analytic near a, then u may be taken to be analytic in (z,h) 


near (2,0). 


Proof. (By Friedrichs mollifier): Let k(x) be of class C® for all z 
and have support in |2| <1 with the integral of k(x) —=1. Extend f(z) 


| to be zero outside |«|—F and define 


In all cases wu, is of class C* in (2,h) for h0 and we have 


(6.5) 


and w,(z,h) tends to f(z) as h-—>0 for each x for which the Lebesgue 
derivative of the integral of f—=f(az). It is easy to see from (6.5) that wu, 
has the desired differentiability properties. Since f= 0 for all z on and near 
or, we may multiply w, by a function /(h) of h alone which is analytic at 
h=0 with 1(0) =1 and /’(0) =0 and C® for all h& and zero for |h| ZA, 
where hy is chosen small enough so that u(z,h) =1(h)u,(2,h) has support 
in |v |? +h? < R?. 


The following lemma simplifies the statements and proofs of our 
remaining results on boundary value problems. 


LemMaA 6.2. (i) Suppose € and y are r and r+1 forms on M, respec- 
tively, with &, dé, and in along B (i.e. bé, bdé, bn e along B). Then 
there exists an r form w with » and dw in B. on M with 


(6.6) nw = né, ndw = ny on B. 


If é, dé, and ne 82, along B, w may be chosen so that w and dwe $2, on Ne. 


If Mis of class C,* and &, dé, and ne along B (k= 2,0 <p <1), may 


be chosen so that » and dweC,*. If MeC* and é and neC® along B, o 
may be chosen to be of class C* on M; if Mt is analytic and é and 7» are also 
analytic near a point P of B, then w may be chosen to be also analytic on M 


| near P. If r=0, the first condition is vacuous and we may choose weC,* 
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if MeC,* and neC,** or to be in PY. with all the derivatives of its com- 
ponents being in if MeCy. If r—n, the second condition is vacuous 
and nw = bw, né = bé, and the result 1s that of Lemma 4.1. 


(ii) 


The dual of (i), with 
tw = té, tdw = tn on &B. 


(6. 7) 
(iii) Suppose € and y are r+1 and r—1 forms on Mt, respectively, 

with — and y in 2 along B. Then there exist a form w with w, dw, and bu 

in $B. on Mt such that 

(6.8) 


ndw = né, tdo = ty on 


if E and ne along B, w may be chosen so that w, dw, and ioe $2, on MN. 
If M is of class (k2=2,0<p<1) and é and ne C,*" along B, then o 
may be chosen so that w, do, and SweC,** on M. If MeC* and é and 
neC® along B, then w may be taken in C®; tf also Mt, €, and y are analytic 
near a point P on B, then w may be taken analytic on M near P. If r=0, 
the condition on 8» 1s vacuous and w may be taken to have one additional 
degree of differentiability (but not dw); the case r—n is the dual of this 
(*w additionally differentiable). 


Proof of (i). From the proof of Lemma 4.1, we conclude that there 
are forms é,,- - and on Mt in which each pair (é;,7;) has 
support in some one admissible coordinate patch and each satisfies the differ- 
entiability requirements of é and 7 but on Yt. Thus our problem is reduced 
to the case where € and y have their stated properties on Xt and support in 
an admissible boundary coordinate system with domain Gp. We write 
o=—éE+o,, and seek an ow, with the desired differentiability 
properties satisfying 

(6.9) 


nw, = 0, ndwo; =n, on B. 


Actually, we may set bw; 0 in which case (6.9) is seen using the formula 
for dp (see formula 1.9 of [3]) to reduce to 


From Lemma 6.1, we see that we extend the components to be of class 
C,* (or etc.) in Gp and to vanish on and near Sp. Accordingly w, and doy; 


have the proper class on Mt. 


Proof of (ii). We begin by taking the duals of all the forms and then 


proceeding as in (i). 
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Proof of (iii). From (i) and (ii) we may find forms w, and 2 with 
1, dw;, 2, and dw, all in C,** (or etc.) such that 


No; = 0, né, 0, ty on B. 


Then from Theorem 5.6(ii), we may find forms w,; and w, with 


No; = 0, dws dw, 0, tw4 0, — 8wo, dw, 0. 


The desired ww; +4. It is seen from Theorems 5.4, 5.5, 5.6, and their 
proofs and that of hTeorem 5. 8, etc., that w has the desired differentiability 


properties. 


LemMMA 6.3. Suppose we, §, we on all domains (with closures) 
interior to Mt, and D(w) ts finite. Then we 8. on Me. 


Proof. We may choose a finite covering of Yt by admissible coordinate 
patches, choose a corresponding partition of unity, and thus express 
+: gs, each ws having support in some one coordinate patch, 
being in $8. on interior domains, in 2, on Mt, with D(w,) finite; each ws 
with support interior to Mte¥%,. Now, consider an ws with support in a 
boundary patch with domain Gr; we assume », = 0 elsewhere. Now for each 


p define w.? on Gr by 
(i)? (2" = ws i) (Z" — Np, hp =R-(p+1)-. 


If we define ’w,? ws, for those with interior support and define ’w? = w,? 
+--++-+ og? on Dt we see that ’w?, d’w?, and &w? tend strongly in &, on 
M to w, dw, and Sw, each ’w? being in $.. If we let w? be the projec- 
tion of ’o? on 2, © §, we see from Theorem 5.8 that we may approximate 
equally well using {w?}. But then, from Theorem 5.9 and the fact that 
D(w? —w) —0, we see that ||o?|| is uniformly bounded. Hence a subse- 
quence, still called w?, converges weakly in 98, and hence strongly in 2 to 
something which must be o. 


We can now state the results of Conner [1]: 


THEOREM 6.5. In each part of Lemma 6.2, the form w may be replaced 
by a harmonic form K with the same differentiability properties. In fact if 
in (i) we merely require that &, dé, and ne B2(PB2r) on Mt, then any such 
Ke.(B..) along with dK; analogous results hold in cases (ii) and (iii), 
except that in (iii) K must be properly chosen, orthogonal to § for example. 
In case (i)((ii)), any two solutions K with K and dK(8K) in $8, differ 
by a harmonic field in $*(-); in case (iii), any two solutions K in &, with 


| 
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dK and 8K in & differ by a harmonic field. If in (i) ((ii)) S0(dw) eC,*' 
(or etc.), then 8K (dK) does also. 


Proof of case (i). Let ; be the positive potential of Sdw; since dwe $f, 
Sdwel, Choose in (Theorem 5.6) so that 


(6. 11) dw. = 0, Sw. = do. 
Let us define K by 
(6.12) K =w—o; —w>. 


Then we have 
(6.13) dK = do — do, 2, dK = — = dbo,, nK = no, ndK = 
Then if £¢ $2, we have 
(dK, dg) + (8K, 8£) = (8dK, £) + (8K, 8£) 
= (d8w;, + (8K, 8£) = (8K + 801, = (8 — 3£) = 0 


using (6.11). Hence K is harmonic from Sections 4 and 7, part I. If dw 
were already known to be in C,**(2, etc.), we would simply have defined 
K by 

(6. 14) K=o—Q 


where © is the plus potential of Ao. 


Now, in the case of two solutions, the difference K’ would be a harmonic 
form with K’ and dK’ in §, and 


(6.15) nK’ = ndK’ =0. 


Now 8K’ec. on interior domains is harmonic there (Sections 4 and 7, 
part I) and is in & on Mt. Moreover 


d8K’ = — 8dK’eX., 88K’ =0. 


Hence D(8K’) is finite and, by Definition 5.3, 8K’e€ C2.0. Hence 8K’ 
is also in %. by Lemma 6.3. But then 


(6.16) (dK’,dK’) + (8K’, 8K’) = (K’, AK’) 
+f K’ *dK’ — 8K’ *K’ =0, 
Da] 
so that K’ e 


Proof of case (ii). Dual to case (i). 
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Proof of case (iii). In this case we define K by (6.14) and note that 
it satisfies the conditions if we choose Q as the potential of 


Aw =8(dw) +d(8o)e COD 


(Definition 5.3, Theorem 5.10). 

Suppose now that we have two solutions with the stated properties. 
Then the projection K’ of the difference on © @®D is harmonic and in 
§ with dK’ and 8K’ in with ndk’ = =0. Then (6.16) holds 
so that K’e . Hence K’=0. 


Remarks. We conclude with remarks about a result of Spencer on what 
he called a bounded manifold [10]. An open manifold Qt is bounded if and 
only if there is a compact manifold Yt,, with or without boundary, of which 
M is an open subdomain with closure interior to Mt; as usual, we assume 
M, of class C,1 at least. We may define the subspace $.. of %, forms on 
as the closure in $8. on Mt, of the %, (or Lipschitz) forms with support 
interior to Yt; any form in Pozo is in Pz on Mt, if it is defined to be zero on 
and outside 0%. Thus, if Mt is any finite covering of Yt,, we have 


D(w) ZF || ||? —1(o, 


for all » in Bz5 on Mt the norm corresponding to Jt. Clearly D(w) is still 
lower-semicontinuous with respect to weak convergence in $8.). and weak 
convergence in $$.) implies strong convergence in &,. Hence we may generalize 
Lemma 5.1 and Theorems 5.1 to 5.3 immediately and hence also Theorems 
6.3 and 6.4 except for the differentiability on the boundary; the conditions 
tK =tw and nK =nw of Theorem 6.4 must be changed to K—we2x. In 
Theorem 6.3, if Mt, is analytic, we see that any harmonic field in 2. is 
also one on Yt, if extended as above; since MtU AM is interior to Mt, it 
follows that any such field is zero. Moreover if K is a harmonic form [defined 
as in Definition 6.1] in Qo, we see (by first considering {’s with support 
interior to Mt) that (dK, dg) + (8K, 8£) —0 for all in by taking 
{= K, we see that K is a harmonic field. 
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FIBRE SYSTEMS OF JACOBIAN VARIETIES.* * 


By Jun-IcuH1 IGusa. 


The method of Picard and Poincaré in studying an algebraic surface V 
consists in applying the theory of curves to the curves of an auxililary linear 
pencil {C,} on V. The same method was employed later by Lefschetz in his 
theory of algebraic surfaces (cf. [19], Chapters 6-7). If we examine closely 
their method, we can see that they considered implicitly a certain variety 
4 which the author proposes to call the Néron variety of V associated with 
{C,,}. In fact Néron was the first who considered J explicitly in his algebraic 
proof of the theorem of the base [12]. The variety J is the graph of the 
correspondence u—>J, between u and the Jacobian variety J, of C,. Here, 
we restrict our attention to such linear pencils whose members are all irre- 
ducible and whose general members are nonsingular. If V does not carry 
any multiple curve, we can always find such a linear pencil. Also, if V is 
nonsingular, we can assume that singular members of the pencil are curves 
with ordinary double points. Now, the main part of the paper is devoted 
to determining the “degenerate fibres” of the fibre system {u X Jy} on J at 
those finite number of values of wu where C, become singular. We note that 
in Néron’s case such degenerate fibres are not considered explicitly. The 
same thing can be said about Chow’s investigations on Abelian varieties over 
function fields [4]. However, in some problems in algebraic geometry it 
becomes necessary to consider those degenerate fibres and also the behavior of 
fibres along the degenerate fibres. We shall show that the degenerate fibres 
are certain completions of the generalized Jacobian varieties of the singular 
curves in the sense of Rosenlicht [15]. The singular locus of J is con- 
tained in the union of singular loci of degenerate fibres. Also we can define 
in a natural way a birational map ¢ from V into J, and we can show that 
¢ gives isomorphisms of the Albanese varieties and of the spaces of linear 
differential forms of the first kind of V and J. This result has already been 
applied to show that the dimension of the Albanese variety of an arbitrary 
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variety is not greater than the dimension of the space of linear differential 
forms of the first kind, on the variety [6]. 

In the course of the preparation of the paper, the author had precious 
discussions with and valuable suggestions from Professor Zariski, to whom 
the author wishes to express his deepest appreciation. 


1. Existence of general linear pencils. 


1. Let V be an arbitrary algebraic variety in a projective space P”. 
We shall denote by & the universal domain of our algebraic geometry.? Let 
H be a hypersurface of order m in P" not containing V. Then the inter- 
section product V-H is defined, and V-H is a P"-cycle carried by V. We 
shall denote by % the totality of such cycles. Now the system of hyper- 
surfaces of order m in P” defines a biregular rational map ¢ of P" into a 
projective space of dimension C,”*"—1. Consequently V is transformed 
biregularly to an algebraic variety V* in this projective space. We shall 
denote by P% the smallest subspace containing V*. If ZL is a hyperplane in 
PN and if T is the graph of Try ¢, then pry[T-(V X L)] is a member of Bn. 
Moreover this operation defines a one-to-one correspondence between the 
system of hyperplanes in P’ and &,,. The system of hyperplanes in P* can 
be identified with the dual space P’’ of PX. If P’" is a subspace of P’’ and 
if X, is a P"-cycle of dimension dim(V) —1 carried by V, then the set of 
P»-cycles of the form X + Xo, where X vary in P”, is called a linear system 
of dimension r on V. In particular &,, itself is a linear system of dimension 
N on V. In the following V is either an algebraic surface or an algebraic 
curve. 

Now let V be an arbitrary algebraic surface. We know in general that 
of all fields in R which define V, there is one smallest one ky). We shall 
denote its algebraic closure by &. Since the rational map ¢ is defined over 
the prime field, ko is again the smallest field of definition of V*. Therefore 
the projective space P is defined over ko. A positive cycle is called a 
reducible variety if the sum of the coefficients of its components is at least 
equal to 2. A normally algebraic bunch over a field will be called, after 
Zariski, a closed set over this field.. We shall now prove the following 
theorem.*® 


*'We shall use the results and terminology of Weil’s book [16] mostly without 
quoting. 

° A slightly less general result was proved by Néron and Samuel [13]. We shall 
use their idea in our proof. 
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THEorEM 1. The set ©, of hyperplanes in PN, which have reducible 
curves as intersection products with V*, is a closed set over ky of dimension 
at most N—2 for m=8. The only exceptional surface for m=2 ts a 
subspace P? of P*. 


Proof. The assertion that ©, is a closed set over k, can be proved by 
the standard method [1], hence we can omit it here. We shall first treat 
the case where V is a subspace of P”. Let G(X) and H(X) be homogeneous 
polynomials in three letters Xo, X,, X, of orders a and @ respectively such 
that a+ B=m. Put F(X)=—G(X)H(X). The set of all F(X) of this 
form is an algebraic variety of co-dimension C,”*?— (C,%*? + 0,6?) +1 
—«a(m—«) in the projective space of homogeneous polynomials of order m. 
If we remark that the minimal value of a(m— a) forll«lm—1ism—1, 
the first assertion and the trivial part of the second assertion for V =P? 
follows immediately. We shall exclude this case in the following. We fix 
one m by m=2. Let R be a component of ©. Then F# is defined over k, 
and we have dim(R) = N—1 by a theorem of Bertini [21,9]. We shall 
derive a contradiction from the assumption dim(R) —N—1. Let wu be a 
generic point of R over & and let L, be the corresponding hyperplane in P%. 
Then V*- JL, is a rational P’-cycle over k(w), hence it determines a rational 
positive cycle XY of the product P’ & R over k, every component of which 
has the projection # on FR and such that X(u) = V*-L,. Let z* Xu be a 
generic point of some component of X over. k. Then z* is a generic point of 
V* over k. Otherwise x* has a locus C* over k, which is contained in every 
hyperplane of R. However, this is impossible by the following reason: Let 
C be the corresponding curve on V. Then we have ord(C*) = m- ord(C) = 2. 
Therefore C* contains three points which are not colinear. Hence the hyper- 
surface Ff is contained in the intersection of dual hyperplanes of these three 
points; a contradiction. Let C* be a component of V*-Z, containing 2*. 
Then C* appears with coefficient one in V*-Z,, and it is the only component 
of V*-L, passing through z*. Otherwise, by a criterion of multiplicity one 
[16, p. 141] L, contains the tangent plane of V* at x*. The totality of 
hyperplanes in P’ having this property is a subspace T of P’" of dimension 
N —3 defined over k)(x*). On the other hand if K is the algebraic closure 
of ky (x*), the point wu has a locus S of dimension N —2 over K, and every 
hyperplane of S contains the tangent plane of V* at 2*, i.e., 8 is contained 
in 7’; a contradiction. Since C* appears with coefficient one in X(w), it is 
defined over a separably algebraic extension of k(u). Since C* is also the 
only component of XY(w) passing through z*, we conclude that C* is defined 
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over k(u,z*), hence over K(u). Therefore, by assumption V*-L,—C* is a 
strictly positive and rational P’-cycle over K(u). Hence it determines a 
strictly positive and rational cycle Y of the product P’ X S over K, every com- 
ponent of which has the projection S on S and such that Y(u) = V*- L,—C*. 
Since S is of dimension N—2, our previous argument shows again that 
every component of Y has the projection V* on V*. Let Z be a component 
of Y, and let 7” be the projection on S of a component of the intersection 
ZO2* <8. Since this intersection is nonempty, T’ exists actually and it 
is a subvariety of S of dimension at least N —3 defined over K. From the 
same criterion of multiplicity one as before, we conclude that 7” is contained 
in JT. Since the dimension of T” is at least equal to the dimension of 7’, we 
get J —T’; hence in particular 7 is contained in @,. 

Now let <* be a generic point of V* over ko(x*). Let 2 and Z be the 
points of V corresponding to z* and z<*. We may assume that they have 
representatives (1,21,: and (1,%,,- respectively. Let Xo, 

- -,X, be the letters to describe equations in P". Then m-fold products of 
the form 


for 1SiSj=:--Sk=n correspond to hyperplanes in P%, and, by the 
criterion of multiplicity one, all of them contain the tangent plane of V* 
at z*. They determine a subspace of 7. We may assume %,~2;. Put 
Yi 7, for t—1,---,n. We shall show that k(x) 

separably algebraic over ko(x)(y). Otherwise, there exists at least one non- 
trivial derivation D of k,(z)(£) over ko(x)(y). Let F;(X) be a polynomial 
in X,,---,X,» with coefficients in k) such that F;(z)—0. We then get 


yiDi, —Di;=—0 (2Sin), OF Dz, = 0. the determinant 
of these n linear equations be zero. Hence we get OF (x; — Z;) = 0 


for every F;(X). However, since z is a generic ey of V over ky(<), this 
shows that V is contained in, hence coincides with the tangent plane of V at Z. 
This is the case we have excluded in the beginning. Thus the linear system 
on V which is determined by T is not “composite with an algebraic pencil,” 
hence its general member must be irreducible by the theorem of Bertini 
[21,9]. This contradicts to the conclusion we have arrived before, i.e., to 
the fact that T is contained in €,. 


2. The following three lemmas hold also for an arbitrary algebraic 
surface V: 
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Lemma 1. Let x* be a simple point of V*. Then we can find a 
hyperplane L in P' containing the tangent plane of V* at x* such that 
V*-L consists of two nonsingular curves with distinct tangents locally at x* 
for m=2. 


Proof. Let x be the point of V which corresponds to z*. Let L™* and 
H" be independent generic hyperplane and hypersurface of order m—1 
over k,(x) passing both through z Then V- LZ" and V-H*" are irreducible 
curves at least locally at 2 which are transversal to each other at z on V. 
Let L’ be the hyperplane in P” which corresponds to L™*+ H™*. Then 
V*-Z’ corresponds biregularly to V-(L"1-+ H""). Therefore V*-L’ con- 
sists of two nonsingular curves with distinct tangents locally at 2*. 


Lemma 2. Let x* be a simple point of V*. Then the tangent plane 
of V* at x* meets V* only at x* for m=2. 


Proof. We can use the same notations as in the above proof. Suppose 
that z* is a point of V* distinct from z*. Let Z be the corresponding point 
of V. If L™* and H*™" are taken to be generic over k,(z,Z), then L’ does 
not pass through z*. Therefore the tangent plane of V* at xz* can not 
contain <*. 


Lemma 3. Let x* and <* be two distinct simple points of V*. Then 
the tangent planes of V* at x* and at z* do not intersect with each other 
for m= 3. 


Proof. Let x and & be the points of V which correspond to 2* and <*. 
Let H,"-? and H,""' be independent generic hypersurfaces of order m—2 
over ky(z,Z) passing both through z. Also let L,"1, and 
L./"-1 be four hyperplanes passing through Z, but not through x. Let LZ; be 
the hyperplanes in which correspond to + + for 1=1, 2. 
Then both Z, and LZ, contain the tangent plane of V* at z*, while V*-L, 
and V*-Z. are transversal to each other at z* on V*. Therefore L,: LZ, is 
a subspace of P’ of dimension N —2 which contains the tangent plane of V* 
at <* and which is transversal to V* at z*. The existence of such a sub- 
space implies that the tangent planes of V* at z* and at z* are disjoint. 


3. We shall now assume that V has only “negligible singularities,” i.e., 
that V does not contain any multiple curve. We can then add the following 
three supplements to Theorem 1: 


SuPPLEMENT 1. The set § of hyperplanes in PN, which are not trans- 
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versal to V* at one point of V* at least, is a closed set over ky of dimension 
at most N—1 form=1. 


Proof. First of all the singular locus of V* is a closed set over k, 
consisting of a finite number of points. The dual hyperplanes of these 
points form a closed set over k, in P’Y. On the other hand, let x* be a 
generic point of V* over k, and let L be a generic hyperplane of P% over 
ko(z*) containing the tangent plane of V* at 2*. If uw is the dual point 
of L, then wu has a locus over k, of dimension at most N—1. Let L’ be a 
specialization of LZ over ky and let 2’* be a specialization of x* over this 
specialization. If z’* is a multiple point of V*, then L’ is a member of the 
dual hyperplane of 2’*. If 2’* is a simple point of V*, then L’ contains the 
tangent plane of V* at z’*. This follows from the fact that the tangent 
plane of V* at 2’* is the unique specialization of the tangent plane of V* 
at a* over the specialization z*-—>2’* with reference to ky). Conversely let 
L’ be a hyperplane in P% containing a tangent plane of V* at a simple 
point 2’* of V*. Then L’ is a specialization of Z over ky, as we can show 
by the following general argument: The totality of hyperplanes in P% con- 
taining the tangent plane of V* at z* is a subspace 7 of P’’ of dimension 
N —3 defined over k,(z*). Similarly a subspace 7’ of P’N of dimension 
N —3 is attached to 2’*. Since the specialization T” of T over the specializa- 
tion «*-—>2’* with reference to k, is carried by T’ and since T’ and T” are 
linear spaces of the same dimension, we have JT” —T”’. In particular a generic 
member of 7” over ky(z’*) is a specialization of Z over the specialization 
z* — 2’* with reference to k,. Since L’ is a member of 7” and since 7” is 
defined over k)(x’*), we see that L’ is a specialization of that generic member 
over k,(2’*). Therefore L’ is a specialization of LZ over the specialization 
x*—» 2z’* with reference to k). Since a hyperplane L’ of P% is not transversal 
to V* at a point 2’* of their intersection if and only if either z’* is multiple 
on V* or 2* is simple on V* and L’ contains the tangent plane of V* at 2’, 
our assertion is proved. 


SUPPLEMENT 2. The set of hyperplanes in PN, which are not transversal 
to V* at two points of V* at least, is contained in a closed set ©, over ky of 
dimension at most N—2 for m=3. 


Proof. Since the set of singular points of V* is closed over ko, the set 
of hyperplanes in P% containing at least two of them is a finite set of sub- 
spaces of dimension N—2 in P’N, which is again closed over ko. In the 
next place let a* be one of the multiple points of V*, and let z* be a generic 
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point of V* over ko, hence also over ky(a*). Then we can speak of a generic 
hyperplane L of P% over k,(x*,a*) containing the tangent plane of V* at 2* 
and passing through a*. The dual point of Z has a locus over k,(a*), and 
the dimension of this locus is at most N—2 by Lemma 2. The union of 
such varieties for all a* is closed over ko. Moreover, if L’ is a hyperplane 
in PN containing a tangent plane of V* at a simple point 2’* of V* and 
passing through a multiple point a* of V*, then L’ is a specialization of a 
generic L corresponding to the same a* over the specialization 7* — x’* with 
reference to k,(a*). This can be proved exactly in the same way as in the 
proof of Supplement 1 using Lemma 2. Finally let 2* and z* be independent 
generic points of V* over ko. Then we can speak of a generic hyperplane L 
of P over k,(x*,2*) containing the tangent planes of V* at z* and at <*. 
The dual point of Z has a locus over ko, and the dimension of this locus is 
at most N —2 by Lemma 3. Moreover, if L’ is a hyperplane in P’ containing 
tangent planes of V* at two simple points 2’* and z’*, then L’ is a specializa- 
tion of LZ over the specialization (x*,Z*) — (a’*,z’*) with reference to ky. 
This can be proved in the same way as in the proof of Supplement 1 using 
Lemma 3. We can take as ©, the union of the above three types of. closed 
sets over kp. 

Our final supplement is more delicate. Let z* be a simple point of V*, 
and let C* be a positive divisor of V* passing through z*. Then we can 
find an element f of the local ring of V* at z* such that its divisor (f) 
represents C* locally at z*. We shall assume that f is contained in the 
square, but not in the cube of the maximal ideal of the local ring. Then 
the residue class of f with respect to the cube of the maximal ideal is a 
quadratic form in the Zariski tangent space of V* at 2*, and this quadratic 
form is uniquely determined up to a constant factor by C*. If its dis- 
criminant is not zero, then z* is called an ordinary double point of C*. 


SuppLEMENT 3. The set of hyperplanes in PN, which intersect with V* 
along curves with non-ordinary multiple points at simple points of V*, 1s 
contained in a closed set ©, over ky of dimension at most N—2 for mZ3. 


Proof. Let x* be a generic point of V* over ko, and let L be a generic 
hyperplane over /,)(z*) containing the tangent plane of V* at z*. Then 2* 
is the only point of V* at which ZL is not transversal to V*. Otherwise, 
from Lemmas 2, 3 we conclude that the dual point wu of LZ is of. dimension 
at most N—4 over k,(x*).. However, this dimension is actually VN —83, 
and this is a contradiction. In particular w is not contained in any dual 
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hyperplane of a multiple point of V*. Also the point z* has no other 
specialization than itself over k,(u), hence z* is purely inseparable over 
ko(uw). Hence the locus U of wu over ky is of dimension exactly equal to 
N—1. A nonempty subset of U is called to be open over ko, if its com- 
plement is closed over ky. Let U, be an affine representative of U in which u 
has a representative (w). We note that U, is an open set over ky. Let U, 
be the subset of U which is obtained from U, by subtracting the singular 
locus, the union of dual hyperplanes of multiple points of V* and the set €, 
which we introduced in Supplement 2. Then, by our previous remarks U, 
is nonempty, hence it is open over i). Moreover, if (w’) is a point of U,, 
the corresponding hyperplane in P is not transversal to V* at exactly one 
simple point 2’* of V*. Thus we have a single-valued map (w’) >2’* of 
U, into V*. Let V,* be any, but fixed affine representative of V*. Let (2*) 
be the corresponding representative of 2*. We may assume that (2,*, 72*) 
are separating variables of k)(x*) over ky. Then we can find N —2 poly- 
nomials F';(X) in the defining ideal over ky of V.* such that det (0F';/02;* ) iz,» 
is not zero. Since 2* is purely inseparable over k,(u), a certain power of 
this determinant is an element ¢(u) of k)(w). Here ¢ is a function on U, 
defined over ky). In the same way we can associate to each x;* a function ¢; 
on U, defined over k,. Let U. be the complement of U, of the poles of ¢; and 
the zeros of ¢. Then U, is open over ky. Moreover, if (w’) is a point of U., 
the corresponding point z2’* on V* has a representative in V,*, and (2,*, x.*) 
form local coordinates of V* at x’*. We shall denote by 0/0xr,* the deriva- 
tions of k)(a*) over ko(rg*) normalized by for a,B=—1.2 
(aAB). Then det(> is purely inseparable over ko(u). 
4 


Therefore, its certain power determines a function y on U, over ky. We note 
that y is regular on U, (cf. [8]), and wy is not identically zero by Lemma 1. 
Therefore, if we denote by ©; the union of the boundary of U, and the zeros 
of y in U., then &, is a closed set over ky of dimension at most N—2. It 
follows from the construction that ©, satisfies our demands. 

In the following we fix one m by m=3. If wu is a point of the dual 
space P’N of PN, and if L, is the corresponding hyperplane in PY, then the 
biregular transform C, on V of V*-Z, is a member of Qn, and C, is rational 
over ky(u). If we define © as the union of ©; for i=1,2,3, then we can 


summarize our results in the following way: 


Conctusion. There exist two closed sets and over k, in of 
dimensions at most N—1 and N —2 respectively such that (i) if u is not 
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contained in %, the corresponding C, ts an irreducible* nonsingular curve ; 
(ii) if w’ is a point of §—E, then Cy 1s still irreducible and has one and 
only one multiple point; (iii) if this multiple point 1s simple on V, then 
it is an ordinary double point of C,. 


Now, consider the Grassmann variety G of straight lines in P’Y. The 
variety G has a generic point over ko, and this point generates a purely trans- 
cendental extension over ky. Moreover the totality of straight lines in P’’, 
which either lie on § or intersect with ©, is a closed subset of G over k, of 
co-dimension at least equal to one. On the other hand to each straight line 
D in P’N corresponds a subspace LZ of P* of dimension N—2. If D is 
generic over ky, the intersection product V*-Z is defined and consists of, 
say 8, distinct generic points of V* over ky. If we associate the Chow point 
of V*-L to D, we get a rational map over k, of G into the B-fold symmetric 
product V*(8) of V*. The points of V*(8), which correspond to f non- 
distinct points of V*, form a closed set over k, of co-dimension one. The 
inverse image of this closed set in G is again a closed set over ky of co- 
dimension one. We take an algebraic point over k, in G which is contained 
neither in this set nor in the closed set we introduced before. If k, is an 
infinite field, even a rational point over k) can be found under the above 
condition. It is an open question whether we can do the same thing, by 
taking a larger m if necessary, when k, is finite. Let D be the straight line 
in P’N which corresponds to the point under consideration. Then we get a 
linear pencil {C,} with the parameter straight line D such that the para- 
metrization, i.e., the correspondence u-—>C, is defined over the algebraic 
closure k of ky. Since D does not intersect with ©, (i) every C, 1s irreducible. 
Since D is not contained in %, (ii) there is a finite number of points, say 
ly," * *,4q,0n D such that C, become singular only at these points. (iii) Each 
Ca, has one and only one multiple point, and if this multiple point is simple 
on V, tt ts an ordinary double point of Cy, fori—1,---,a. Also since we 
have avoided another kind of exceptional straight lines, by the criterion of 
multiplicity one, (iv) the base points A,,---,Ag of the pencil are simple 
on V, and any two members of the pencil are transversal to each other on V 
at A,,- --,Ag. <A linear pencil {C,} with the above four properties will be 


called a general linear pencil on V. 


‘It is clear that C, is a disjoint sum of nonsingular curves. However C, must be 
connected by the principle of degeneration. We can avoid this deep principle simply 
by taking the union of 3 and € as our 8. 
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2. Construction of generalized Jacobian varieties by Chow’s method. 


4. Let C be an arbitrary irreducible curve in a projective space P" and 
let o be the intersection of local rings of C at its multiple points. Then o 
determines C uniquely up to biregular transformations. We shall denote by 
K, the smallest field of definition of C. Also, if q is a positive 0-cycle in P", 
its Chow point will be denoted by (q). If K is a field, we write K(q) 
instead of K((q)). On the other hand, a divisor of C means always a 
divisor of C in the sense of Weil, i.e., every component of a divisor shall 
be a simple point of C. If f is a function on C, we shall consider its divisor 
in the sense of valuation theory. This is not a good terminology; it means 
the regular image on C of the divisor of the function induced by f on the 
normalization of C. 

Now, if p is an arbitrary divisor of C and if q is a 0-cycle in P” carried 
by C, we write p—>q whenever there exists an element f of 0 such that q—pb 
is the divisor of f in the sense of valuation theory [14]. Here f does not 
vanish at any multiple point of C if and only if q is also a divisor of C. 
Therefore the relation » —>q can be reversed if and only if q is a divisor of C. 
In other words, if we restrict to divisors, the arrow relation is an equivalence 
relation. If p is a divisor of C, we shall denote by | p| the set of all positive 
0-cycles {q} in P* satisfying p—>q, and we call | p 
on C determined by p. We note that every member of |p| has the same 
degree, and we call it the degree of |p|. Here we must show that | p| is 
actually a linear system on C. This can be done by using the following 
lemma due to Zariski [20]: Let V be an arbitrary variety in P*, and let 
tn be the coordinates functions of the representative cone of V. Let 
h be a homogeneous element of degree m in the function field of the cone 
such that h/t" is regular on V outside the closed set defined by t;=0 for 
each i. Then h can be expressed as a polynomial in the t; with coefficients 
in R provided m is not less than a fixed integer independent of h. Now, 
let &», be the linear system on C which we defined before. If we take m 
sufficiently large, we can find a positive divisor r of C such that p+ r is an 
intersection product of C with a hypersurface H, of order m. We shall show 
that | p| coincides with 2,,—r. Let q be an arbitrary member of |p|. Then, 
by definition we can find an element f of o such that q—p is the divisor of 
f in the sense of valuation theory. In other words we can find two hyper- 
surfaces of the same order F' and F, such that F, does not pass through any 
multiple point of C and (F—F,)-C=q—vp holds. If h is the function on 
the representative cone of C corresponding up to a constant to F + H,—F), 


the complete linear system 
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then, by Zariski’s lemma there exists a hypersurface H of order m such that 
(F + holds. Therefore q is a member of 
The converse is obvious. We note also that if p is positive, we have only to 
take m not less than the maximum of the degree of p and of the fixed 
integer in Zariski’s lemma for V—C. 

Now, if d is a positive integer, we shall denote by C(d) the d-fold 
symmetric product of C. Also we shall denote by Co(d) the Chow variety 
of positive divisors on C of degree d. It is clear that Cy(d) is an open 
subvariety of C(d), and C(d) lies in a projective space P* of dimension 
t=C,%"—1. The following lemma is proved, not exactly in this form, 
by Chow [3]: 


LemMaA 1. Lvery point of Co(d) is simple on C(d). If W ts a. sub- 
variety of C(d) of dimension r, then the order of W 1s at least equal to 
ord(C)". The extremal value ord(C)" 1s attained if W 1s the variety of a 
“ sufficiently general” linear system on C and also if r=d. 


Here a linear system & is sufficiently general if the following condition 
is satisfied: Take a field K over which the corresponding subvariety of C(d) 


a 
is defined. Let p— > P; be a generic member of & over K. Then all the 
4=1 


d points P,,- - -,Pq@ are generic points of the curve C' over K and distinct 
from each other; moreover, any r of these points are independent with 
respect to each other over K and determine the remaining d—r points 
uniquely. 

On the other hand, it is better to state here Chow’s theorem on fibre 
systems in a form suited for our purpose. First of all, we must recall the 
definition of fibre systems. Let V and W be irreducible, but possibly “incom- 
plete varieties ” in projective spaces, and let p be a function on V with values 
in W. We assume that p is regular on V and the point-set theoretical inverse 
F’, of each point y of W is an irreducible variety of the same dimension and 
of the same order. We then call {F',} a fibre system on V over W. If we 
take the set of Chow points {y*} of the fibres F,, we get an irreducible, 
possibly incomplete variety W* such that W is a one-to-one rational trans- 
form of W*. This variety W* is called the associated variety of the fibre 
system. According to a theorem of Chow [2], a point y* is simple on W* if 
and only if the corresponding fibre F, is simple on V. 


5. Now we shall construct the so-called generalized Jacobian variety of 
("as an associated variety of a certain fibre system on (,)(d). The followinz 


lemma is well known if C is nonsingular: 
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Lemma 2. If a is a rational divisor of C over a field K and if 
dim |a|=0, then |a| contains a rational cycle over K. Also tf a ts of 
degree d, the subvariety of C(d) which corresponds to |a| is defined over K. 


Proof. By assumption there exists at least one positive 0-cycle 6 in 1" 
satisfying a—>b. Let.f be the element of o such that b—a is the divisor of 
f in the sense of valuation theory. If (f) is the usual divisor of f, we have 
(f) +a >0. Since a is rational over K, by a theorem of Weil [16, p. 239] f 


can be expressed as f = >) Cafa, where the c, are linearly independent elements 
a 


of & over K and the f, are functions on C defined over K satisfying 
(f.) +a >0O. Moreover, since the singular locus of C is a closed set over 
K, by the same theorem the f, are elements of 0. In other words, we can 
find an element f/f, of o which is defined over K and which satisfies 
(f’) +a>0. If 6’ is the sum of a and the divisor of f’ in the sense of 
valuation theory, b’ is a member of |a]|. Moreover 6’ is rational over K, 
and this proves the first part. The above reasoning shows also that we can 
find a set of linearly independent functions f, all defined over K and 
forming a base over of the vector space over R cf elements f in o satisfying 
(f) +a >0. The number of f, is then necessarily finite. Let (2) be a set 
of independent variables over K, and let r be the sum of a and the divisor 


of S\zafa in the sense of valuation theory. Then |a! coincides with the 
a 
totality of specializations of r over K. However since r, hence also its Chow 


point (r) is rational over the regular extension K(z) of K, we see that (r) 
has a locus over K. It is clear that this locus is the subvariety of ((d) 
which corresponds to |a|. This proves the second part. 

Now, let g be the arithmetic genus of C. We fix an integer d by 
d > 2g —2, and we shall imitate the method of Chow [3] to construct the 
generalized Jacobian variety of C. For that purpose we shall first verify the 
following assertion: Let m be a positive divisor of C of degree d the com- 
ponents of which are independent generic points of C over Ky. Then the 
complete linear system |m| is sufficiently general in the sense stated next 
to Lemma 1. In fact, if Mt is the subvariety of C(d) which corresponds to 
|m|, then, by Lemma 2, the Chow points z of M is rational over K,(m). 
In other words Ko(z) is contained in K,(m). However, since Ky(m) is of 
maximal dimension d over Ko, we conclude that (m) is a generic point of M 
over Ko(z). In particular, the linear system | m | is sufficiently general. As a 
consequence of this, and of Lemma 1, the order of Qt is equal to ord(C)’. 
Moreover every specialization of 9% over Ky is a subvariety of C(d). 
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On the other hand, we must also verify that any specialization of a 
complete linear system is again a complete linear system. We remark here 
that our complete linear systems are defined by stricter equivalence relation 
than the usual one. We take an integer m not less than d and not less than 
the fixed integer in Zariski’s lemma such that dim X= ord(C)-m—g. 
According to the Riemann-Roch theorem for C [14], if p is a divisor of C 
of degree d, we have dim|p|—d—g. Assume that p is positive, and let 
¥ be the subvariety of C(d) which corresponds to |p|. Then §$ is the 
unique specialization of Mt over the specialization m—> p with reference to Ko. 
This is the precise formulation of what we have stated above. Let Mi’ be a 
specialization of Yt over the specialization m—>p with reference to Ky. If 
we project each point of m and p from the same generic subspace of dimension 
n—2 in P” over K = Ko(M, m,p), thus obtaining two hypersurfaces of 
order d passing through m and p, and if we add to them another generic 
hypersurface of order m—d which is independent over K to the above sub- 
space of P”, we get two hypersurfaces H and H’ of order m in P*. It 
follows from the construction that H’ is a specialization of H over the 
specialization (Qt, m) (M’,p) with reference to Ko. We putr—=C-H—m 
and r’=C-H’—p. It is then clear that r and r’ are positive divisors on C 
such that |m|—%,—r and |p|—2%,—r’. Since M’ is a specialization 
of Mt over the specialization r—r’ with reference to Ko, it is carried by $. 
However, since ‘)i’ is irreducible and of the same dimension as $8, we get 

From now on, Chow’s argument [3] can be taken over verbatim to the 
present case. Hence we are satisfied with outlining his method by referring 
to the original paper of Chow for details of the proof: Let J be the locus 
of the Chow point z of Mt over Ky. Then the set of Chow points of the 
varieties $$ of complete linear systems on C of degree d is a subset Jy of J. 
Moreover, if (p) is a point of Cy(d) and if &(p) denotes the Chow point of 
the variety 8 which corresponds to | p |, then © is a function on C,(d) having 
K, as a field of definition. This follows from Lemma 2. Also © is “con- 
tinuous” in the sense that it is commutative with specializations. If we 
remember the nonsingular character of C)(d), we can conclude that © is 
regular on (,(d). 

Finally, we shall show that J, is an open subvariety of J over Ky. Since 
the singular locus of C is a closed set over Ko, we conclude that C(d) — C,(d) 
is a closed set over Ky. We note also that every component of C(d) —C,(d) 


is biregularly equivalent to C(d—1). In particular such a component is of 
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dimension d— 1, hence we can attach a positive (d—1)-cycle X in P* which 
is rational over Ky and which has the same components as C(d) —C,(d). 
Now let $8 be a subvariety of C(d) which corresponds to a point of J. Then, 
by a theorem in the theory of associated forms [1], the condition that $ is 
contained in C(d) —C,(d) can be expressed by a set of doubly homogeneous 
equations in the Chow coordinates of §§ and the Chow coordinates of Y with 
coefficients in the prime field, and this gives a set of homogeneous equations 
in the Chow coordinates of $8 with coefficients in Ko. This set of equations 
defines a closed subset of J over Ko, and J, is its complement. 

In conclusion, the totality of MC )(d) forms a fibre system on C,(d) 
with J, as its associated variety. Since (,(d) is nonsingular, Chow’s theorem 
on fibre systems guarantees the nonsingular character of Jo. 


6. Now, we can modify d under the condition d >2g—2 so that CU 
carries a rational divisor a of degree d over Ky. If 6 is a divisor on C of 
degree zero, we define ®(#) to be the Chow point of the variety which 
corresponds to |#-+a|. It then follows from Lemma 2 that @(6) is rational 
over K,(@). Moreover, every point of J, can be written as (6) with some @. 
Since the set of divisors on C of degree zero forms a group, we can introduce 
an abstract group structure in J, so that ® becomes a homomorphism. Then 
the law of composition in J, is “continuous” in the sense that it is commu- 
tative with specializations. Also, by Lemma 2 law is normal over K, in the 
sense of Weil [17, p. 51]. Therefore, from the nonsingular character of J, 
we can conclude that the “naive group operation” in J, is an actual group 
operation. In other words J, turns out to be a commutative group variety 
over Ky. Here we have ©(6) —0 if and only if 6-0. The group of all 
such @ is a homomorphic image of the group of units in 9, the kernel being 
the multiplicative group of R. Therefore ® gives a rational homomorphism 
over K, [3] of the divisor group on C of degree zero onto J, such that the 
kernel is the group of principal divisors on C in the above sense. Thus J, 
and ® are uniquely determined by C up to isomorphic transformations co: 
(Jo, ®) > (cJo,0°®). Here, is is better to remark that J, is determined 
together with its projective embedding by the curve C in P” and the integer d, 
while the group structure in Jy as well as the homomorphism © depend also 
on the choice of the reference divisor a of C. If we do not want to define 
the group structure over Ko, we can take any divisor of degree d as a reference 
divisor. 

We shall show finally that J, is the generalized Jacobian variety of C in 
the sense of Rosenlicht. Let K be an extension of K, over which C carries a 
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rational divisor A of degree one. We can then define over K the canonical 
function @ of C by ¢(M) =#(M—A) for any simple point M of C. Let 


My* + +;aty be — ondent generic points of C over K and put z= dol M;). 
Also, let m* M;* be a generic member of Mi—g‘A +a over 


4=1 


== K ( ,: M;). Then, first of all, z is rational over F’. Also, S M, deter- 


4=1 
mines a yee we linear system of dimension zero [15]. Therefore F is a 
subfield of K(m*) by Lemma 2, and F is purely inseparable over K(z). 
Since A (m*) is regular over K(z), we conclude F = K(z). This shows that 
our group variety J) is isomorphic to the generalized Jacobian variety of C 
with o as its reference semi-local ring [15]. We state some of our results in 


the following way: 


THEOREM 2. Let C be an arbitrary irreducible curve in P" having Ko 
as the smallest field of definition. Then we can construct its generalized 
Jacobian variely J, over Ky in a projective space PN. The construction 
depends on a positive integer d, but once d is fixed, it is unique. 


In the Appendix we shall determine the “linear equivalence class” of 
the hyperplane sections of Jo, thus revealing the nature of the construction. 


7. We shall treat more in detail the case when C has one and only one 
ordinary double point. Let K be the smallest algebraically closed field of 
definition for C and for the ambient surface. If C* is the normalization of 
C over Ky, then C* is nonsingular. We shall show that the genus y of C* 
is equal to g—1. Let o be the local ring of C at the double point, say Q. 
Since Q is an ordinary double point, the completion o* of o consists of pairs 
of formal power series with the same constant terms. Therefore, if © is the 
integral closure of o, its completion O* with respect to the semi-local topology 
is a direct sum of two formal power series rings. In particular, the factor 
module D*/o* is a vector space of dimension one over R. Since the vector 
space O/o is canonically isomorphic to */o*, the space /o is also of 
dimension one. However this dimension is equal to g—y [14], hence 
g=y-+1. The above argument implies also that Q corresponds to two dis- 
tinct points Q,* and Q.* of C*. Moreover, a function f on C* which is 
regular at Q,* and Q.* belongs to o if and only if f(Q,*) =f(Q.*) holds. 
This fact will be used presently. 

Now, we shall denote by C(d—1, Q) the difference C(d) —C,(d). Also, 
for «1,2, we shall denote by C*(d—1,Q,*) the set of Chow points of 
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positive divisors on C* of degree d containing Q,* as a component. It is 
clear that C(d—1,Q) is biregularly equivalent to C(d—1). Similarly 
C*(d—1,Q,*) is biregularly equivalent to C*(d—1). Moreover, C*(d) 
is nonsingular and it is the normalization of C(d) over K. 

Let M,,: - -,Ma be independent generic points of C over K, and put 


d d 
m=>M; Let m* => M;* be the unique transform of m on C*. Then, 
4=1 4=1 
the complete linear system | m| is transformed to a linear subsystem of | m* |. 


Let 9** be the subvariety of C*(d) of dimension d—g which corresponds 
to this linear subsystem. Also, let 2%* be the subvariety of C*(d) which 
corresponds to | m*|. Then, the Chow point z* of Mt* has a locus J* over K, 
and J* is the Jacobian variety of C* [3]. We shall show that the locus J** 
of the Chow point z** of M** is birationally equivalent to J over K. Let 
M be the subvariety of C(d) which corresponds to |m|, and let z be the 
Chow point of Mt. Then z is purely inseparable over K(z**) and also z** 
is purely inseparable over K(z). Since K(m*)—K(m) is regular over 
K (z**) and over K(z), we get K(z**) =K(z). This proves our assertion. 
In particular, we can apply Lemma 1 to Ji**, and Mi** is of order equal to 
ord(C*)*9, Moreover, every specialization of 9t** over K is a subvariety 
of C*(d). 

Now, let (%,%**) be an arbitrary specialization of (Mi, Mi**) over K. 
Then, this is the unique extension of Yt** — $B** over K, and also of Po Y 
over K if $ is not contained in C(d—1,Q). This follows from the fact 
that C*(d) is the normalization of C(d) over K. We shall examine the 
1,Q). Since linear equivalence is 


case when § is contained in C(d 
preserved under specializations, $** is contained in a variety ¥* of a 
complete linear system of degree d on C*, say &. Since d> 2y, we have 
dim 6 = d—y=d—g-+1. Moreover 8* N C*(d—1, Q,*) are the varieties 
corresponding to (6 — Q,*) + Q.* for a=1,2. Since d—1 > 2y—1, these 
linear systems are both of dimension d—g. Since the variety $8** is con- 
tained in the union of C*(d—1,Q,*), it must coincide with one of the 
B*  C*(d—1,Qa*). We note that these two varieties are distinct, because 
( — Q,* have no fixed points. We shall now show that the totality of B** 
induces a fibre system on C*(d) — {) C*(d—1,Q,*) with J** as its asso- 


ciated variety. We shall first show that the fibres have no common point. 
Let (q*) be a point of C*(d) not in [| C*(d—1,Q,*). If q* is free from 


Q,* and Q.*, there is no ambiguity. Suppose that q* contains, say Q,*. Let 
$8** be a fibre passing through (q*). Then ¥** must be contained in 


t] 
q 
vi 
n 
si 
k 
al 
T 
ec 
O 
il 
Ww 
p 
si 
of 
fo 
of 
eq 
th 
th 
sp 
if 
co 
th 
va 
va 
to 
the 
pl 


FIBRE SYSTEMS OF JACOBIAN VARIETIES. 187 


C*(d—1,Q,*). Otherwise, since %** can not be contained in C*(d —1, Q.*), 
the corresponding subvariety % of C(d) will be a variety of a complete linear 
system on C. Thus by a remark we made in the beginning of this section, 
q* must contain Q.*, which is not the case. We conclude that $** is the 
variety of (| q* | —@Q:*) + @Q.*, and this shows that in any case (q*) deter- 
mines the fibre $** uniquely. The correspondence (q*) >8** defines a 


single-valued map from C*(d) —f)C*(d—1,Q,*) onto J**. Since we 
a 


know that this map is a function on C*(d) with K as a field of definition, 
and since C*(d) is nonsingular, it is regular on C*(d) —{) C*(d—1,Q,*). 
This completes our proof. y 

Since C*(d) is nonsingular, by Chow’s theorem J** is nonsingular. 
From this and from what we remarked before, it follows that the birational 
correspondence between J and J** is regular on J** and biregular on Jp. 
On the other hand, there is a function p on J** defined over K with values 
in J*. In fact, using our previous notation K(m*) is regular over K (2**), 
while z* is rational over K(m*) and purely inseparable over K(z**). Hence 
p can be defined over K by p(z**)=2z*. Since p is single-valued on J** and 
since J** is nonsingular, p is regular on J**, For «1,2, the Chow points 
of varieties corresponding to linear systems of the form (@G—Q,*) + Qa* 
form a subvariety J,*. Since J,* is the associated variety of the fibre system 
of the varieties of complete linear systems on C*(d—1, Q,*), it is biregularly 
equivalent to J*. Actually p induces such a biregular map on J,*. We note 
that J,* and /J.* are disjoint. Now, by a similar reasoning we conclude 
that J —J, is biregularly equivalent to J*. Actually, the birational corre- 
spondence between J and J** induces such a biregular map on J,*. Thereby, 
if z.* are points of J,* for «—1,2, the images of z,* and z,* on J—J, 
coincide if and only if p(z,*) — p(z.*) = —$*(@Q.*) holds. Here 
¢* is the canonical function on C*. We summarize some of our results in 


the following way: 


SupPLEMENT. If C has one and only one ordinary double point, the 
normalization J** of J is nonsingular. Moreover, if J* is the Jacobian 
variety of the nonsingular model C* of C, then J—J, 1s biregularly equi- 
valent to J* and is a “double variety” of J. 


Also, we can see easily that p-*(z*) is biregularly equivalent over K (z*) 
to a projective straight line for every z* on J*. We can derive from this 
that J** is the projective line bundle over J* which is obtained by “com- 
pleting ” the affine line bundle J, = .J** -—J,* —J,* over J*. Moreover the 
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invariant of this bundle in the sense of Weil [18] is given by the class of 
©*¢g+:q,+). Here @* is the divisor of J* 
1)-fold product of C* 


linear equivalence of 


which is defined as the transform on J* of the (y 
by ¢*. 


3. Néron varieties of a nonsingular surface. 


8. Let C and C’ be two irreducible curves in P” such that C’ is a 
specialization of C over a field K. Let J and J’ be the completed generalized 
Jacobian varieties of C and C” respectively. If C and C’ have the same 
arithmetic genus, say g, and if we use the same reference integer d greater 
than 2g —2 in the constructions of J and J’, then J and J’ have the same 
ambient space P' and have the same dimension. In a separate paper we 
proved the following lemma [5]: 


LemMA. If Sn and Ym» refer to C and C’ for a sufficiently large m, then 
a specialization of a member of Sn over the specialization C—>C’ with 
reference to K is a member of Ln. 


We can now prove the following “compatibility theorem.” 


Tneorem 3. If C is nonsingular, and if C’ is either nonsingular or 
has one and only one ordinary double point, then J’ is the unique specializa- 
tion of J over the specialization C—>C” with reference to K. 


Proof. Let J” be a specialization of J over the specialization C—C’ 
with reference to K. Our purpose is to show that J” =—J’. Thereby we can 
replace (J,C) by its generic specializations over K and in this way we can 
extend K arbitrarily. Therefore we can assume from the beginning that J” 
and C” are both defined over K. Let F be the smallest field of definition of 
C containing K. Let T be the graph of the function ¥ on C(d) with values 
in J which we introduced in 5; similarly I” is defined for C’. We shall show 
that I’ is the unique specialization of T over the specialization (J, C) > (J”, C’) 
with reference to K. 

Let I” be a specialization of T over this specialization. Let LZ be a 
linear subspace of co-dimension d in the ambient space of I which is generic 
over an algebraically closed field of definition # of I” containing F. Then, 
any point & in L-I” is a generic point of some component of I” over E£. 
Moreover, in this way we get a generic point of every component of I” over £. 
Let € be a point in L-? which is specialized to . Since é is a generic point 
of T over F, it is of the form (m) Xz. Here (im) is a generic point of C(d) 
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over F, and z is the Chow point of the variety 9 associated with |m|. On 
the other hand, since the specialization of C(d) over the specialization C — C’ 
with reference to K is carried by C’(d), and since C(d) and C’(d) have the 
same order, O’(d) is the unique specialization of ('(d) over that specialization. 
Therefore I” is carried by the product C’(d)x P%. In particular, we can 
write & in the form (m’)X 2’, where (m’) is a point of C’(d) and 2’ is the 
Chow point of the specialization Dt’ of Mt over the specialization é— é with 
reference to K. Since M’ is carried by C’(d), we conclude from Lemma 1, 
Section 2 that 9’ is an irreducible variety. Since 2 and (m’) are points 
of J” and QM’ respectively, we have dimgz and Sd—g. 
However, since (m’)X 2’ is of dimension d over F, the inequality signs can 
not hold in the above relations. We shall show that @ is a point of I’. 
Assume first that m’ is not a divisor of 0’. Then, it contains the double 
point Q of C’ at least once. Since (m’) is a generic point of MY’ over F(z’), 
we conclude that Y’ is contained in C’(d—1,Q) =C’(d) —C’,(d). If C* 
is the nonsingular model of C’, there are only a finite number of positive 
divisors m,* on C* having nv as a projection. Let Uz, be the projections on 
0’(d) of the varieties corresponding to the complete linear systems | m4* | 
on C*, Then YM’ is contained in |) U.N C’(d—1,Q) according to the 
a 


previous lemma. However, this is a closed set over K(m’) of dimension d— g. 
Hence 9’ must coincide with one of its components. In particular, the Chow 
point 2’ of 9’ must be algebraic over K(m’), hence a fortiori over H(m’). 
Thus (m’) is a generic point of C’(d) over FE, and this is a contradiction. 
Therefore nm’ must be a divisor of C’. In this case, as in 5, we can find two 
positive divisors r and r’ of C and C’ respectively such that r’ is a specializa- 
tion of r over the specialization (m, Dt) — (m’, Mt’) with reference to K and 
such that |m|—&,—r and |m’'|—&,,—r’ for a sufficiently large m. 
Since we know that Mv is irreducible, we can conclude from the previous 
lemma that ’ is the variety associated with | m’|. Therefore é is a point 
of IY. Since & is a generic point over FH of an arbitrary component of I’, 
we conclude that I” is an integer multiple of I’. However, since pr,(I’’) 
coincides with pr, (I”) =C’(d) as a specialization of pr,(T) —C(d), we get 

Finally, let R= (M,,- - -,Ma,) be a set of d—g independent generic 
points of C over F,, and let R’ be an isolated specialization of R over the 
specialization (J,C’) > (J”,C’) with reference to K. Then R’ is a set of 
d—g independent generic points of C’ over K. If we define W to be the 
subvariety of C(d) whose points correspond to divisors of C containing the 


« 
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d—g points of R as components, W is biregularly equivalent to C(g). We 


define W’ similarly for C’ and R’. It is clear that W’ is the unique specializa- ] 
tion of W over the specialization (R,J,C) > (R’,J”,C’) with reference to 
K. On the other hand, the intersection product T-(W XP) is defined 
and is a birational correspondence between W and J. We shall show that the : 
intersection product I’: (W’ X P’) is also defined and is a birational corre- | 
spondence between W’ and J’. Let (m’)X2 be a generic point of some 
component of the intersection IYM W’ & P% over the algebraic closure F’ of 
K(R’). Then, by the results in 7 we get dimpim)2’ 1 in all cases. Here ’ 
the equality holds if and only if m’ contains the double point at least twice. 
Since (m’) Xz’ is of dimension g over F, we conclude that tiie components 
of m’ are R’ and g independent generic points of C’ over F. Our assertion : 
follows from this. Therefore, J’= pr.[I’-(W’ X P%)] is a specialization of 
J =pr.[T- (W X& over the specialization with reference to K, 
whence J’=J”. q.e.d. 
9. From now on, we fix a nonsingular algebraic surface V in P". Let 4 
{C,} be a general linear pencil on V whose parametrization is defined over ‘ 
an algebraically closed field *. We may assume, if necessary, that & is the 
algebraic closure of the smallest field of definition of V. Since V is non- | 
singular, it is normal and hence all C, have the same arithmetic genus, say , 
g [22]. Also, if A is one of the base points, k being algebraically closed, : 
A is simple on V and is rational over k. Now, let J, be the completed 
generalized Jacobian variety of C, constructed with reference to a fixed ’ 
integer d greater than 2g-—2. Then J, is defined over k(u), hence there : 
exists a subvariety J of the product DX P* with k as a field of definition ; 
such that fk (ux P*’) =u X J, for all generic points u of D over k. Then, 
by the compatibility theorem the same formula remains valid for all wu on D. | 
If we apply the criterion of multipilicity one to this situation [16, p. 141]. : 
we can conclude that a point u X z of J is simple on J as long as z is simple ‘ 
on J,. If we define a function p on § over k by p(u Xz) =u, then p is : 
regular on J. Therefore {u < J,} is a fibre system on J over D. Since D 
is nonsingular, it is biregularly equivalent to the associated variety of the . 
fibre system. We call J the Néron variety of V associated with {Cy}, and 
we state our main theorem the first part of which is trivial: 
a 
THEOREM 4. To every general linear pencil on a nonsingular surface we ; 
can associate its Néron variety. It is the variety of the parametrization of 
Jacobian varieties of the members of the pencil. The singular locus of the 
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Néron variety is contained in the union of singular loci of degenerate fibres. 
In particular, it has only negligible singularities. 


Now, we can use d:A as the reference divisor to introduce a group 
structure in (J,)) over k(u). At the same time we can normalize the canonical 
function ¢, of C, by ¢u(A) 0. Under these agreements, we can state the 
following assertions: (i) If (z,y) is a pair of points of J, which ts specialized 
to (x’,y’) over the specialization uw’ with reference to k, and if both 2’ 
and are points of (Ju:)o, then + is the wnique specialization of x+y 
over the above specialization. (ii) If T, and Ty are the graphs of the nor- 
malized canonical functions on C, and Cy, then Ty is the unique specialization 
of T, over the specialization uw’ with reference to k. 

Let M be a generic point of V over k, and let C, be the member of the 
pencil passing through M. Then uw is rational over k(M). Moreover, if we 
put we have k(u)(M) =k(u) (x), ie, k(M) =k(u,z). In 
other words, we can define a birational map ¢ over & from V into J by 
¢(M) =u X ¢u(M). We note that the image of ¢ is not contained in the 
singular locus of J. 


10. We shall now treat the connection of Albanese varieties and linear 
differential forms of the first kind attached to V and J. Here, the Albanese 
variety of an arbitrary variety U is a pair of an Abelian variety A and a 
function f on U with values in A satisfying the two conditions: (i) The image 
of f generates A. (ii) If h is a function on U with values in an Abelian 
variety B, there exists a homomorphism « from A into B such that h = «of 
+ constant. These two properties determine (A,f) up to isomorphic trans- 
formations, and the existence of (A,f) is proved by Chow and Matsusaka 
[4,10]. On the other hand, we summarized some of the basic properties of 
differential forms of the first kind already elsewhere [6]. Thev are mainly 
due to Koizumi [8]. We need also a result of Kawahara [7], which, in an 
apparently stronger form, can be stated as follows: Let f be a rational map 
of a variety V into another variety U such that the image variety is not 
contained in the singular locus of U. Then the associated linear map &f 
maps every differential form of the first kind on U to a differential form of 
the first kind on V. We shall use the terminology such as injective, surjective 
and bijective instead of “one-to-one into, 
The mappings we consider later are linear mappings of differential forms. 


” “onto” and “one-to-one onto.” 


We shall first consider the symmetric product V(d) of an arbitrary 
variety V in P". We must get an information about the singular locus of 
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V(d). The following lemma is a consequence of Chow’s theorem [2], but 
we shall give a direct proof: 


Lemma 1. If P,,---,Pa are distinct simple points of V, the Chow 


point of > P; ws simple on V(d). 


Proof. Let (a;) be the homogeneous coordinates of P;, and let.x; be d 
independent generic points of V over an algebraically closed field of definition 


d 
K of V over which P; are rational. Let b and y be the Chow points of > P; 
i=1 


and Sz, respectively. Since any linear coordinates transformation in. P" 
i=1 
corresponds to a special type of linear coordinates transformation in the 
ambient space of V(d), we can assume the following: We can normalize (a;) 
as Qio—1. If (2) is the representative of 2 satisfying 7j)—1, then 
(%i1,° - *, ir) form a set of local coordinates of V at any P,. If we put 
D(X) = (Xz; —Xiy), we have D;(a) ~0 for j7—1,-- -,r. 


Now, let (y) be the representative of y which corresponds to the above 
representation. Let (41;,- - -,Yaj) be the elementary symmetric functions 
of (%j,: -°,%aj). Then, all the y; appear as components of (y). Let 
Gij(X, Y) =0 be the set of equations for (a) and (yi;) with coefficients in 


the prime field. Then, det(@G;;/0X;..) coincides with ][ D;(X) up to a possible 
j=l 


change of sign. Therefore, this determinant is different from zero at 
(Xij) = (ay). Since (%:,- - -,2,) form a set of local coordinates of V 
at any P;, we can find n—r polynomials F,(X) in the defining ideal of V 
over K such that det(0F,/0Xg) for B—=r-+1,-- -,n are different from zero 
at (X) = (a,) for k=1,---,d. Therefore, we can apply a criterion of 
multiplicity one [16, p. 66] to conclude the following: Let (t,,- -.*,%a) be 
any permutation of (1,---,d). Then, the specialization (2,,- - -,2a) 
— (ai,,° is of multiplicity one over the specialization (y;;) (bij) 
with reference to K. ‘Therefore, by a stronger reason the specialization 
(y) > (6) is also of multiplicity one over the specialization (y;;) — (bij) 
with reference to K. Hence, by another criterion of multiplicity one [16, 
pp. 127, 139], 6 is simple on V(d). 


Let P.,- - -,Pa be d—1 distinct simple points of V, and let P,; be an 
d 

arbitrary point of V. Then, the Chow point of > P; can be considered as the 
i=1 


value of a function ¥ on V at P,. The previous lemma implies that the 


E 


it 
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image of © is not contained in the singular locus of V(d). Therefore, any 
rational map of V(d) into an Abelian variety is regular along the image 
of ¥ [17%, p. 27]. In particular, if (A,F) is the Albanese variety of V(d), 
then the composite function FowW is defined. 


Lemma 2. The Albanese varieties of V and V(d) are isomorphic. 
More precisely, (A, FoW) is the Albanese variety of V. Also, 8% is injective 
as a mapping of linear differential forms of the first kind. 


Proof. The first part can be proved easily, hence we can omit its proof. 
Let Va be the d-fold product V X- - -X V of V. Let 4 be a linear differential 
form of the first kind on V(d). If p is the natural projection of Va onto 
V(d), then 8p-6 is a linear differential form of the first kind on Vg. There- 
fore, if we denote by p; the projection of Vg to its 1-th factor, we have 


d 
8p: 6 = o; with linear differential forms of the first kind w; on V [8]. 
i=1 


Since 6p-6 is invariant with respect to the interchange of factors of Va, we 
have $p;:o;—5p;-o; for any «1 and 7. Therefore, we have oo, for any 1 
and j, whence we can drop the suffices. It is clear that o—8W-6 holds. Since 
p is separable, 640 implies $p-940, whence » 40. In other words, 5W is 
injective. 


On the other hand, the following lemma can be proved in the same 
way as Lemma 2. It is in fact a corollary of Lemma 2. 


Lemma 3. Let (J,f) be the Albanese variety of a nonsingular curve C. 
Then 8f is bijective as a mapping of linear differential forms of the first kind. 


11. We can now treat the connetcion between our nonsingular surface V 
and the Néron variety J, i.e., we can prove the following theorem: 


THEorEM 5. Let (A,f) be the Albanese variety of J. Then (A,fo¢) 
is the Albanese variety of V. Moreover, 8 1s injective as a mapping of linear 
differential forms of the first kind. 


Proof. Let u be a generic point of D over k, and let M,,---,M, be 
. . . 9g 9g 
independent generic points of C, over k(u). Put m= > M; and r= > ¢,(M)). 
i=1 


i=1 
Then we have k(m) =k(u,z). Therefore, a function y on J with values 
in V(g) is defined over & such that the Chow point (m) of m is the value 
of y atu Xz. We note that the image of y is not contained in the singular 


locus of V(g). Now, in the statement of the theorem fo¢ is defined since f 


13 
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is regular along the image of ¢. Let (B,h) be the Albanese variety of V. 
Then, there exists a homomorphism 8 from B into A such that fop—Boh 
+ constant. On the other hand, let M,,- --,M, be distinct simple points 
of V. Then, we can define a function H on V(g) with values in B such 


g g 
that A(M;) is the value of H at the Chow point of 3} M;. The function 
i=1 4=1 


H is regular along the image of y, hence H oy is defined. We can then find 
a homomorphism « from A into B such that Hoy=—aof-+constant. After 
these preparations, take an extension K of k over which A, B, f and h are 
all defined. As before, let wu be a generic point of D over K, and let 
M,,- - -,M, be independent generic points of C, over K(w). Then we have 


Hoy(uX Sgu(Mi)) and also 


Hou(ux —aof(ux 4+ constant. 


However, since a°f induces a homomorphism of u X J, into B up to a possible 
translation in B [17, p. 34], we have 


aof(ux = aof(uX du(M;)) + constant. 


g g 
Therefore, we get }h(M;) = + constant. Since h and 
4=1 


are both regular at the base points of {C,}, by specializing M2,- - -, Mg, to one 
of these base points we get h—=aofog-+ constant. Therefore, 


constant = h + constant, 


g 
hence 2°81. In the same way, if we put c=) ¢,(M;), we have 
i=1 


poHoy(uX 2) —B( Sh(Mi)) = Boh (M,) fos (Ih) + constant 
=f(ux dy(M;)) + constant = f(u x) + constant, 
i.e., we have Therefore, 
Boacf=—BoH constant =f + constant, 


hence Boa=1. This completes the proof of the first part. 


Next we shall show that 8¢ is injective. Let w be a linear differential 
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3 form of the first kind on J such that 36-@—0. Let K be an extension of k 
’ over which @ is defined, and let u be a generic point of D over K. Assume, 
; for & moment, that Tr,,,,@0. Then, by Lemma 3 we have 


0 = Tro, (d¢° @ ) = 0, 


‘ —} and this is a contradiction. Therefore, we have Tr,.,,@—=0. We may 
1 ff assume that w is the value of a numerical function on J with k as a field of 
definition. Let be @ generic point of J, over K(u), and let 
be a set of independent variables in K(u,x) over K(u) such that K(u, z) 
is separably algebraic over K(u,v). Since @ is defined over K, we can 


9 
write in the form fdu+ with f and hi in K(u,z2). 
i=1 


g 
Since Try —0, we have fDu+ SA,Dv,—0 for any derivation D in 
é=1 


K(u,x) over K(u). Therefore, are all zero and we get w(u X x) = fdu. 
However, wu or 1/u can be included in a set of local coordinates on J every- 
where outside the singular loci of degenerate fibres. Therefore, if w 40, 
we get (w) = (f) —2-J.. Since @ is of the first kind, we have (a) >0. 
Thus, a strictly negative divisor is linearly equivalent to a positive divisor on 
the variety § with negligible singularities! But this is a contradiction. 
Therefore @ —0, hence 8¢@ is injective. 


Appendix. 


In this Appendix we shall analyze Chow’s construction of Jacobian 
varieties. The restriction to Jacobian varieties is merely a matter of sim- 
plicity. Let C be a nonsingular curve of genus g in P” with K, as the smallest 
field of definition. Let J be the Jacobian variety of C which is constructed 
in P’ by Chow’s method with respect to an integer d greater than 2g —2. 
Our purpose is to determine the linear equivalence class of hyperplane 
sections of J. As before, we introduce a group structure in J with reference 
to a divisor a on C of degree d. Let K be an extension of K, over which a is 
rational and the canonical function ¢ of C is defined. If P,,- - -,P 4 are 


g—1 points of C, the set of points of J of the form >} ¢(P;) is a subvariety 
i=1 


® of J of dimension g —1 with K as a field of definition. If z is a point of J, 
then @, is the image of ® under the translation z—>2-+<2 of J. On the 
other hand if > @; is a hyperplane section of C, then, by Abel’s theorem [17, 


p. 89] c=¢(S 21) is independent of the choice of the hyperplane. 
i 
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In particular, c is rational over K. We shall now prove the following 
assertion : 
THEOREM. A hyperplane section of J is linearly equivalent to ©,—® 
+ ord(C)*9*-@ with 
z= (d—g-+1)ord(C)*9 c—ord(C)*9"$(a). 


Proof. Let (X), (Y) and (Z) be the sets of letters to describe equations 
in P", P* and PN respectively. Let (uw) be a set of n+ 1 quantities. In 
general, if w is a point of a projective space, its homogeneous coordinates 
will be denoted by (w). Let z',- - -,z* be d points in P”, and let y be the 


d 
Chow point of iz‘. Then, we have a relation of the form 


é=1 
d n t 
( =X oj(u)y;. 
#=1 j=0 j=0 
Here w;(u) are monomials of degree d in U,- - -,Un. Now, let Ly, be a sub- 


t 
space of P‘ of dimension t—r which is defined by } vt;¥;=0 for 1—1,---,r. 
j=0 
Let W* be a positive cycle in P* of order s such that the intersection product 


8 

W-L, is defined. Let } y8 be this 0-cycle in Pt. Also, let (v°) be a set of 

¢-+-1 quantities. Then, if z is the Chow point of W, we have the following 


relation 


8 t N 
B=1 j=0 j=0 
Here 0;(v°,- --,v") are monomials of degree s in each v%,- - -,v% for 
a—0,---,7. After these preliminary remarks, we put r—d—g and 


n 

s=ord(C)*9. Let }u*;X;—0 be r+ 1 independent generic linear equations 
j=0 

over K for a=0,---,r. They define r+ 1 hyperplanes in P” intersecting 


d 
C at }x*'. Let H be the hyperplane in P% with the equation 


N 
= *,o(u") 0. 


We shall determine the intersection product J-H of J and H. We denote 
by Leu) the subspace of P* of dimension t—r which is defined by 


t 
Dd o;(u*)¥;=0 for a=1,---,r. If J-H is not defined, J is contained 
j=0 


fo 


Le 


g 
b 
a 
Cl 
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a 
0 
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in H. We shall derive a contradiction from this assumption. Let z be a 
generic point of J over K(u®,- - -,u"), and let $ be the corresponding sub- 
variety of C(d). Then, the intersection product vio is defined. Let it 


be > yf. Since z is a point of H, we have II ‘Saj(u? )y8;) =0, hence 
B=1 j=0 

0,(u°) yj = 0 for some However, since y is a point of Lucy), we 

j=0 


t d 
also have Sw;(u*)y;—=0 for a—1,---,r. If Sa is the 0-cycle in P* 


j=0 
to y, we may assume that =0 for a=1,---,r and 
j=0 
also u°;x*!;=0. In particular, z',- - are independent generic points 
j=0 
of C over K(z), while K(z',- - -,a%) is of dimension r over K(z). This is 
a contradiction. Therefore J-H is defined. Now, let z be a generic point 
of some component W of J-H over the algebraic closure F of K(u°,- - -,ur). 
Then z is a generic point of J over Ki —K(u',---,u*). Otherwise, (u°) 


would be a set of independent variables over K,(z), which is not the case. 
Therefore, if 9$ is the subvariety of C(d) which corresponds to z, then 


®- Lou) is again defined. Let it be Dv. Then, some y=y® corresponds 


to a 0-cycle such that aly for -,r and > 
4=0 

We note that z',- - -,z"*? are rational over F’, and z is rational over F'(y). 

Therefore 2**,- - -,24 are independent generic points of C over Ff. Since 


W is the locus of the point z over F, it is of the form @,,,¢ a) with 


Soy ~ ¢(x‘). Conversely, if is as above, is obviously a component 


of J- We shall now show that H is transversal to J along @,,9(q), 1.¢., 
N 

at z. We know that }'0;(o(u°),: -,o(u"))z;=0 is the only relation 
j=0 


between (w°),- - -,(u") with coefficients in K(z). Also, if we put r+1 
sets of indeterminates (U°),---,(U") instead of (u®°),---,(u"), then 
N 
+0;(o(U°),: - -,o(U"))z; is irreducible over K(z). In fact, we have 
j=0 

N 5 8 d n : 

2j(o(U°), (ut), IT IT ( 2 

j=0 B=1 j=1 
Here - for a complete set of conjugates over K,(y®) = K,(z) 
for each B, and (y',- - -,y*) form a complete set of conjugates over K,(z), 
whence our assertion. Suppose now that H is not transversal to J at z. 


Let (z) be normalized by z=—1. Then, we can find N—g polynomials 
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F,(Z) in the defining ideal of J over Ky such that the matrices (0F)/@2;) 


and 
) 
0;(w(u°),: +,0(u")) 


have the same rank N—g. We thus get a relation of the form 


j == (0 
j>0 


N 
with A,;(z) in K,(z). However since --,o(U")) is irre- 
gj=0 
ducible over K(z), this must divide } A;(z)Q;(o(U°),- > -,o(U")). On the 
j>0 


other hand, by taking a suitable coordinates transformation in P” if necessary, 

we may assume that 0)(w(U°),- --,#(U")) is equal to (U%: - -U',)®. 

We are thus led to a contradiction. We have thus shown that J-H is of the 

form > ®,,¢(a), Where the summation is extended over distinct ®,,-¢(a). 


However, since the correspondence z—>®, is one-to-one [17, p. 76], the 
summation is extended over the distinct z,. Here, two distinct sets 
and correspond to different z. Otherwise 
we get g 0, and in this case everything is trivial. Thus, the number of y 
‘is equal to ord(C)**?, whence 


Gey-6(a) ~ + (ord(C)"**—1)-@ 

holds [17, p. 106]. It is now a simple matter to verify that 
= (d—g + 1)ord(C)*9 c— ord (C)*9**9 (a). 
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FULLY REDUCIBLE SUBGROUPS OF ALGEBRAIC GROUPS.* 


By G. D. Mostow. 


Section 1. Introduction. 


In the theory of Lie groups one often encounters statements which can 
be asserted for connected groups on the strength of the appropriate analogue 
for Lie algebras, but which may be invalid for non-connected groups. A 
good example of this phenomenon is the theorem of Sophus Lie that a 
solvable linear Lie algebra (over a field of characteristic 0) and hence a 
connected solvable linear Lie group can be simultaneously triangularized 
(upon extending the ground of its algebraic closure). This powerful prin- 
ciple is not valid for general solvable linear groups. In fact, an examination 
of proofs of results that are valid for only connected Lie groups often reveals 
that Lie’s theorem has been used in an essential way. 

On the other hand, there are some results which are deduced for con- 
nected groups from their Lie algebras which continue to ring true when the 
hypothesis of connectedness is dropped. In this paper we obtain several 
results of such a type. The results are related for most part to properties 
of fully reducible groups of linear transformations. Our central result con- 
cerns a decomposition of algebraic groups which is closely related to the 
Wedderburn decomposition of an associative algebra into the semi-direct sum 
of a semi-simple subalgebra and the radical. 

Our decomposition for algebraic groups can be viewed as a result on 
group extensions. Any algebraic group is a finite extension of the connected 
component of its identity G.. To what extent is the extension splittable? 
Put in another way, how large a normal connected subgroup N can we find 
so that N admits a complementary subgroup? The answer in any particular 
case depends on the arithmetic properties of the ground field. Nevertheless 
for a general ground field of characteristic zero, something can still be 


asserted. 


THEOREM. Let N be the set of unipotent elements (i.e. eigenvalues are 


* Received June 25, 1954; revised August 4, 1955. 
’ Performed in part under Contract DA-36-034-ORD 1374 with Officer of Ordnance 
Research. 
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all 1) of the radical of the algebraic group G. Let M be any maximal fully 
reducible subgroup of G. Then N is a connected normal subgroup and 


For a general ground field this choice of N is the best possible. 


THEoREM. Any two maximal fully reducible subgroups of an algebraic 
group are conjugate under an inner automorphism. 


There is of course a similar result for algebraic Lie algebras. As an 
application we prove the following 


TurorEM. Let G be an algebraic group and let € denote tts enveloping 
associative algebra. Then there is a Wedderburn decomposition S +X for & 
(S semi-simple, X the radical) such that 


a) GNG is a maximal fully reducible subgroup of G; 


b) (J+2)NG is the subgroup of unipotent elements in the radical 
of G, I being the identity ; 


c) ZXNG is the ideal of nilpotent elements in the radical of ©, the 
Lie algebra of G. 


There is an analogous result for algebraic Lie algebras. We prove also 


THEOREM. A fully reducible group of automorphisms of a Lie algebra 
keeps a maximal semi-simple subalgebra invariant. 


THEOREM. A fully reducible group of automorphisms of a solvable Liz 
algebra keeps a Cartan subalgebra invariant. 


In addition, there are analogous theorems for automorphisms of Lie 
groups. Some of the intermediate results have independent interest. For 
example (cf. Proposition 3.2), any rational representation of an algebraic 
group carries fully reducible subgroups into fully reducible subgroups. As 
a consequence, it can be asserted that the First Main Theorem of the Theory 
of Invariants is valid for fully reducible groups. 

Another consequence of this same principle is the following 


THEOREM. A fully reducible group of automorphisms of a Lie or asso- 
ciative or Jordan algebra keeps a maximal semi-simple subalgebra invariant 
(Section 5). 


In conclusion, it may be noted that fully reducible subgroups behave 
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very much like compact subgroups of Lie groups. Indeed there is a very 
close relation between these two notions and we describe the relation 


elsewhere. 


Section 2. Preliminaries. 


2.1. Terminology. We deal throughout with a ground field K of 
characteristic 0. We employ the Zariski topology for subsets of finite dimen- 
sional linear spaces, a closed set being by definition an algebraic manifold. 
The terms closure, relatively open, and connected are defined in terms of 
closed sets in the usual way. By an endomorphism of a linear space V is 
meant a linear map of V into itself. By a linear group we mean a group 
of automorphisms of a finite dimensional linear space. The linear space of 
endomorphisms of a linear space V is denoted by H(V). 

An algebraic group is a group of automorphisms of a linear space V 
which is relatively open in its closure in H(V); or, what is the same, it is 
a group constituting the totality of automorphisms in some algebraic manifold 
in L(V) (ef. [2]). By the algebraic group hull of a set S of automorphisms 
is meant the intersection of all algebraic groups containing S. It is the same 
as the closure of S in the set of automorphisms of V, if S is a group. The 
connected component of the identity G, of an algebraic group has as its 
associated ideal (of polynomial functions on H(V) which vanish on G,) 
a prime ideal and is a normal relatively open subgroup of finite index. It 
should be noted that if K is the field of real numbers, an algebraic group 
connected in the Zariski topology need not be connected in the euclidean 
topology ; however for K the field of complex numbers, the two notions agree. 

An endomorphism 7 of a linear space V defines by right translation a 
left invariant infinitesimal transformation T* on H(V); via the derivation 
P(X) —dP(X+sXT)/ds at s=0 of the ring of polynomial functions 
P(X) defined on E(V). The Ine algebra of an algebraic group @ is the 
totality of elements 7 in E(V) such that T* keeps invariant the ideal of 
polynomial functions vanishing on G (cf. [2]). An algebraic Lie algebra is 
by definition the Lie algebra of an algebraic group. An algebraic group 
and its connected component of the identity have the same Lie algebra. 
Algebraic Lie algebras are related to connected algebraic groups in much 
the same way as in the classical case real Lie algebras are related to con- 
nected Lie groups. In particular, a connected algebraic group keeps a linear 
subspace invariant if and only if its Lie algebra does; it is therefore fully 
reducible if and only if its Lie algebra is. 

If T is an endomorphism of a linear space V, we denote by V,(7') the 
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totality of elements of V annihilated by some power of T7—bJ where 6 is 
in K and J denotes the identity. We call V,(7’) the nilspace of 7 and call 
T nilpotent if V.(T)—V. If F is a family of endomorphisms of V, we 
mean by V,(F), the nilspace of F, the intersection of the nilspaces of the 
elements of F. For any endomorphism T there exist a unique fully reducible 
endomorphism s and a unique nilpotent endomorphism n such that sn = ns 
and s+n=—TZ. This decomposition is called “the Jordan sum decomposi- 
tion of 7,” s and n being called the fully reducible and nilpotent parts of T 
respectively. 

If T is an automorphism of the linear space V, then 7 has a unique 
product decomposition 7 —s-u where s‘u—u°s, s is the fully reducible 
part of 7 and wu is unipotent, i.e. Vi(u) =V. Any algebraic group contains 
the Jordan product components of each of its elements, and correspondingly 
every algebraic Lie algebraic contains the Jordan sum components of its 
elements. Algebraic Lie algebras are thus splittable in the sense of Malcev 
(cf. [7]). 

Let F be a family of endomorphisms of a linear space V, and let G(V) 
denote the group of automorphisms of V. By a similarity of F is meant the 
restriction to F of a mapping f—zfa- where z is in G(V) and ¢Fr*= F. 
A group G of similarities of F is called pre-fully reducible if there exists a 
fully reducible subgroup G,; in G(V) with G the restrictions to F of the 
similarities from G,. 

Let F' be a family of endomorphisms of a linear space V which keeps a 
linear subspace W invariant. We denote by Fw (resp. Fy;w) the induced 
family of transformations of W (resp. V/W) and call these the W-part and 
V/W part of F respectively. If p is a representation of a Lie algebra @, we 
call G p-reductive if p(G) is a fully reducible set. We denote by ad the 
adjoint representation of a Lie algebra, adz(y) being by definition [2, y]. 


2.2. Cartan subalgebras. Let & be a Lie algebra, let 6° —G, let 
G" [G"4,G], and let G? G". G is called nilpotent if = (0). 


By Engel’s Theorem, © is nilpotent if adz is nilpotent for all z in G. 
A Cartan subalgebra of a Lie algebra @ is any nilpotent subalgebra § such 
that § is the nilspace of (the G part of) ad&. Any representation of & 
which vanishes on a Cartan subalgebra vanishes on ©. Any maximal abelian 
ad reductive subalgebra of a semi-simple Lie algebra @ is a Cartan sub- 
algebra and vice versa. If § is a Cartan subalgebra of a semi-simple Lie 
algebra @ and p is a representation of @, then p($) is fully reducible. 


204 G. D. MOSTOW. 


If & is a Lie algebra with radical Rt, then the radical of the commutator 
subalgebra is easily seen from Levi’s decomposition to be in the ideal [G, #]. 
It follows readily from Lie’s theorem on the simultaneous triangularizing of 
matrices with coefficients in an algebraically closed field that the commutator 
subalgebra of ad(Kg+) consists of nilpotent elements for ge. It 
follows at once that [G,#] is a nilpotent ideal of @ and thus the radical of 
the derived algebra of a Lie algebra is nilpotent. If 9t is a subalgebra of a 
Lie algebra G, we mean by an inner automorphism from 9 any product of 
automorphisms of the form exp(adz) with x in 9 and adz nilpotent (there 
is no difficulty concerning convergence and it can be verified readily that 
expadz is an automorphism of ©). The inner automorphism exp(ad2z) is 
a similarity in view of the identity (exp(adz))(y) = (expz)-y: (expz)7. 

The Cartan subalgebras of a solvable Lie algebra & are conjugate under 
inner automorphisms from @* (cf. [1], [8]). 


2.3. Groups of unipotent elements. By the replica of an endomor- 
phism x of a linear space is meant an element in the smallest algebraic Lie 
algebra containing x. A linear Lie algebra is algebraic if and only if it 
contains all the replicas of its elements (cf. [2]). The replicas of a nilpotent 
endomorphism n are precisely the multiples of n ([2], p. 159). Thus any 
linear Lie algebra of nilpotent endomorphisms is algebraic. If n is a nil- 
potent endomorphism, the connected algebraic Lie group determined by Kn 
is expKn ([2], p. 159). If wu is a unipotent automorphism, its algebraic 
group hull is exp K logu (cf. [2], p. 183) which is connected. Thus every 
unipotent element of an algebraic group lies in the connected component of 
the identity. 

We shall mean by a rational representation of an algebraic Lie algebra 
@® a homomorphism which is the differential at the identity of a rational 
representation of an algebraic group G whose Lie algebra is ©. Clearly if p 
is a rational representation of © into §, and §, is an algebraic subalgebra 
of §, then p*(§,) is algebraic. Conversely, if & is algebraic and p is rational, 
then p(@) is algebraic (though this is not always true when the charac- 
teristic of the base field is not 0) (cf. [2], pp. 140, 146). 

The analogue of these results for algebraic groups is not true; that is, 
if G is an algebraic group and p a rational representation, then in general 
p(G) is not algebraic. However in case G is an algebraic group of unipotent 
elements, the analogue is true in view of the following special features of 
such groups.” 


*U1, U2, and U3 were proved by the author in the original version of this paper. 
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U1) An algebraic group of unipotent elements is connectec and its 
Lie algebra consists of nilpotent elements. 

U2) Let ® be a linear Lie algebra of nilpotent elements and let 
+, be a base for J such that the linear span J; of Xi,- -,X;, is an 
ideal in -,7). Such a base always exists. Let N be a connected 
algebraic group with Lie algebra 9%. Then the elements of N can be expressed 
uniquely as exp(t,X,) -exp(t.X2)- -exp(t,X,) with ¢,,- -,¢, in the ground 
field. ([8], Ch. V, Sec. 3, Prop. 17). 

U3) Let p be a rational representation of an algebraic group N whose 
Lie algebra consists of nilpotent elements. Then p(N) is algebraic ([3], 
Ch. V, Sec. 3, Prop. 15). 


It appears from these results that an algebraic group consists of uni- 
potent elements if and only if it is connected and its Lie algebra consists of 
nilpotent elements; in addition the image of such a group under a rational 
representation is algebraic. 


Section 3. Rational Representations. 


This section is devoted to a discussion of the image of fully reducible 
groups and groups of unipotent elements under a rational representation. 

It is easily seen that a normal subgroup of a fully reducible linear group 
is fully reducible. We now prove a simple but highly useful partial converse. 


Lemma 3.1.° Let N be a normal subgroup of finite index in the linear 
group G. G is fully reducible if and only if N is fully reducible. 


Proof. In view of the preceding remark, it remains only to prove that 
if N is fully reducible, then G is fully reducible. 


Suppose therefore that NV is fully reducible and that the finite set of 
elements g:1,° * *;9p is a complete set of representatives for the cosets of 
Gmod NV. Let G operate on the linear space V and suppose it keeps invariant 
the subspace W. Let U be a complement to W invariant under N. For 


After the paper was submitted for publication, the author learned that these results 
as well as many other interemediate results of the paper had been obtained indepen- 
dently by C. Chevalley and included in his “ Theorie des Groupes de Lie,” vol. 3, which 
was to appear soon. In the present revised version, the author has omitted most proofs 
of such results, taking advantage of Chevalley’s Volume 3 as a reference. 

* This observation seems to have gone unnoticed in the literature. It was noted 
independently by C. Chevalley who gives a different proof for it in Prop. 1, Ch. IV, 
See. 5 of [3]. 


= 
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each wu in U, let u; be the unique element of g;U such that u,—w is in W 
(‘=1,:--,p). Since N is normal in G, each g,U is invariant under NV 
and the finite set of subspaces g.U,- - -,g,U is permuted by the operations 
of G. As a result the finite (unordered) sets of elements Sy == (t1,- - -, Up) 
are permuted among themselves by the operations of G (according to the rule 
gSu=S,, where u, is the element of U congruent to gumodW). For each 
u in U, let (u, -+ up)/p and let U denote the set of all elements 
a. Then clearly U is a linear subspace complementary to W and invariant 
under G. 

Combining Lemma 3.1 with the fact that a connected algebraic group is 
fully reducible if and only if its Lie algebra is, we conclude 


Proposition 3.1.4 An algebraic group is fully reducible if and only if 
its Lie algebra is fully reducible. 


PROPOSITION 3.2. A rational representation of an algebraic group sends 
unipotent elements into unipotent elements and fully reducible subgroups 
into fully reducible subgroups.® 


Proof. It becomes clear after extending the ground field to its algebraic 
closure that no generality is lost if we assume the ground field to be alge- 
braically closed. Accordingly we assume the ground field K to be algebraically 
closed. Let u be a unipotent element of the group and let n=logu, which 
is in the Lie algebra of the group (cf. Sec. 2.2). Let p be the given rational 
representation and let dp be the differential of p at the identity. We show 
that dp(n) is nilpotent. We let P denote the field of formal power series 
in an indeterminate ¢ with coefficients in K, and we extend the ground field 
to P. Let V, be the underlying linear space over K on which n acts, let 
FE, denote the space of endomorphisms of V;, and let V,?, H,? denote the 
extensions obtained on extending K to P. Let V2, E., V2”, L.P be the spaces 
related similarly to the endomorphism dp(n). For any element 2 of E;? we 
denote by L(x) the set of values taken at z by the linear extensions to E;? of 
linear functions on H; (t=1,2). Z(zx) can also be described as the K-linear 
span of the matrix coefficients of z relative to a base B, where the elements 
of B are in V; (t=1,2). We consider (cf. [2], Sec. 2, Theorem 9, p. 157) 
the relation 


(A) p(exp tn) t(dp(n)). 


* Also contained in [3]. 
* The assertion about unipotent elements follows easily from Prop. 16, p. 126 of [3]. 
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Since n is nilpotent, Z(exptn) consists of polynomials in ¢ with coefficients 
in K. Since p is rational map, L(p(exptn)) consists of rational functions 
of t. On the other hand, let b be an eigenvalue of dp(n). Selecting a base in 
V. so as to make the matrix of dp(n) triangular, we see that L (exp ¢(dp(n) ) ) 
contains the power series exp bt. In view of the cited identity, exp bt is a 
rational function in ¢, which is absurd if b40. (For if expbt—f/g with 
f and g polynomials in ¢t and b0, we arrive at the contradictions degree 
g’f =degree g-dg/dt-f upon differentiating both sides). Hence 60 and 
dp(n) is nilpotent. 

The proof that p sends fully reducible subgroups into fully reducible 
subgroups runs as follows. In view of Proposition 3.1, it suffices to prove 
that dp carries fully reducible Lie algebras into fully reducible Lie algebras. 
In view of the fact that a fully reducible Lie algebra is the direct sum of a 
semi-simple Lie algebra and an abelian algebra of fully reducible elements 
(cf. [6]) and that moreover every semi-simple linear algebra is fully reducible, 
({11]), it suffices to prove that dp carries fully reducible elements into fully 
reducible elements. Suppose then that X is a fully reducible endomorphism 
of V, Let s+n be a Jordan sum decomposition of Y=—dp(X). Let 
ay," * *,@ be the eigenvalues of X and b,,---,b, the eigenvalues of s. 
Upon diagonalizing XY it is seen that L(exptX) is the linear span of 
exp d,t,- +,expa,t. Suppose now n~0. Upon putting Y into Jordan 
normal form, it is seen that L(exptY) contains a term ¢(expb,t). Equation 
(A) above implies that ¢(expD,t) is a rational combination of expay,t,: - -, 
exp d,t—which is absurd (cf. [2], p. 151). The proof is now complete. Our 
proof has also established 


PROPOSITION 3.3. A rational representation of an algebraic Lie algebra 
carries fully reducible subalgebras into fully reducible subalgebras and nil- 
potent elements into nilpotent elements. 


There is a very elegant proof due to M. Schiffer of the First Main 
Theorem of the Theory of Invariants for linear groups all of whose “ powers” 
or tensor representations are fully reducible (cf. [9], p. 300). Inasmuch as 
tensor representations are rational, we have as a consequence of Proposi- 
tion 3.2. 


THEOREM. The First Main Theorem of the Theory of Invariants 1s 
valid for fully reducible groups. 
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Section 4. Conjugacy of Fully Reducible Subalgebras. 


Throughout this section, © denotes a linear Lie algebra, ft its radical, 
and 9 the set of nilpotent endomorphisms in §. 


4.1. If G is an algebraic Lie algebra, it is known that it contains a 
semi-simple Lie subalgebra @ and an abelian subalgebra Wf of fully reducible 
endomorphisms such that G=2+%4+MN, and R=WA+M 
(semi-direct) (cf. [4]). Inasmuch as & is fully reducible ([11]), it is easily 
seen that 2+ 2% is fully reducible. Now Yt can clearly be characterized as 
the maximal ideal of nilpotent endomorphisms (by applying in succession 
Engel’s theorem and Lie’s theorem on triangularizing solvable linear Lie 
algebras). Consequently a criterion that an algebraic Lie algebra be fully 
reducible is that it contain non non-zero ideal of nilpotent elements. It may 
be noted that 9 is the totality of nilpotent endomorphisms in the radical. 


4.2. If A, B are subspaces of a linear space H with A C B, then the 
totality of endomorphisms of # which send B into A is an algebraic Lie 
algebra ([2]). Coupling this fact with the fact that the adjoint repre- 
sentation of an algebraic Lie algebra is rational, we see: If © D BD Y are 
linear Lie algebras with [@,8]C then [G*,B]C where G* denotes 
the smallest algebraic Lie algebra containing ©. 

If G© D W are linear Lie algebras, the idealizer of M in © is defined as 
the totality of elements z in G with [z,%]C M%. If G is algebraic, then by 
the foregoing the idealizer of % in & is algebraic. By simply “the idealizer 
of %” is meant the idealizer of % in the totality of endomorphisms. 

The radical of an algebraic Lie algebra is algebraic and so also is any 
subalgebra of nilpotent endomorphisms (cf. [3]). 


4.3. An ideal 8 of a fully reducible linear Lie algebra G is fully 
reducible. For letting 8* and G* denote the smallest algebraic Lie algebras 
containing 8 and G, it is seen in turn that 


[B, G*] C[B, G6] C B, [B*, G*] C[B, G*¥] C BC B*, 


and therefore B* is an ideal of G*. It is also seen that @* is fully reducible 
and % is fully reducible if and only if $* is. Now the maximum ideal of 
nilpotent elements of @* is an ideal in @* and hence zero. Therefore ¥B* 
is fully reducible and thus 8 is too. 


al, 
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Any abelian ad-reductive subalgebra of a Lie algebra can be extended 
to a Cartan subalgebra (cf. [1] or [3]). 


4.4, Suppose Jt and M are subalgebras which span the linear Lie 
algebra ©. Suppose in addition that §t is an ideal and algebraic. Then & 
is algebraic if and only if Mt is. : 


Proof. Let p be a rational representation of %, the idealizer of It, whose 
kernel is Jt. (That such a representation exists is stated in [2] and proved 
in [3]). Then G=p'(p(M)) is algebraic according as M is. 


Lemma 4.1. Let p be a representation of a solvable Lie algebra &. 
Then any two maximal p-reductive subalgebras of © are conjugate under 
an inner automorphism from G*. If p is an isomorphism, a p-reductive sub- 


algebra is abelian. 


Proof. Since p(G*) —p(G)*%, it suffices to prove the theorem for a 
solvable linear Lie algebra @ (with p the identity map). Let %;, (t—1,2) 
be a maximal fully reducible subalgebra of G. [2;, Mi] consists of elements 
which are fully reducible and nilpotent (by Lie’s triangularizing Theorem) 
and is thus (0) ; that is %; is abelian. Since 2%, is an abelian set of ad-reduc- 
tive elements, it is an ad-reductive subalgebra. By 4.3 it can be extended 
to a Cartan subalgebra 9; (t—1,2). @ being solvable, there is an inner 
automorphism x from &* which sends §, into $2 (cf. [1]). Now §; being 
a nilpotent linear Lie algebra, the fully reducible elements in it are simul- 
taneously ad-reductive and ad-nilpotent and hence central. Hence they form 
a subalgebra—in fact %;. The automorphism z which carries §, into §, carries 
Y, into %, since it sends fully reducible elements into fully reducible elements 
(for it is a similarity). Proof of the lemma is now complete. 


Lemma 4.2. Let & be a linear Lie algebra, N an ideal of nilpotent 
elements in G, and M, Mt, fully reducible subalgebras of & with Mi C M+ MN. 
Then MO (Mi + ws fully reducible. 


Proof. Let % be the idealizer of 9. It is algebraic and contains ©. 
Let p be a rational representation of % with kernel M, and let p. be the 
restriction of p to M*, the smallest algebraic Lie algebra containing M. Since 
M* is fully reducible and M*M M is an ideal of nilpotent elements in M*, 
it is zero (by Remark 4.1). Hence p is one-to-one on Qi*. Furthermore, 
since rational representations carry algebraic Lie algebras into algebraic Lie 
algebras and since inverse images under rational representations of algebraic 
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Lie algebras are algebraic, we have po(Mt*2) = po(Mtz)* where Mi, is the sub- 
algebra M(H +M) and the asterisk denotes closure in the sense of 
smallest containing algebraic Lie algebra. Now it is clear that p,.(t:) 
= p(M.) and hence is fully reducible (Proposition 3.3). 
Consequently, po(M*.) = po(Mtz)* is fully reducible and hence p,(Mt.)* con- 


tains no non-zero ideal of nilpotent elements by Remark 4.1. Since py takes 


nilpotent elements into nilpotent elements and it is one-to-one on YWt*., we 
conclude that 9*, contains no ideal of nilpotent elements. It follows that 


M*, is fully reducible and hence M. is fully reducible. 


THEOREM 4.1. Any two maximal fully reducible subalgebras of a linear 
Lie algebra & are conjugate under an inner automorphism from the radical 


of [G, 


Proof. Let @* be the smallest algebraic Lie algebra containing © and 
let Mt be a fully reducible subalgebra of G*. Then YiM G is an ideal in M 
and hence fully reducible (Remark 4.1). Again since [G*, G*] = [6, 6], 
and moreover some maximal fully reducible subalgebra of @* contains a 
maximal fully reducible subalgebra of ©, Theorem 4.1 would be valid for 
(% if it were valid for algebraic Lie algebras. 


Thus we may adopt the additional hypothesis that is algebraic with- 
out loss of generality. We proceed by induction on the dimension of ©. 

Let 9 denote the ideal of nilpotent elements in the radical of the 
algebraic Lie algebra G, and let Mi, be a fully reducible subalgebra such that 
GS = Mt, +R (ef. 4.1). WM, is a maximal fully reducible subalgebra, since 
any fully reducible algebra Yt, containing it must intersect MN in an ideal of 
Mt,, and hence (Remark 4.1) in zero. Furthermore, the radical of [G,@] is 
[Wt,, 9] (Remark 4.1). Let now Yt. be a maximal fully reducible subalgebra 
of G. Then M,N (Mz + M) is fully reducible by Lemma 4. 2, indeed maximal 
fully reducible in M2.-+ 9 since it is complementary to M in M,.+ MN. 
Furthermore Yi, is algebraic and hence Mi, + MN is algebraic. Hence we must 
have Mt. + 9% — G; otherwise on applying the induction assumption we would 
be led to the false conclusion that i, N (Mz + MN) is conjugate to a maximal 
fully reducible subalgebra of G and hence is Mt. Now let &;-+ YW; be a Levi- 
decomposition for the fully reducible subalgebra (t= 1,2), & being semi- 
simple. Then it is easily seen that 2; is a maximal semi-simple subalgebra 
of ®. As is well-known, the maximal semi-simple subalgebras of a Lie algebra 
(over a field of characteristic zero) are conjugate under an inner automor- 
phism from the radical of the commutator subalgebra (cf. [5]). Carrying &. 
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into 2, by such an automorphism, we see that no generality is lost in assuming 
2, =. Again, since Pt, and Mt, are each contained in the idealizer of X, 
in @, no generality is lost in assuming that &, is an ideal in &. In this case, 
( is the direct sum of &, and its radical R. Now Mt, being maximal fully 
reducible in @, and fully reducible subalgebras of being abelian and com- 
mutative with &,, it is easily seen that Dt;M R is a maximal fully reducible 
subalgebra of 9t. Applying Lemma 4.1 to 9, we can get an inner auto- 
morphism from #M[G,@] which sends Mt, into Mt, The proof of the 
theorem is now complete. 


CoroLuary 4.1. Let & be a linear Lie algebra with radical Rt. Assume 
W% is a maximal fully reducible abelian subalgebra of ©. Then there is a 
maximal semi-simple subalgebra 2 of © such that W=ANVR+ANR with 
(1) LAL a Cartan subalgebra of B, (2) MAR a maximal fully reducible 
subalgebra of R and (3) 


Proof. Let 8 be a maximal fully reducible subalgebra of ®. Since 
is an ideal in ©, we have 6 = Z(B) + K where Z(B) is the centralizer of B. 
Letting 2 be the semi-simple component in a Levi-decomposition for Z(%), 
we see that G=L-+R and & is a maximal semi-simple subalgebra of ©. 
Moreover, £-+ B is readily seen to be maximal fully reducible in ©. Any 
maximal fully reducible abelian subalgebra of 2 + % clearly has the properties 
(1), (2), (3) of the Corollary. Inasmuch as the maximal fully reducible 
subalgebras are conjugate under inner automorphisms, any maximal fully 
reducible abelian subalgebra has the desired properties. 

Another consequence, which follows directly from the theorem is 


CoroLuary 4.2. Any two maximal ad-reductie subalgebras of a Lie 
algebra are conjugate under an inner automorphism from the radical of the 
commutator subalgebra. 


Section 5. Invariant Subalgebras of a Fully Reducible Group of 
Automorphisms. 


LEMMA 5.1. Let Mt be a subalgebra and N an abelian ideal of a Lie 
algebra &, and let T be a group of automorphisms of ©. Assume 


1) G=M+ MN semi-directly ; 


2) for each automorphism T of T there is an element n in N such that 
T (Mt) = expadn(M) ; 


= 


MOSTOW. 


G. D. 


3) T keep twnvariant. 
Then T keeps invariant some image of WM by an inner automorphism. 


Proof. Let A denote the totality of linear subspaces of © that are 
complementary to Jt. We regard ‘A as an affine space in the natural way; 
viz, if we regard Mt as the “origin” or “reference point” of A, then the 
linear maps of 9 into MN can be identified with the associated vector space 
V of A under the correspondence where Ve A and (m) 
is the element p in 9 such that m+ peX. 

The totality S of images of 9 by inner automorphisms forms an a‘ffine 
subspace of A. For 9 being an abelian ideal, (adn)?—0O for n in N and 
thus expadn(m) =m [n,m]; consequently the family S is identified with 
the linear family of maps m—[n,m] (n varying over 2) of MW into MN. 

Now the fully reducible group of automorphisms Tf of © induces on A a 
group of affine transformations and has in A a fixed point Mt. Selecting 
$M, as origin in A, we obtain a representation of the group of automorphisms 
of & which keep 9, invariant on the vector space V associated with A and 
this representation is easily seen to be rational. Since a rational repre- 
sentation takes fully reducible groups into fully reducible groups, it follows 
that ['* the image of I under this representation is fully reducible. Further- 
more the operations of T on A keep invariant the affine subspace S. Hence I* 
keeps invariant the linear subspace U = S—MM of V. Being fully reducible, 
['* keeps invariant a subspace W complementary to U. Hence the operations 
of T on A keep invariant the affine subspace Nt)-++ W, which intersects 
S—M-+U in but a single point—call it Mt. Obviously Mt, is a fixed 
point of [* and correspondingly the subalgebra Mt, is invariant under [T 
and is the image of 9% under an inner automorphism from §. Proof of the 
lemma is now complete. 


Note. The analogue of Lemma 5.1 for associative algebras is true and 
proof is exactly the same. 


DEFINITION. Let © be a linear Lie algebra, let N be an ideal of &, 
and let T be a similarity of © which keeps N invariant. Let p be a rational 
representation of ® with kernel N, and let T, denote the automorphism of 
p(G@) induced by T. Then T, is called an s-automorphism of p(G). 


Clearly an s-automorphism of a linear Lie algebra carries maximal fully 
reducible subalgebras into maximal fully reducible subalgebras and nilpotent 
elements into nilpotent elements. 
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THEorEeM 5.1. A pre-fully reducible group of similarities of a linear 
Lie algebra keeps invariant a maximal fully reducible subalgebra. 


Proof. Let @& be the linear Lie algebra and ©&* the smallest algebraic 


Lie algebra containing ©. 


We remark first that any maximal fully reducible subalgebra of ©* 
intersects @ in a maximal fully reducible subalgebra of &. For obviously 
some maximal fully reducible subalgebra 90* of @* includes a maximal fully 
reducible subalgebra Mt of G. Since [G*, G6*] = [G, G], M* N G is an ideal 
in M* and fully reducible by Remark 4.3. Hence M*1 G=M. Inasmuch 
as any maximal fully reducible subalgebra of @* is conjugate to Mt* by an 
inner automorphism from [G*, G*] C G, it follows at once that every maximal 
fully reducible subalgebra of @* intersects © in a maximal fully reducible 
subalgebra of ©. 

Next we note that any similarity T keeping & invariant also keeps @* 
invariant. For 7(G*)NM ©* is algebraic and includes G. Hence it includes 
&*; consequently (G*) = G*. 

In view of the preceding observation, we can assume without loss of 
generality that © is an algebraic Lie algebra. Thus the theorem will be 
established when we will have proved: a fully reducible group of s-automor- 
phisms of an algebraic Lie algebra © keeps invariant a maximal fully reducible 
subalgebra of ©. 

We decompose © into Yt -+ MN where Yt is a maximal fully reducible sub- 
algebra and 9 is the maximum ideal of nilpotent elements. We prove the 
above assertion by induction on r= dim[%, MN]. 

If dim| 9, 9%] — 0, the assertion follows immediately from Lemma 5. 1. 
Assume now that dim[Jt, 9] > 0 and that the induction hypothesis holds for 
r<dim[2. 9]. [9,9] is an algebraic Lie algebra. Hence there is a rational 
representation p of © whose kernel is [Jt, It]. Applying the induction hypo- 
thesis to the induced fully reducible group of s-automorphisms of p(@), 
we are reduced to verifying the hypothesis for Dt, + [I, I] where Mt, is the 
image of Yt by an inner automorphism from Yt. Since an inner automorphism 
is a similarity, Mt, is a maximal fully reducible subalgebra of & and hence 
algebraic. Consequently 20, + [9,9] is algebraic by 4.4. Furthermore 9 
is solvable by Engel’s theorem so that the dimension of the commutator sub- 
algebra of [9,9t] is smaller than dim[9,9]. We can thus apply the 
induction hypothesis to Mt, + [98,2] and thereby complete the proof of 
Theorem 5. 1. 
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CoroLiary 5.1. A fully reducible group of automorphisms of a Lie 
algebra keeps invariant a maximal ad-reductive subalgebra. 


Proof. Once we note that the center of a Lie algebra belongs to every 
maximal ad-reductive subalgebra, this corollary follows directly from 


Theorem 5.1. 


CoroLuary 5.2. A fully reducible group of automorphisms of a Lie 
algebra keeps invariant a maximal semi-simple subalgebra. 


Proof. Follows directly from Corollary 5.1 and the observation that an 
ad-reductive subalgebra has a unique maximum semi-simple subalgebra—viz., 


its commutator subalgebra. 


THEOREM 5.2. A fully reducible group of automorphisms of a solvable 
Lie algebra keeps invariant a Cartan subalgebra. 


Proof. Let & be the solvable Lie algebra and I the fully reducible group 
of automorphisms. The operation ad X ~adc(X), ceT, of ¢ on ad@ is a 
similarity since adc(X) =c(adX)c*. Inasmuch as any Cartan subalgebra 
of & is the inverse image of a Cartan subalgebra of ad @ (and conversely), 


it suffices to prove 


(A) any pre-fully reducible group of similarities of a solvable linear 
Lie algebra keeps invariant a Cartan subalgebra. 


Now it is not difficult to see that any Cartan subalgebra of a linear Lie 
algebra 2 is the intersection with 2 of a Cartan subalgebra of the algebraic 
hull &* and conversely (cf. [3]). Consequently it suffices to prove (A) under 
the additional hypothesis that the solvable linear Lie algebra is algebraic. 

We can suppose accordingly that T is a pre-fully reducible group of 
similarities of a solvable algebraic Lie algebra &. By Corollary 5.1 T keeps 
invariant a maximal fully reducible subalgebra Mt of G. Now any algebraic 
Lie algebra obviously contains some regular fully reducible element x and 
the nilspace of (adz)g is a Cartan subalgebra. Furthermore any fully 
reducible subalgebra % of a solvable linear Lie algebra is abelian—for its 
ideal [%, %] being fully reducible and consisting of nilpotent elements is zero. 
Thus any maximal ad-reductive subalgebra Nt, of G which contains x extends 
to a unique Cartan subalgebra-—the nilspace of (ad Mt.) or the centralizer 
of Mt,. Since all maximal fully reducible subalgebras of & are conjugate, 
the centralizer of any maximal fully reducible subalgebra of G is a Cartan 
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subalgebra. In particular, the centralizer of Yt is a Cartan subalgebra 
invariant under Tf. Proof of the theorem is now complete. 
By paralleling the proof of Theorem 5.1 we can prove 


THEOREM. A fully reducible group of automorphisms of an associative 
or Jordan algebra keeps invariant a maximal fully reducible subalgebra. 


The pertinent facts about Jordan algebras required for the above proof 
can be found in the paper by N. Jacobson in Transactions of the American 


Mathematical Society, vol. 70, (1951), p. 528. 


Section 6. A Decomposition of Algebraic Groups. 


Let G be an algebraic group. We denote by Yt a maximal fully reducible 
subalgebra of its Lie algebra &, and by 9 the ideal of nilpotent elements in 
its radical. We denote by M4 the totality of elements z in G@ such that Adz 
keeps Mt invariant, that is zlx*— Mt. Because of its maximal character, 
M is algebraic, and because 9 consists of nilpotent elements only, it, too, is 
algebraic ([2], pp. 181 and 183). We denote by N the connected group 
with Lie algebra 9%. N is normal in G since Yt is invariant under all simi- 


larities from G. 


Lemma 6.1. Let @ be an algebraic group, M4 and N the subgroups of 
G defined above. Then G=M4-N. 


Proof. Since an algebraic group contains the Jordan product com- 
ponents of each of its elements, it suffices to prove that /4-WN contains each 
fully reducible and each unipotent element of G. 


Suppose that wu is unipotent. Then u—exp X with logu=JX a nilpotent 
element in the Lie algebra G. Inasmuch as KX -+ Qt is a solvable Lie algebra, 
by Lie’s theorem on simultaneous triangularizing it consists of nilpotent 
elements. Let X, be a non-zero element of (KX +92)N M if such exists, 
otherwise zero. Choosing a suitable base for Jt, we can apply U2 of 2.3 to 
conclude that u—exp(t,X,)-wu’ with uw’ in N. Now exp#,X, belongs to the 
connected algebraic group with Lie algebra KX, and hence belongs to the 
connected algebraic group corresponding to Yt; hence Ad(exp?,X,) (Mt) = M 
and expt,X, is in M4. It follows that u is in M4-N. 

Suppose on the other hand that s is a fully reducible element of G. 
By Theorems 5.1 and 4.1 there exists an element uw in NW such that 
Hence (usw) M(u-tsu)-* M and utsu—m is in 
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M4. But ® being a normal subgroup of G, sus* is in N and _ hence 
v=u-'(sus) isin N. Since vs =u-su =m, we have s = mv™ is in M4-N. 


Proof of Lemma 6.1 is now complete. 


TueorEM 6.1. Let G be an algebraic group, Mt a mazimal fully 
reducible subalgebra of its Lie algebra &, and MN the ideal of nilpotent 
elements in the radical of &. There is a fuily reducible algebraic group M 
with Lie algebra Mt such that G—=M-N (semi-direct), N being the con- 
nected algebraic group with Lie algebra %. 


Proof. By Lemma 6.1, G=M4-WN (not necessarily semi-direct). It 
is easily seen from the definition of M4 that it is an algebraic group whose 


Lie algebra ©, contains M. 


We first note that it is sufficient to prove Theorem 6.1 for the group M4. 
For clearly ©, = M+ (GN MN) and G, N M is the ideal of nilpotent element 
in the radical of @,. If now M4—WM-N, (semi-direct) where M and N, 
are algebraic groups with Lie algebras Yt and @G, MM respectively, then 
G—=—MN,N=MN. Moreover MN, being an algebraic group with Lie 
algebra MAR— (0), is a finite subgroup of N; being fully reducible it 
reduces to the identity element. Thus G—M-WN (semi-direct). 

Hence we lose no generality in assuming G=M4. In this case YI is 
an ideal of G, and Yt being ad-reductive (cf. Prop. 3.2) © = Mt -- MN (direct). 
We proceed by induction on the dimension of ©. 

We let 9, denote the center of Jt, and we denote by N, and M, the 
connected algebraic groups corresponding to Jt, and Mt respectively. Clearly 
MN, and Yt are invariant under similarities from G, and hence N, and M, 
are normal subgroups of G. Furthermore, if %~0 and G~Y,, there is 
a normal algebraic subgroup F' of positive dimension such that the dimension 
of the subalgebra + Mt is smaller than dim@® (% being the Lie algebra 
of F)—namely F = M, or, if M, is zero dimensional F — N,. 


Case 1. N—0. Here G—Mi is fully reducible and hence G is fully 
reducible (Prop. 3.1). 


Case 2. NAO, G is not the center of N. Select the subgroup F 
described above. Selecting a rational representation p with kernel F we know 
by Prop. 3.2 that DY” —dp(M) is fully reducible, and 9’—dp(N) is com- 
posed of nilpotent elements. By the induction hypothesis G’ = M’- N’ (semi- 
direct) where G’ is the algebraic group hull of p(@), M’ is an algebraic 
subgroup with Lie algebra ’ and N’ is the connected algebraic group with 
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Lie algebra 2’. By U2 of 2.3 p(V) =N’: Hence G=p"*(M’)-N. Applying 
the induction assumption to p*(M’), we obtain the desired fully reducible 


subgroup with Lie algebra Mi. 


Case 3. @ is the center of M%. Here G—=M is abelian, and G@ is 
a finite extension of N. Furthermore by U2 of 2.3 and the formula 
expX exp¥ =exp(X+Y) if [¥,Y]—0, we see that Y—expYX is an 
isomorphism of the additive group of the linear space 9 with the multiplicative 
group N. Our theorem will therefore follow from the following: Let N be a 
vector group over a field K of characteristic zero (i.e. the additive group of a 
linear space over K—possibly infinite dimensional) ; then any finite exten- 
sion of NV splits. This in turn is the group extension interpretation of the 
now well known result: the two dimensional cohomology group of a finite 
group in an indefinitely divisible abelian group vanishes. (Indeed the 
cohomology groups vanish in all positive dimensions.) 


Section 7. Conjugacy of Fully Reducible Subgroups. 


THeoreM 7.1. Let G be an algebraic group, MN the set of nilpotent 
elements in the radical of its Ine algebra, and N the connected algebraic 
group with Lie algebra N. Then G=M-N (semi-direct) with M a mazi- 
mal fully reducible subgroup. Furthermore any two maximal fully reducible 
subgroups of G are conjugate under an inner automorphism from SM. 


Proof. If M is a fully reducible subgroup of the algebraic group G with 


(¢== M-N, then M is algebraic and mazimal fully reducible and G=M-N 
(semi-direct). For let M be a maximal fully reducible subgroup containing 
M. M is clearly algebraic and its Lie algebra Yt is fully reducible. Since 
MA Mis an ideal of nilpotent element in the radical of Mt, by Remark 4.1 
it follows that Pi 9%—0. Since MAO N is therefore a finite algebraic group, 
it consists of fully reducible unipotent elements and hence reduces to the 
identity. Thus G=M-N (semi-direct) and WM. 

We now prove the second part of the theorem by induction on the 
dimension of , the Lie algebra of G. Let M, be a maximal fully reducible 
subgroup of G and Mt, its Lie algebra. Then = Mt, + is algebraic (Sec. 
4, Remark 4.4). Let F, denote the corresponding connected algebraic group 
and let F' be the finite (algebraic) extension M,F). Now G=M-N implies 
that F=(FOM)-N. Since FN M—MNA (Mt, + the Lie algebra of 
FM is fully reducible by Lemma 4.4. Hence # M is fully reducible. 
By the opening remark of our proof, FM M is a maximal fully reducible sub- 
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algebra of the algebraic group F. If dim % were less than ©, we could apply 
the induction hypothesis to F and carry M, into FN M by an inner auto- 
morphism from N and we would be led to the contradiction that ’M M is 
a maximal fully reducible subgroup of G. Consequently §%—, that is 
M,+RWR—M+MR. j$From this it follows readily that the fully reducible 
subalgebra Yt, is maximal fully reducible in ©. 

By Theorem 4.1, Yt, and Pt are conjugate under an inner automorphism 
from ¥t. Hence no generality is lost in asuming Yit—Mt,. Under this 
additional hypothesis, M, and M are each contained in M4, the normalizer 
of Mt in G. Furthermore the set of nilpotent elements in the radical of 4 
is in 9%. Hence no generality is lost in assuming G—M4. Repeating the 
3-case argument in the proof of Theorem 6.1, we reduce to the case that 
@®—M is an abelian Lie algebra of nilpotent endomorphisms. If M, is a 
maximal fully reducible subgroup of G, Mt, consists of, in this case, fully 
reducible nilpotent elements and hence is 0. Thus M, is a finite group. To 
prove that u-*M,u C M for some wu in WN is equivalent to showing M,u C uM ; 
that is the group M, operating on the space of cosets G/M by left translation 
admits some fixed point uM. Since G=M-N (semi-direct), G/M can be 
identified with the space N. Under this identification, the operation of G on 
G/M by left translation is equivalent to the operation of G on the linear 
space 3 by affine transformations in view of the identities 


(1) mnM = (mnm*)-M for m in M 
(2) n,(nM) = (n,n)-M for n, in N 
(3) mexp Xm" =expmXm"! for X in N 
(4) exp(X + Y) =expX-expY for X,Y in & 


together with the fact that Y exp X is a one-to-one mapping of 3 onto NV. 
Now as is well-known, any finite group of affine transformations of a linear 
space (over a field of characteristic not dividing the order of the group) has 
a fixed point—namely, the centroid of any orbit. Hence MM, has a fixed point 
on G/M and M, is conjugate to M under an inner automorphism from JN. 
Proof of the theorem is now complete. 


CoroLtuaRy. A pre-fully reducible group of similarities of an algebraic 
group keeps invariant a maximal fully reducible subgroup. 


® At this point the theorem follows from the fact that the one dimensional coho- 
mology group of a finite group with coefficients in an indefinitely divisible abelian group 
is zero. Indeed this is in essence the concluding argument of our proof. 
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Proof. Let G@ be the algebraic group. The pre-fully reducible group of 
similarities of G are the automorphisms g —fgf-* where f varies over a fully 
reducible group . Let G, be the normalizer of G, let Mf be a maximal fully 
reducible subgroup of G@ and let M, be a maximal fully reducible sub- 
group of G, which includes M. Since F C G,, there is an element z in G, 
with F CaM,2! by Theorem 7.1. Hence for any feF and perMr", 
But being a fully reducible subgroup of G,, 
its intersection with G@ is a fully reducible subgroup of G (cf. 4.3) and 
therefore coincides with eMa. Thus F keeps invariant the maximal fully 
reducible subgroup «Mx. 


Section 8. Relation to Wedderburn Decomposition. 


THEOREM 8.1. Let G be an algebraic group and let € denote its 
enveloping associative algebra. Then there is a Wedderburn decomposition 
S+3f for E with S semi-simple and FT the radical such that: 


a) GNG is a maximal fully reducible subgroup of G, 

b) ZING is the ideal of nilpotent elements in the radical of ©, the Lie 
algebra of G, 

ce) (I1+2)NG its the subgroup of unipotent elements in the radical 
of G (I denotes the identity element). 

Proof. Let G=M-WN be a decomposition of G into the semi-direct 
product of a maximal fully reducible subgroup M and the subgroup N of 


the unipotent elements in the radical. 


For any set of endomorphisms S we denote by €(S) the enveloping 
associative algebra—i.e. polynomial combinations without constant term in 
the elements of S. We denote by 2(S) the linear span of S. If 8 is a 
group then €(S) consists only of linear combinations of elements of S. 
Hence M:N —N- WM implies that 


2(E(M) -E(N)) 2(E(N) -E(M)) = E(1-N) E(G). 


We denote by logu for wu a unipotent endomorphism the finite sum 


Mes 


4=1 


Since u = exp log u, we have 


(log N +1) =G(log + KI = E(N) + KI, 
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where 9%} log N is the Lie algebra of N and K is the ground field. As a 


result 
E(G) = - (E(N) + KT)) E(M) + V(E(M) -E(N)). 


Now 9 being an ideal in @, we have mnm-!eM whenever me M and neM 


and as a result 
M-N=—MN-M, L(EEM) -E(MN) ) V(E(MN) -E(M)), 


and from this it follows that 2(€(J/)-€(M)) is a two-sided ideal in the 
associative algebra €(G). By Lie’s theorem on the simultaneous triangu- 
larizing of solvable linear Lie algebras (or by Engel’s theorem) Jt* = 0 
where /& is the dimension of the linear space on which G operates. Hence 
E(MN)*¥ (0) and L(E(M) - E(M) )* = - E(M)*) = 0. Set S— 
and T—L(E(M)-E(N)). FT is in the radical of €(G). Moreover M 
being fully reducible, (17) is fully reducible and is therefore a semi-simple 
associative algebra. Thus 60 T= (0), and E(G) (semi-direct). 
That is, © + T is a Wedderburn decomposition of €(G@). Thus assertion a) 
has been proved. 

To prove b), we observe that & © is invariant under inner auto- 
morphisms y—gyg"' with g in G and it is therefore invariant under the 
infinitesimal transformations y—>[g,y] with g in the Lie algebra G. Thus 
= is an ideal of the Lie algebra @. Since it consists of nilpotent 
elements, it is a nilpotent ideal and therefore contained in the radical of & 
and hence TN@GCMN. But by definition of T, Therefore 
TNG=—MN. 

To prove c), we recall that u=explogu for u in N. Hence NCI 
+ €(N) and (J+ Conversely, we (J + G implies log ue 
and also logue G, the latter since {expt log u | te K} is the smallest algebraic 
group containing u. Hence logueX and weN. Proof of the 
theorem is now complete. Analogously, one can prove 


THEOREM. Let ®& be an algebraic Lie algebra and € its associative 
enveloping algebra. Then there exists a Wedderburn decomposition S + & 
for © such that 6QN G ts a mazimal fully reducible subalgebra of © and 
XN is the ideal: of nilpotent elements in the radical of &. 
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CORRECTIONS TO “ PERIODIC MAPPINGS ON A BANACH 
ALGEBRA.” * 


By Bertram Yoon. 


Dr. H. Kamel has kindly pointed out that the proof of Lemma 4.1 part 
(2) of this paper (this JouRNAL, vol. 77, pp. 17-28) is incorrect. We have 
been unable to supply a correct proof. Although this lemma is used in the 
subsequent arguments we show that all the conclusions of the paper mentioned 
in the introduction hold. Only some subsidiary results require modification. 

Consider Theorem 4.6. The proof for n=1 on p. 25 is valid since T 
has period two. For typographical convenience set = H/(K’). 
We show by induction that S C K‘,i=0.1,- - -,n (whence S=(0)). This 
holds for 0 by hypothesis and assume it for OSi<cn. Set V=T?™. 
Let 3 be any two-sided ideal of B where X C K+. Since V is an automorphism, 
H*** is an algebra with §  H**! as a two-sided ideal. By arguments of p. 25 
given for J we have §9 H**?=(0). If 1+1—n then we already have 
SO H"=(0) and S=(0). Suppose thati+1<n. Then 


V (Kt) = (T")2(K*) = Ki 


by Lemma 2.1. Let r be the period of V. The algebraic sum 


Y= 


is a two-sided ideal of B (since S is a two-sided ideal) and  C K‘ whence 
(0). Let ye S, y=u-+v in the decomposition 


K'=H*' K* 


of Lemma 2.2. Set Then W(y)e€%, 
W(v) =0 and W(u) =ru. Thus uw=0 and y=veK*", This completes 
the induction. 

This gives the correctness of all the results subsequent to Theorem 4. 6 
with the exception of Theorem 4.10. For that result we argue as follows. 
|| and || T(z)|| are two complete norms on S. Let 2 be in sep- 
arating ideal 8, for these norms on S, and let || 14,— 2; || > 0, || 1%; ||, 0 where 
C K,,1—1,2. Arguing as in Lemma 4.9 we see that 2,7. =0. Thus 


* Received August 30, 1955. 
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CORRECTION. 


S, is a zero algebra. Now S is semi-simple being a two-sided ideal in B. 
Thus S,= (0). By Theorem 2.4, S is a zero algebra whence S = (0). 


Lemma. Let T be a periodic automorphism or anti-automorphism on a 
Banach algebra B with separating ideal 8. If T? is continuous then T(S) =S8. 
If T? is continuous on K,,u-+veS8 where we Hy, ve Ky, thenueS and ve8. 


Suppose J? continuous. Let y=u+veS, ue+ 
where each u; and u(v; and v) lies in H,(K,). Then u,+ T?(v). 
Also >T(y) while T(z,)—->0. Thus T(S)CS 
and by periodicity T7(S) 

Suppose 7” continuous on K,. Suppose first that the period n of T is 
even. Let ye S with the above notation. Then 
with w,eK, by Lemma 2.1. Then we K,’/NH, CS by Lemma 4.2(b). 
Hence also ve S. If n is odd then 7 —T™** is continuous on K,. Now 
v.—T(v%,)->u+v. Operating by T on this n—1 times and summing we 
obtain nu—=0. Thus veS. 

The additional hypothesis T(S) —S (or T? continuous) yields 4.1(3), 
(4), 4.2(a), 4.3 and 4.4(a). The additional hypothesis that T? is con- 
tinuous on K, yields 4.1(3), (4). For 4.4(b) assume 7(S) =S in case 
n= 4. 
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CORRECTIONS TO THE PAPER “ENGEL RINGS AND A RESULT 
OF HERSTEIN AND KAPLANSKY.” * 


By M. P. Drazin. 


In the above-named paper (this JourNAL, vol. 77 (1955), pp. 895-913), 
Theorem 6.4 should have been stated only for rings of zero characteristic: 
the argument for the case of prime characteristic breaks down in the last 
formula line on p. 911. This involves jettisoning Theorem 6.5 (the implied 
“proof” of which depended on applying Theorem 6.4 to homomorphs which 
cannot be guaranteed to have zero characteristic, even when the given ring 
has). 

However, the writer has no evidence that Theorem 6.4 as stated or 
Theorem 6.5 is actually false. And in any case, since the valid part of the 
proof of Theorem 6.4 establishes the weaker conclusion [2”, y”?”] 0 without 
characteristic hypothesis, the remarks following Theorem 6.4 still hold good, 


provided that we modify the final parenthetical clause so as to read “which 
would at any rate imply that every weak K-ring R with k, m, n satisfying 
(a) or (b) has R/J commutative.” 


TRINITY COLLEGE, CAMBRIDGE. 


* Received December 6, 1955. 
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